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A little history : Real polynomials

Real univariate polynomials:

fERZ]: f>0 onR <= f=¢l+ ¢ forsome qi,q € R[z]
Hilbert, 1888: Not every non-negative multivariate pol is a SOS of real pols
Hilbert's 17th Problem, 1900: Is every non-negative pol a SOS of rational fns?
Artin, 1927: YES!

Motzkin, 1967: First effective example of f > 0 on R[z,y] but not SOS

x2y2(x2 + y2 + 1)($2 4 y2 e 2)2 + (xQ e y2)2

aty? + 2%yt +1-32%% = @212
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A little history : Rational polynomials

Landau, 1905 - Pourchet, 1971: Rational univariate polynomials

g5

feqQz]: f>0 onR = f= Zwkq% for some wy € Q>0, ¢ € Qlx]
k=1

Sturmfels’ question, 2007: Rational multivariate polynomials
feQlz]: f SOS of real | pols = f SOS of [rational | pols ?
Peyrl-Parrilo, 2008:  Under some strict feasibility condition YES

Scheiderer, 2013:  In general NO!



Nonnegativity on basic closed semialgebraic sets and SOS

g1,---,9r ER[x] and I C Rlx] ideal

S={6eR": () >0,1<i<r}n V() C Rla]|

m Schmiidgen, 1991 — Putinar, 1993: If S is’ “compact” ‘ and ‘f > (0 on S‘ then

f= ank + Z (Z q3k> g; mod I  for some ¢; 1 € R[x]
k k

=1




Nonnegativity on basic closed semialgebraic sets and SOS

g1,---,9r ER[x] and I C Rlx] ideal

S={6eR": () >0,1<i<r}n V() C Rla]|

m Schmiidgen, 1991 — Putinar, 1993: If S is’ “compact” ‘ and ‘f > (0 on S‘ then

= Zq0k+z<2qlk>gz mod I for some ¢; ), € Rlz]

=1

m Parrilo, 2003: If [ is a ‘ radical zero-dimensional ‘ ideal and , then
= Zq0k+z (quk> gi mod I  for some ¢; 1 € R[x]

i=1 \k=1

with D < #Vc(I) and deg(g; 1) < deg(B) for B a basis of R[x]/I



Rational setting : Our results - |

KCR, gi,...,9 € K[g] and I C K[x] |zero-dimensional] ideal

[S={£eR": () >0,1<i<r}nVa(]) C Rla]]

For f € K[x], if

then
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Rational setting : Our results - |

KCR, gi,...,9 € K[g] and I C K[x] |zero-dimensional] ideal

[S={£eR": () >0,1<i<r}nVa(]) C Rla]]

ForfGK[sc],if‘f>OonS‘ or ‘fEOOnSwith(f)%—(I:f):(l)‘
then

D T D
= Zw07kq§7k+z (Z wi’kqik> g; mod I for some w; € K> and g¢;;, € K|[z]
k=1 i=1 \k=1

with D < #Vc(I) and deg(g; ) < deg(B) for B a basis of Rjz]/I



On the assumption (f)+ (I : f)=(1) for f >0o0on S

S =Vg(I) with I=(2%) , f=ax which satisfies f(£) >0 forall &€ Vi(I)

(N+UT:f)=(2)+(z) = (x) #(1)
n r = SOS mod (z%)? r=q}(x)+ -+ ¢h(z) + q(z)z??
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On the assumption (f)+ (I : f)=(1) for f >0o0on S

S =Vg(I) with I=(2?) , f==z which satisfies f(&) >0 forall ¢ e Vi(I)

(H+U: )= (@) + (@) =(z) # (1)
] r = SOS mod (z%)? z=qg @)+ +gh(z) + q(x)2?? NO !

Notes:

N+T:H=010) <= [fel+(f?)
n I O-dimensional and radical = (f)+ ({:f) = (1)



Rational setting : Our results - Il

g1,y Gr, h1, ..., hs € Z[x] with deg(g;),deg(h;) <d, h(gi),h(h;) <7

I=(h1,...,hs) C Q[x] ‘radical zero-dimensional ‘ ideal

(S={6eR": () >0,1<i<r}nVe(l) C Rla]]

For f € Z[x] with h(f) < 7, if then
D 1 1 r D
f= Z V—q&k aF > (Z wi,quk> gi mod [

for some v 1, v, wi € N and ¢; , € Z]x]

with D < #Ve (1), deg(gir) < deg(f) + deg(B) for B a basis of R[z]/I and
h(vok), h(v), h(wi k), h(gik) < cnlog ((n+1)d) d** §7 for § := max{deg(f),deg(B)}




Some related work on rational sums of squares

m Peyrl-Parrilo, 2008: Computing sum of squares decompositions with rational
coefficients (global + condition)

m Powers, 2011: Rational certificates of positivity on compact semialgebraic sets
(local + condition)

m Magron-Safey El Din-Schweighofer, 2019: Algorithms for weighted sum of squares
decomposition of non-negative univariate polynomials (global)

m Magron-Safey El Din, 2021: On exact Reznick, Hilbert-Artin and Putinar’s
representations (global and local + condition)

m Davis-Papp, 2022: Dual certificates and efficient rational sum-of-squares
decompositions for polynomial optimization over compact sets (local + cond.)

m Magron-Safey El Din-Vu, 2023: Sum of squares decompositions of polynomials
over their gradient ideals with rational coefficients (local, 0-dim, radical)

m K.-Mourrain-Szanto, 2023: Univariate rational sums of squares (local)



Proof strategy over K C R

B Step 1: f > 0on Vg(I) for I a radical zero-dimensional ideal
B Step 2: f > 0 on Vg(I) for I a zero-dimensional ideal
MW Step3: f>00nS={g1>0,...,9- >0} NVg(])

B Step4: f>0o0n Swithle (f)+(I:f)



Step 1: f >0 on Vg(/) with / 0-dim and radical
S = Ve(I) = {&} with Ve(I) = {£,¢, ¢}

Set u¢ € Rlz], u¢,uz = uc € Clz] for the idempotents of V¢ (1)
m Parrilo’s method, 2002:
f=fEug+ f(Que + f(Qui  mod I
= f(&)uf + (f<<)u§ + f@ag +2|f(¢ >|u<ﬂ<) mod [

= A/ f dI
( f(g)ug ug aF UC mo

€R[z] E]R[az




Step 1: f >0 on Vg(/) with / 0-dim and radical
S = Ve(I) = {&} with Ve(I) = {£,¢, ¢}

Set u¢ € Rlz], u¢,uz = uc € Clz] for the idempotents of V¢ (1)
m Parrilo’s method, 2002:
f=fEug+ f(Que + f(Qui  mod I
= f(&)uf + (f<<)u§ + f@ag +2|f(¢ )lu@c) mod [

=W féu u + Q) mod [
(V f(&)ue)® ¢+ f( Qi)
€R[z] E]R[a:

m A modification [K.-Mourrain-Szanto, 2023]:
= F©u + (f(Ouf + F(Qu + 2 A ucug)  mod I for A > [£(Q)
~——

= 6 + (62 + 62) mod I with {6;} C R[z] basis of R[x]/I




Step 1: SOS and psd matrices - A standard translation

f=Y 06 with 0, € Rz]l.i
k

Q=06 |
f=B Q B!
~—
psd
where

m B is a basis of monomials up to deg(f)/2
m O is the coefficient matrix of (6;); in B
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Step 1: SOS and psd matrices - A standard translation

=Y 62 with 6, € R[z] i, —
; Ok = Wk 4k
Q=00 |
f=BQ B —
psd
where

m B is a basis of monomials up to deg(f)/2
m O is the coefficient matrix of (i) in B

= Zwk g2 with wy, € R, 1 € R[z]
k

T (qe)x = BU, wi, = Ap g
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Step 1: SOS for f € Q[x] and pd matrices

D
f=Y_6; modIg with 0 basis of Rla]/I
=1l

O = 06! l in SP(R)

f=B Q@ B" modIy
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D
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=1l

@:@@lms%@

f=B Q@ B" modIy
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Step 1: SOS for f € Q[x] and pd matrices

f=Y_6; modIg with 0 basis of Rla]/I

—
() = ILNE?
sqf Cholesky dec.

f=(BL)A(BL)

D
= Zwqu mod Ig
k=1

(qe)k = BL, wy, = Ag

mod Ig



Step 1: Example - f >0 on Vg (/) with I 0-dim and radical

S =Vr(I) with I =(z°—-2) C Q[a],
. E= 2, A =283 |£(Q)

lxzi($2+{)’/§x+€/i)2+é(ﬂv2
mf=(1z22)Q(1z22) mod g

f=z € Q]

- Y0P+ 5@~ V2

mod IR

2

492 1 _ V4

~ 9 g 9
Q= 1 2v4 _ V3
9 9 9

va _32 1

9 9 18



Step 1: Example - f >0 on Vg (/) with I 0-dim and radical

S=Vg(I) withI=(2>-2) C Qz], f==z € Qlz]

mE=V2, A=2V2>[f(Q)
= i(:1321L V2 + \3/41)2+é(x27 \3/11)2+%(932 —v2x)? mod Iy

mf= (1 9 )Q (1 2z 2%)! mod I Rounding and projecting:

3]
— 0.6 01 —0.2
_ ~ Q= 01 04 -015
e

2%

Q=
—-0.2 —-0.15 0.4

l
~—
@‘%@WH w%o
Ny
Do
$®‘§»@\»—t

18

7



Step 1: Example - f >0 on Vg (/) with I 0-dim and radical

S=Vg(I) withI=(2>-2) C Qz], f==z € Qlz]
m &= V2, A=2V2> ()

= i(:132 + 2z + \3/41)2 SiE é(ch - \3/11)2 4= %(wz - \?’/Qx)Q mod Ip
mf= (1 9 )Q (1 2z 2%)! mod I Rounding and projecting:

é _ 06 0.1 —0.2
2Vd V2 > Q= 01 04 -015

—-0.2 —-0.15 0.4

m Square-root-free Cholesky decomposition:

E*(*.’E —fx—1)2—|—23 ! z? —

60\23"

0+ 2,

dI
460 moc ‘o



Proof strategy over Q for / radical

W Step 1: f>0on Vg(])
W Step2: f>00nS={g >0,...,9, >0} NVR(])

B/ Step3: f>0o0n S



Step 1: A crucial tool

’I C Q[x] zero-dimensional ideal with V := V@(I)‘

(Philippon-)Height of V: h(1/) defined by means of the primitive Chow form of V'

Chy =a [[(Wo+ Ui+ +Unln) € Z[Up,...,Uy] satisfies
Cev

m |h(V) — h(Chy)| < 3log(n + 1) deg(V)
m > ey log ([I(1,Q)]l2) < h(V)
m Arithmetic Bézout Inequality (K.-Pardo-Sombra 2001):
hi,...,hs € Z[x] with d; :=deg(h;) and 7; :=h(h;)
Assume d:=dy > --->ds and 7:=max{7s,...,7s}. Then

’

h(V(hi,... hs)) < d" "ty 4 2nlog(n + 1)d"%dy(d + 7)



Step 1 : Arithmetic Shape Lemma (GR/RUR)

hi,...,hs € Z[x] with d:=dy >--->ds and 7:=max{7m,...,7s}

I =(hi,...,hs) C Q[z] radical zero-dimensional ideal ‘

Qzl/I — Qltl/(wo) = (Lt,...,t7" g
zi +—  wi(t)/wo'(t) mod wy
where for {(x) = uix1 + - - - + upxy, € Z[x| a separating linear form for V/,

wo(t) i= Chy (t,—0) = a [[(t —€(C)) € Zt]

CeV
and wi(t) = OIJ,L-ChV(t» *f) € Z[t] with

deg(w;) <D and h(w;) <d" 'm +cnlog ((n+ 1)d)d" ?di(d +7)



Step 1 : Consequences

Upper and lower bounds for a polynomial p € Z[x| at a root ( € V
Upper bound for the coefficients of the remainder p € C[x]/I of p € C[x]
Upper bound for the coefficients of the idempotents u; € C[x]

Upper bound for the coefficients of a pd matrix Q € SP(R) so that

f =BQB' mod Iy

and lower bound for o,y (Q)

Bound for the height of the projection of a pd @ € SP(Q) on the linear variety

{QeSPW@Q) : f=BQB' modI}



Thanks!



Thanks!




