Nichols algebras and root systems — Exercises

Istvan Heckenberger

ABSTRACT. These are the exercises of Heckenberger’s course Nichols Algebras and Root
Systems, given at the Vrije Universiteit Brussel, Faculty of Sciences, Department of Math-
ematics and Data Sciences, as part of the Francqui VUB-Leerstoel 2025-2026.
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Introduction

This document contains the exercises for the 20-hour course Nichols Algebras and Root
Systems, given in February and March 2026 at the Vrije Universiteit Brussel. The course is
based on the book [1].

Several people attending this course helped write or improve exercises from the lectures,
including Silvia Properzi, Lukas Simons, and Leandro Vendramin.

This version was compiled on March 18, 2026 at 10:02. Please send comments and
corrections to Leandro.Vendramin@vub.be.
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§ 1. Braided structures
1.1. EXERCISE. Prove that the category of vector spaces is a monoidal category.

1.2. EXERCISE. Let C be a monoidal category and C° its dual category of C. Prove that
C°P is a monoidal category.

1.3. EXERCISE. Let C be a monoidal category.

(a) Prove that the unit of an algebra A in C is unique.

(b) Prove that the counit of a coalgebra C' in C is unique.

1.4. EXERCISE. Let C be a monoidal category, (C, A, €) a coalgebra in C, and (A, u,n) an
algebra in C. Prove that the convolution product of Home(C, A) is associative with unit ne.

1.5. EXERCISE. Let (C,®,I,c) be a strict braided monoidal category. Prove that
C1.x =Cx, 1= id
for all X € C.

1.6. EXERCISE. Let (C,®,I,c) be a braided strict monoidal category. Prove that C°P is
a braided strict monoidal category.

1.7. EXERCISE. Let (C,®,1,c) be a braided strict monoidal category. Prove that C is a
braided strict monoidal category.

1.8. EXERCISE. Let C be a strict monoidal category, A, B,C and D algebras in C, and
v: A— C and ¢: B — D be algebra morphisms in C. Let (V,A4) be a left A-module in C
and (W, A\w) be a left B-module in C. Prove the following statements:

1) A® B is an algebra in C with multiplication
pags = (a @ pp)(id ®cp 4 ® id)

and unit Nagp = 14 @ 5.
2) p®1Y: A® B — C® D is an algebra morphisms in C.
3) Ve Wisan A® B-module with (Aq ® Ap)(id ®@cp vy ® id).
4) The algebra structures of (A® B) ® C' and A ® (B ® C') coincide.

1.9. EXERCISE. Formulate and prove the dual version of Exercise 1.8.

1.10. EXERCISE. Let C be a strict braided monoidal category and H a bialgebra in C.
(a) Prove that the category ,C of left H-modules in C is a strict monoidal category.
(b) Prove that the category C of left H-comodules in C is a strict monoidal category.

1.11. EXERCISE. Let K be a field and G be a group. Prove that a Yetter—Drinfeld module
over K is a G-graded KG-module V' = @QGG Vg such that g - V), C Vg1 for all g,h € G.

1.12. EXERCISE. Let C be a braided monoidal category. Define for every (Y, \) € ,C and
(X,0) ec
A = (A @id)exy (8 @ idy).
Let (V,)\) € 4C and (V,6) € C. Prove that the following statements are equivalent:
1) (V. ),0) € zYD(C).
2) For all X € ;C, the map cj‘g((c) is a morphism in ;C.
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3) C‘J;Z(C) is a morphism in ,C.
4) For all X € A the map c%?/(c) is a morphism in C.

1.13. EXERCISE. Let H be a Hopf algebra in C with invertible antipode. Prove that
Z)JD(C) is a strict braided monoidal category with monoidal structure as for modules and
comodules and the braiding

yD(C) . .
CX,Y = ()\y X ld)CX7y(5X X ldy)
for X,Y € #yD(C).
§ 2. Nichols algebras

2.1. EXERCISE. Let C be a strict braided monoidal category. Prove the universal property
of the tensor algebra in gry, C.

2.2. EXERCISE. Let C be a strict braided monoidal category and V' € C. Prove that the
tensor algebra T'(V') is a Hopf algebra with bijective antipode in gry, C.

2.3. EXERCISE. Let C be a strict braided monoidal category, V € C and A an algebra in
C.
(a) Prove that for every morphism f : V' — P, ,(A) there is a unique bialgebra morphism
@ : T(V) — A such that ¢|y = f.
(b) Show that, if A is in gry, C and f(V) C P, ,(A(1)), then ¢ is a morphism in gry, C.
2.4. EXERCISE. Let V be a complex braided vector space with basis {z1, x5} and braiding
c(xi®xj) :qijIj(X)Ii, Z,j € {1,2}
Compute the Nichols algebra of (V¢) in the following cases:
1) g1 = g2 = —1 and qi2q21 = 1.
2) qu1 = g2 = —1 and qiag2 = —1.
3) q11 = o2 = —1 and ¢12¢21 = w, where w is a primitive cube root of unity. This Nichols

algebra is usually denoted by U,(sl;)". Prove that in this algebra the elements
y" (ad. x)(y)"22" span Uy(sls)™.

§ 3. Cartan graphs and Weyl groupoids

3.1. EXERCISE. Let G = G(I,X,r, A) be a semi-Cartan graph. Let iy,...,i; € I,
X,)Y,Z € X, we Hom(X,Y) and v’ € Hom(Y, Z). Prove the following statements:
1) [l(w) — (w")] < l(w'w) < I(w') + l(w) and [(w™!) = I(w).
2) [(w'w) = l(w') + l(w) mod 2.
3) I(s;w) € {l(w) + 1,1(w) — 1} and l(ws;) € {l(w) + 1,1(w) — 1}.
4) k—I(idx s, - - - s;,) is non-negative and even.

3.2. EXERCISE. Let G = G(I,X,r, A) be a Cartan graph. Let X € X and ¢ € I. Assume
that both AX" and A"(*)r are contained in N} U —NJ. Prove the following statements:

1) s¥ () = Fa; and sX(AX\ {o,}) = AT {a;}).

X _ . ri(X)
2) mi = m,;

3.3. EXERCISE. Let G = G(I,X,r,A) be a Cartan graph, X,Y € X, i € [ and w €
Hom(Y, X). Prove the following statements:
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1) N(w) = N(w™1).
2) Assume that both AY™ and A()® are contained in N2 U —N!. If w(;) € N}, then
N(ws;) = N(w) + 1. If w(oy) € —=N{, then N(ws;) = N(w) — 1.

§ 4. Classification of finite Cartan graphs of rank two

4.1. EXERCISE. Let AT be the smallest set of all sequences of integers such that
a) (0,0) € A", and
b) (c1,...,¢cn) € AT = Vi(cr,...,c,) € AT for all i € {2,...,n}, where
V;I 7" — Zn, V;(Cla R ,Cn) = (Cl, ey Ci2,Ci + 1, 1, ¢ + 1, Citly- .- ,Cn).
For n > 3, let A" (n) = A" NZ". Prove the following statements:
1) ¢, >0forallie{1,...,n}.
2) There exists 1 <14 < j < n such that (z,7) # (1,n) and ¢; = ¢; = 1.
3) If ¢; =c¢;11 =1, thenn =3 and (¢, cq,¢3) = (1,1,1).
4.2. EXERCISE. For n > 3 let G be a convex n-gon. Label clockwise the vertices of G
from 1 to n. Let 7, be the set of triangulations of G. For T' € T, and i € {1,...,n}, let

¢;(T) be the number of triangles of T incident to vertex i. Prove that the map 7, — A*(n),
T — (c1(T),...,c,(T)), is bijective.

4.3. EXERCISE. Let n > 3 and (c¢y,...,¢,) € AT(n). Prove that if ¢; = 1 for some
i€{2,...,n}, then

(c1,-- - Cimas i+ 1 ¢ — 1 ciqa, ... ) € AT (n—1).

4.4. EXERCISE. Consider the map n : Z — SLy(Z), a — <(f _01) For n > 2 and

(c1,...,c,) € Z", prove that the following are equivalent.
1) (c1,...,¢,) € AT (n).
2) n(e)n(cz) .. n(cy) = —idz
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