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Abstract

The (quantum) Yang—Baxter equation is a fundamental equation in mathematical physics, originating in
quantum and statistical mechanics. This thesis is divided into three parts and presents a concise study of
several algebraic structures related to its solutions, with particular emphasis on Rota—Baxter structures
on 3-Lie algebras and associative algebras, as well as on L-algebras.

The first part concerns 3-Lie algebras, which provide a natural framework for higher-order generaliza-
tions of Lie algebras and have important applications in mathematical physics. Within this setting, so-
lutions to the classical 3-Lie Yang—Baxter equation are closely related to Rota—Baxter structures. We
develop the representation theory, cohomology, and formal deformation theory of Rota—Baxter and
modified Rota-Baxter 3-Lie algebras of arbitrary weight. We also construct two L..[1]-algebras whose
Maurer—Cartan elements correspond to relative and absolute modified Rota—Baxter 3-Lie algebra struc-
tures of non-zero weight, and compare this framework with the deformation-controlling L..[1]-algebra
introduced by Hou, Sheng, and Zhou.

The second part is devoted to associative algebras. Skew-symmetric solutions of the associative Yang—
Baxter equation are closely related to double Lie algebras and cyclic Rota—Baxter algebras, especially
for matrix algebras. We extend these correspondences to the homotopy setting by studying pre-Calabi—
Yau algebras and homotopy double Poisson algebras arising from homotopy Rota—Baxter structures.
We introduce cyclic homotopy Rota—Baxter algebras and construct them via cyclic completion. We fur-
ther define interactive pairs of differential graded algebras and show that, under a suitable cyclic homo-
topy Rota—Baxter structure on the acting algebra, the base algebra inherits a pre-Calabi—Yau structure,
hence a homotopy double Poisson structure. In particular, we show that any differential graded mod-
ule over a differential graded algebra endowed with an ultracyclic (resp. cyclic) homotopy Rota—Baxter
structure naturally carries a (resp. cyclic) homotopy double Lie algebra structure.

The third part studies L-algebras, motivated by set-theoretic solutions of the Yang—Baxter equation and
classical logic. We characterize ideals in semidirect products of L-algebras and describe their prime
spectra. We also construct a family of finite simple L-algebras, prove that every simple linear L-algebra
belongs to this family, and apply these results to linear Hilbert algebras and their symmetric semidirect
products.
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Samenvatting

De (kwantum) Yang—Baxter-vergelijking is een fundamentele vergelijking in de mathematische fysica,

met oorsprong in de kwantummechanica en de statistische mechanica. Dit proefschrift bestaat uit drie

delen en behandelt verschillende algebraische structuren die verband houden met haar oplossingen, met
bijzondere nadruk op Rota—Baxter-structuren op 3-Lie-algebra’s en associatieve algebra’s, evenals op
L-algebra’s.

Het eerste deel is gewijd aan 3-Lie-algebra’s, die een natuurlijk kader vormen voor hogere-orde veral-
gemeningen van Lie-algebra’s en belangrijke toepassingen hebben in de mathematische fysica. In deze
context zijn oplossingen van de klassieke 3-Lie Yang—Baxter-vergelijking nauw verbonden met Rota—
Baxter-structuren. Wij ontwikkelen de representatietheorie, cohomologietheorie en formele vervorm-
ingstheorie van Rota—Baxter- en gemodificeerde Rota—Baxter-3-Lie-algebra’s van willekeurig gewicht.
Daarnaast construeren wij twee Lo, [1]-algebra’s waarvan de Maurer—Cartan-elementen overeenkomen

met relatieve en absolute gemodificeerde Rota—Baxter-3-Lie-structuren van niet-nulgewicht.

Het tweede deel behandelt associatieve algebra’s. Scheefsymmetrische oplossingen van de associatieve
Yang—Baxter-vergelijking zijn nauw verbonden met dubbele Lie-algebra’s en cyclische Rota—Baxter-
algebra’s. Wij breiden deze verbanden uit naar de homotopiecontext via pre-Calabi—Yau-algebra’s en
homotopische dubbele Poisson-algebra’s die voortkomen uit homotopische Rota—Baxter-structuren.

Verder introduceren wij cyclische homotopische Rota—Baxter-algebra’s, interactieve paren van differen-
tiaalgegradeerde algebra’s, en laten wij zien dat de basisalgebra onder geschikte voorwaarden op natu-
urlijke wijze een pre-Calabi—Yau-structuur, en dus ook een homotopische dubbele Poisson-structuur,

erft. In het bijzonder verkrijgt elke differentiaalgegradeerde module over een geschikte algebra een ho-
motopische dubbele Lie-algebrastructuur.

Het derde deel bestudeert L-algebra’s, gemotiveerd door verzamelingstheoretische oplossingen van de Yang—
Baxter vergelijking en de klassieke logica. Wij karakteriseren idealen in semidirecte producten van L-algebra’s
en beschrijven hun priemspectra. Bovendien construeren wij een familie van eindige eenvoudige L-algebra’s,
bewijzen wij dat elke eenvoudige lineaire L-algebra tot deze familie behoort, en passen wij deze resultaten
toe op lineaire Hilbert-algebra’s en hun symmetrische semidirecte producten.
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Below, the list of symbols that has been used throughout this thesis, can be found. This list is made per
chapter to easily find the meaning for each symbol.

General

Symbol Description

N The set of non-negative integers.

N> The set of positive integers.

Z The set of integers.

Homg (W, V) The space of linear maps from the linear space W to the space V
over a field k.

Endg (V) The endomorphism algebra of the (graded) vector space V over a
field k.

gl(V) The Lie algebra of the (graded) vector space V.

End(X) The set of maps from the set X to itself.

S, The cyclic group of order n.

Sh(it, iz, ..., i)

The set of (i,...,i,)-shuffles.
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Symbol
% (9)
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H3 1 (9, M)
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CI.nRB3-Lie/1 (g,M)
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|
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Description
The center of the 3-Lie algebra g.
The cochain complex of the 3-Lie algebra g with
coefficients in M.
The cohomology of the 3-Lie algebra g with
coefficients in M.
An absolute Rota—Baxter 3-Lie algebra of weight A.
,0) A relative 3-Lie algebra pair.
¢,R) A relative modified Rota—Baxter 3-Lie algebra
of weight 4.
An absolute modified Rota—Baxter 3-Lie algebra
of weight A.
The cochain complex of Rota—Baxter operators
of weight A on g with coefficients in M.
The cohomology of Rota—Baxter operators of weight A
on g with coefficients in M.
The cochain complex of Rota—Baxter 3-Lie
algebras of weight A on g with coefficients in M.
The cohomology of Rota—Baxter 3-Lie
algebras of weight A on g with coefficients in M.
The cochain complex of modified Rota—Baxter 3-Lie
algebras of weight A on g with coefficients in M.
The cohomology of modified Rota—Baxter 3-Lie
algebras of weight A on g with coefficients in M.

Description

The space of graded linear maps from the graded space W to
V.

The endomorphism algebra of the graded vector space V.
The tensor product of (graded) spaces W and V.

The tensor algebra generated by the (graded) space V.
The symmetric algebra generated by the (graded) space V.
A double Lie bracket.

A homotopy Rota—Baxter algebra.

A homotopy relative Rota—Baxter algebra.

The left action of A on B in an interactive pair (A, B).

The left action of B on A in an interactive pair (A, B).

The right action of B on A induced by “p”.

A homotopy Rota—Baxter interactive pair.
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Spec(X)

XxpY
X =Y

S(X)
p7(X)

p Spec(X)
Ay
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iX

Description

The downset {y € X | y < x}.

The upset {y € X | y > x}.

The set of ideals of the L-algebra X.

The prime ideals of .# (X) form a topological space, denoted by
Spec(X).

The semidirect product of the L-algebras X and Y via p.

The symmetric semidirect product of CKL-algebras X and Y via
p.

The self-similar closure of the L-algebra X.

The set of p-ideals of X.

The space of p-prime ideals.

A simple linear L-algebra of size n.

A linear Hilbert algebra of size n.
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|Chapter 1

Introduction

1.1 Introduction

1.1.1 Yang-Baxter equation

The (quantum) Yang—Baxter equation , introduced by Yang [96] and Baxter [12], is one of the fundamen-
tal equations in mathematical physics. It appears in various contexts such as integrable systems, statistical
mechanics, quantum groups, and quantum information theory. Let V be a vector space over a field k. A
linearmap R: V®V — V ®V is called a solution of the (quantum) Yang—Baxter equation if the identity

R12R13R23 :R23R13R12 (11)

holds in Endy (V®3). Here R" denotes the operator on V®3 acting as R on the (i, j)-th tensor factors and
as the identity on the remaining factor.

The classical counterpart, the classical Yang—Baxter equation (CYBE), originated from inverse scat-
tering theory in the work of Faddeev and his collaborators [34, 35]. Belavin and Drinfeld [14] later
initiated a systematic study and partial classification of its solutions. For a Lie algebra g, an element
r=Y,a;®b; € g® g is said to satisfy the CYBE if

CYBE(r) = [rlz,rw} + [rlz,r23] + [rl3,r23] =0, (1.2)

where 72 =Y, a;,0b;®1,r3 =Y, 4,01 ®b;, and r> = ¥; 1 ®a; ® b;. From the viewpoint of quantization,
the matrix CYBE can be viewed as the classical limit of the quantum equation obtained from a quasi-
classical asymptotic expansion, see [13,32].

Motivated by the CYBE, Aguiar [1] introduced the associative Yang—Baxter equation (AYBE) as an
associative analogue. For an associative algebra A, an element r =) ;a; ® b; € A ® A satisfies the AYBE
if

AYBE(r) = r'3r2 — p12;3 12,183 — 0, (1.3)

where r'? =Y,a;0b;® 1, r'> =Y,aq;@1®b;, and 1> = ¥,;1®a; @ b;. A solution r is said to be
skew-symmetric if r = —r?!, where r?! = ¥;b; ® a;. Aguiar [3] further clarified the relationship between
AYBE and CYBE and provided conditions ensuring that an AYBE solution also satisfies the CYBE. In
subsequent work, Schedler [88] extended this theory to the homotopical setting and introduced the notion
of the associative Yang—Baxter-infinity equation (see Definition 10.10). More precisely, let A be a graded

1



2 CHAPTER 1. INTRODUCTION

associative algebra. A solution of the associative Yang—Baxter-infinity equation is a family of elements
{r, € A®"},>, satisfying, for all n > 1, the identity

Z (—1)('i+1)i Z sgn(c)r;?(l),c(z),-u,g(i)r;;(i),o(iﬂ),c<i+2),<-<.o(n) —0. (1.4)
i+j=n+1 ced,

In a different direction, Drinfeld [31] proposed to study set-theoretic solutions of the Yang—Baxter
equation. Here one considers a non-empty set X and a map r: X x X — X x X satisfying the braid
relation in End(X?), namely

P12,23,02 _ ,23,12,23
where 2 = rxIdy and 2 =Idy xr. Forn >2and 1 <i < j < n, we denote by rii X" — X" the map
acting as r on the (i, j)-th components (in this order) and as the identity on the remaining components.
Such an r induces a linear Yang—Baxter solution by extending r linearly on the vector space with basis X.

For a set-theoretic solution (X, r), write r(x,y) = (Ac(y), py(x)). It is left (vesp. right) non-degenerate
if each A, (resp. py) is bijective, and non-degenerate if it is both left and right non-degenerate. It is called
unitary if r*'r = Idy «x. The solution is finite if X is finite.

Finally, Rump [80] introduced cycle sets, that is, sets X endowed with bijections o, : X — X defined
by ox(y) = x-y and satisfying the cycloid equation

(x-y)-(x-2)=(y-x)- (y-2). (1.5)

Moreover, he proved that left non-degenerate unitary solutions are in bijection with cycle sets via A,(y) :=

Gyil(x) and py(x) := Ax(y) -y.

1.1.2 Rota-Baxter operators

Rota—Baxter operators on associative algebras originate in Baxter’s 1960 work [11] on fluctuation theory
in probability. They were subsequently investigated by Rota [75,77] and Cartier [17]. Later, Guo and his
collaborators [45-47] established a number of foundational results that substantially advanced the subject.
Rota—Baxter algebras have since found applications in combinatorics [78], renormalization in quantum
field theory [21], multiple zeta values [48], operad theory [6], Hopf algebras [21], and the Yang—Baxter
equation [5].

A striking link with Yang—Baxter theory was established by Semenov-Tian-Shansky [89]. Assuming
that (g, [-,]) admits a non-degenerate symmetric invariant bilinear form, Semenov-Tian-Shansky proved
that solutions of the CYBE in g give rise to Rota—Baxter operators of weight zero. Equivalently, one
obtains a linear map 7' : g — g satisfying

[T (u),T(v)] =T([T(u),v]+[u,T(v)D, Yu,v € g.

Kupershmidt [64] later showed that skew-symmetric CYBE solutions yield relative Rota—Baxter opera-
tors. Moreover, Semenov-Tian-Shansky [89] introduced the modified Yang—Baxter equation, which takes
the operator form

[R(”)vR(V)} = R([R(u)ﬂ}} + [”7R(V)]) - [”7V]a Vu,v € g.

This equation has subsequently been applied to the study of non-commutative generalized Lax pairs,
the affine geometry of Lie groups, and &-operators, among other topics, see [7, 15]. Deformation and
homotopy theories of Rota—Baxter structures on Lie algebras have also been studied by Tang, Bai, Guo,
and Sheng [91], as well as by Lazarev, Sheng, and Tang [65].

The notion of an n-Lie algebra, introduced by Filippov [38], generalizes the classical concept of a Lie
algebra and has connections to a broad range of problems in mathematics and mathematical physics. Bai,
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Guo, Li, and Wu [10] introduced Rota—Baxter operators of arbitrary weight on 3-Lie algebras and showed
that such operators can be obtained from Rota—Baxter operators of arbitrary weight on Lie algebras.
Furthermore, Bai, Guo, and Sheng [8] introduced the notion of a relative Rota—Baxter operator (also
called an &-operator) on a 3-Lie algebra with respect to a representation, in connection with the study of
the 3-Lie classical Yang—Baxter equation.

Aguiar [2] obtained an analogue of the Semenov-Tian-Shansky correspondence in the associative
setting. Specifically, for a solution r = }; a; ® b; in an associative algebra (A, -), the operator T: A — A,

T(x) ::Zai~x~b,~

satisfies the weight-zero Rota—Baxter identity
T(u)-TW)=T(T(u)-v+u-T(v)), Yu,v €A.

In Chapter 8, we will simply refer to (A,-,T) as a Rota—Baxter algebra, see Definition 8.1 for details. For
instance, on the polynomial algebra, the indefinite integral operator

1= [ fodr

is a Rota—Baxter operator of weight zero. Bai [5] then systematically studied operator-form solutions
of the Yang—Baxter equations. More recently, Gubarev [44] and Zhang, Gao, and Zheng [98] indepen-
dently showed that solutions of the associative Yang—Baxter equation in matrix algebras correspond to
Rota—Baxter algebra structures on those algebras. Das and Misha [23] studied deformations of relative
Rota—Baxter associative algebras and introduced the notion of homotopy relative Rota—Baxter algebras.
Building on operadic methods, Wang and Zhou [95] constructed a minimal model of the operad governing
Rota—Baxter associative algebras of arbitrary weight, derived the corresponding L..-algebra controlling
deformations, and introduced homotopy Rota—Baxter algebras of arbitrary weight. In Part II of this the-
sis, we focus on homotopy Rota—Baxter algebras of weight zero and homotopy relative Rota—Baxter
algebras. More precisely, let (A, {m,},>1) be an Aw-algebra and (M, {my, 4} 4>0) an Ac.-bimodule over
A. A family of operators {7, : M®" — A},> of degree |T,,| = n— 1 is said to define a homotopy rel-
ative Rota—Baxter algebra structure if it satisfies the following identity (see Definition 8.9 for explicit
definitions of the exponents  resp. 7):

(~1)Pmyo (T, @01, )
li4++l=n,
Ly lk =1

- 1<Z’< . ; (—1)"7T;, 0 (Id®"®m~,~,17p,jo(Tr2®~-~®Trj®ld®Tr/H ®~~~®T,ﬁ)®ld®k>.
<j<pri+-+ry=n,
ISP ]rly.m,rpp)l

In this case, (A,M,{T,},>1) is called a homotopy relative Rota—Baxter algebra. In particular, when
M = A, the pair (A,{T,},>1) is called a homotopy Rota—Baxter algebra.

The concept of n-Lie algebras was introduced by Filippov [38] as a natural generalization of Lie alge-
bras and has since found important applications in mathematics and mathematical physics. In particular,
3-Lie algebras play a significant role in the study of supersymmetry and gauge symmetry transformations
in the world-volume theory of multiple coincident M2-branes [53, 73]. Bai, Guo, Li and Wu [10] intro-
duced Rota—Baxter operators of arbitrary weight on n-Lie algebras, in particular on 3-Lie algebras, and
showed that such operators can be induced from Rota—Baxter operators on Lie algebras, pre-Lie algebras,
and associative algebras. Moreover, they established inheritance properties of Rota—Baxter 3-Lie alge-
bras. Concretely, a Rota—Baxter operator of weight A on a 3-Lie algebra (g,[—,—,—]) is a linear map
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T : g — g satisfying
[T (u), T(v), T (w)] (1.6)
=7 ([7(), T (v) W]+ e, T ), T (0] + [T (1), v, T ()]
o AT (), v W]+ AL T ()] Al T ()] 4+ A%, v, )

for all u,v,w € g.

On the other hand, as a generalization of the classical Yang—Baxter equation to the 3-Lie setting,
Bai, Guo and Sheng [8] introduced the 3-Lie classical Yang—-Baxter equation together with the notion
of relative Rota—Baxter operators (also called &-operators) of weight zero, and established a correspon-
dence between solutions of the 3-Lie classical Yang—Baxter equation and relative Rota—Baxter operators.
Subsequently, Hou, Sheng and Zhou [55] introduced relative Rota—Baxter operators of arbitrary weight
on 3-Lie algebras, developed their cohomology theory, and constructed an L..-algebra controlling their
deformations. More precisely, a relative Rota—Baxter operator of weight A is a linear map R: h — g
satisfying

[R(u),R(v),R(w)] = R(P(R(M),R(V))WWLP(R(V),R(W))u+P(R(W)7R(M))V+ l{uav,W}), (1.7)

for all u,v,w € ), where p denotes an action of g on h (see Definition 2.5).

It is worth noting that when g = b, the above two notions of Rota—Baxter operators of weight A on
3-Lie algebras are not equivalent. Understanding the relationship between these two definitions is there-
fore a problem of independent interest. In this direction, for the first definition (1.6) (see also [10]), we
developed a cohomology theory and showed that low-dimensional cohomology groups control formal de-
formations and abelian extensions [50]. For the second definition (1.7) (see [55]), we introduced modified
Rota—Baxter operators of weight A on 3-Lie algebras, studied their cohomology theory, and constructed
the corresponding L..-algebra governing deformations [51].

From an operadic viewpoint, it would be desirable to show that the homotopy differential graded op-
erad obtained in this way provides a minimal model of the original operad. However, whether the operad
governing 3-Lie algebras is Koszul remains an open problem. Consequently, the operadic validity of
Rota—Baxter structures on 3-Lie algebras, especially for non-zero weight, remains a challenging problem
for future investigation.

1.1.3 Double Possion and pre-Calabi-Yau algebras

The notion of double Poisson algebras was introduced by Van den Bergh, who used this structure to es-
tablish a foundational framework for noncommutative Poisson geometry [92]. A double Poisson algebra
is an associative algebra A equipped with a double bracket

{—-}:ARA - ARA

satisfying double skew-symmetry, the double Jacobi identity, and the double Leibniz rule (see Defini-
tion 8.2 for details). He showed that the representation schemes of such algebras naturally inherit a
classical Poisson structure:

Proposition 1.1 ([92, Proposition 1.2]). Let (A,{{—,—}}) be a double Poisson algebra. Then the coordi-
nate ring
0 (Rep(A,n))

carries a Poisson algebra structure with bracket

{aijybuv} = {{aab}};j {{a,b}};;.

Here, by convention, any element x € A QA is written as X' @ x", omitting the summation sign.
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From this perspective, double Poisson algebras provide a natural and robust framework for describing
noncommutative Poisson geometry, in accordance with the Kontsevich—Rosenberg principle.

Along a different line of development, pre-Calabi—Yau algebras, which can be viewed as extensions
of classical Calabi—Yau algebras to the setting of A--algebras, also serve as a framework for noncom-
mutative Poisson geometry. The notion of pre-Calabi—Yau algebras and, more generally, pre-Calabi—Yau
categories was first introduced by Kontsevich and Vlassopoulos in unpublished notes [63], and later fur-
ther developed in joint work with Takeda [62]. More precisely, if the graded space

0_1A:=A@s'AY

is endowed with a cyclic A.-algebra structure containing A as a A.-subalgebra, then A is called a pre-
Calabi—Yau algebra (see Definition 7.18). Iyudu, Kontsevich, and Vlassopoulos [58] proved that a certain
class of pre-Calabi—Yau algebras induces classical Poisson structures on their representation spaces. More
generally, Yeung [97] showed that the derived moduli stack of a pre-Calabi—Yau algebra carries a shifted
Poisson structure. Therefore, pre-Calabi—Yau algebras also provide a flexible and powerful framework
for noncommutative Poisson geometry.

Since both double Poisson algebras and pre-Calabi—Yau algebras serve as frameworks for noncommu-
tative Poisson geometry, there exists an intrinsic relationship between them. Iyudu and Kontsevich first
established a bijection between double Poisson algebras and a certain class of special pre-Calabi—Yau
algebras in the preprint [57] (later published in [58]). This correspondence was subsequently interpreted
in [56] as a natural consequence of higher cyclic Hochschild cohomology. Ferndndez and Herscovich
further generalized this bijection to the differential graded (dg) setting and to homotopy double Poisson
algebras [36]. In particular, they proved a bijection between homotopy double Poisson algebras and a
class of special pre-Calabi—Yau algebras, called good manageable special pre-Calabi—Yau algebras (see
Theorem 10.4 for details):

Theorem 1.2. [36, Theorem 6.3] Let A = ®,c7A" be a finite dimensional graded space. For a good
manageable special pre-Calabi-Yau structure {m, },>1 on A, define a family of maps

= =P A% = AT
by
(fl Q- ®fn) ({{ala et aan}}n) = s‘fllh:;: gA <m2n—1 (anasilfrh e 7a27s71f27a1) ,Silfl) (1 8)
for all homogeneous elements ay,--- ,a, €A and fi,--- , fy € AY. The family of maps {{{—.,--+ ,— Bn}tu>1,
together with the dg algebra structure on A, defines a homotopy double Poisson algebra structure on the
graded space A.

Moreover, the assignment

good manageable special pre-Calabi-Yau homotopy double Poisson algebra
algebra structures {my},>1 on A structures {{{—,---,—}u}n>1 on A

defined by (1.8) is a bijection.

Moreover, they showed that double quasi-Poisson algebras can also be interpreted as pre-Calabi—Yau
algebras [37]. More recently, Leray and Vallette established an equivalence between curved pre-Calabi—
Yau algebras and curved double Poisson algebras by proving that the differential graded Lie algebras
controlling their deformation theories are quasi-isomorphic [69].

The notions of homotopy double Lie algebras and homotopy double Poisson algebras were introduced
by Schedler [88]. A homotopy double Poisson algebra is a graded associative algebra A equipped with a

family of homogeneous maps
=B A™ =A™
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which are skew-symmetric and satisfy the double Jacobi.. identities together with the double Leibniz.
rules (see Definition 10.3). In the same work, Schedler introduced the infinity associative Yang—Baxter
equation (see Equation (1.4)) and investigated its relation to homotopy double Poisson structures. In
particular, he showed that skew-symmetric solutions of this equation correspond bijectively to homotopy
double Lie algebras, which can be viewed as homotopy double Poisson algebras without the associative
multiplication (see Definition 10.1).

Leray introduced the notion of protoperads, generalizing operads, and proved that the properad gov-
erning double Lie algebras is Koszul [67,68]. Building on this, he further showed that the properad
governing double Poisson algebras is also Koszul, which leads to a minimal model for the properad of
double Poisson algebras and provides a conceptual extension of Schedler’s homotopy double Poisson
structures.

1.1.4 L-algebras

Rump [81] introduced the notion of L-algebras as a unified algebraic framework arising from the study of
the Yang—Baxter equation [33, 80, 85], lattice-ordered groups [4,22], and algebraic logic [86]. In partic-
ular, L-algebras generalize various logical algebraic structures, including Brouwerian semilattices [60],
MV-algebras [19, 20, 41], orthomodular lattices [71], Hilbert algebras [27, 28, 54], and Glivenko alge-
bras [83]. These structures collectively capture the algebraic semantics of classical propositional logic,
residuation theory, and major non-classical logics [43].

The notion of L-algebras provides a conceptual bridge between cycle sets, logical algebras, and group
theory. An L-algebra is a set X equipped with a binary operation (x,y) — x-y and a logical unit 1,
satisfying

1-x=x, x-1l=xx=1, WxeX,

together with the cycloid equation (1.5) and the order condition
xy=yx=1= x=y.
If an L-algebra further satisfies the weak commutativity condition
x-(yz)=y-(x-2), WryzelX,
then it is called a CKL-algebra. If instead it satisfies
x-(y-2g)=(xy)(x2), VxyzeX,

then X is called a Hilbert algebra (see Definition 11.1). If only the unit and the cycloid condition are
required, then X is called a unital cycloid [81].

Similarly to the theory of set-theoretic solutions of the Yang—Baxter equation [31], L-algebras admit
a structure group theory. The structure group G(X) of an L-algebra X is defined as the quotient of
its self-similar closure S(X) (see Definition 11.17), where S(X) itself is a quotient of the free monoid
M(X) generated by X (see Theorem 11.19). The group G(X) naturally belongs to the class of right ¢-
groups [84], which are lattice-ordered groups invariant under right multiplication. This class includes,
in particular, Artin braid groups [16,26] and Garside groups [24,25]. Moreover, it was shown in [84]
that Noetherian right /-groups with duality correspond precisely to non-degenerate unitary set-theoretic
solutions of the Yang—Baxter equation.

In recent years, significant progress has been made in the study of ideals and structural properties of
L-algebras. Rump [82] introduced the notions of operates and semidirect products of unital cycloids. An
operate of Y on X is given by a map

p:Y = End(X)
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satisfying p; = Id and
PuvOPu=PruopPy, Yu,vey.

The corresponding semidirect product is denoted by X x, Y. Analogous constructions can be defined
for CKL-algebras and Hilbert algebras, where they are referred to as symmetric semidirect products and
denoted by X >, Y (see Section 11.2).

From the perspective of lattice theory and topology, Rump and Vendramin [87] proved that the lattice
of ideals .# (X) of an L-algebra X is distributive and described the prime spectrum of direct products:

Proposition 1.3 ([87, Proposition 7]). Let X and Y be L-algebras. Then
Spec(X xY) = Spec(X) LI Spec(Y).

In [29], Dietzel, Menchoén, and Vendramin studied finite linear L-algebras and their isomorphism
classes. They showed that for n > 2, the number of isomorphism classes of linear L-algebras with n
elements coincides with the Bell number of order n — 1. Here, linear L-algebras are those satisfying a
linear order condition.

In [74], we systematically investigate semidirect products, ideals, spectra, and simplicity of L-algebras,
finite linear L-algebras, and Hilbert algebras. In particular, we construct a family of simple CKL-algebras
{A,}n>1 and prove that all finite simple linear L-algebras belong to this class. Moreover, we introduce a
class of CKL-algebras and show that they are all linear. In our recent manuscript [30], we further prove
that all finite simple CKL-algebras are linear, and hence are contained in the family {A,},>1. Conse-
quently, this provides a complete classification of finite simple CKL-algebras.

1.2 Outline

The dissertation is organized into three parts. The first part is devoted to deformation theory and cohomol-
ogy of Rota—Baxter 3-Lie algebras and modified Rota—Baxter 3-Lie algebras. The second part concerns
the relationships among homotopy Rota—Baxter algebras, pre-Calabi-Yau algebras, and homotopy double
Poisson algebras. The third part addresses ideals of semidirect products of L-algebras and describes the
structure of simple L-algebras.

1.2.1 Partl

The first part is organized as follows: In Chapter 2, we recall basic definitions and notation for 3-Lie
algebras and briefly summarize the corresponding cohomology theory.

In Chapter 3, we introduce Rota—Baxter 3-Lie algebras and modified Rota—Baxter 3-Lie algebras,
discuss representative examples, and present several constructions of modified Rota—Baxter operators of
non-zero weight obtained from constructions of 3-Lie algebras. In Chapter 4, we define a cohomology
theory for Rota—Baxter 3-Lie algebras of non-zero weight with coefficients in a suitable representation.

In Chapter 5, we introduce the corresponding cohomology theory for modified Rota—Baxter 3-Lie
algebras of non-zero weight. As an application, we show that these cohomology theories control, respec-
tively, the formal deformations of Rota—Baxter 3-Lie algebras and modified Rota—Baxter 3-Lie algebras
of non-zero weight.

In Chapter 6, we construct an L.,[1]-algebra structure on the cochain complex associated with (relative
and absolute) modified Rota—Baxter 3-Lie algebras. We prove that relative modified Rota—Baxter 3-Lie
algebra structures of weight A are in one-to-one correspondence with the Maurer—Cartan elements of the
constructed L.[1]-algebra (see also Theorem 6.2):
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Theorem 1.4. With all the above notations. Suppose there are maps
7 € Homy (A’g, g),

1t € Homy (A*h,h),
p € Hom(A\*g@,b),
{ € Homk(A’h ©g,9),

T € Homg(b, g)

and 6 = w+p+A(u+ &) with nonzero A.
Then
(6[1]7T) € (VrPair[l] @Cl)o

is a Maurer-Cartan element in L. [1]-algebra
(VrPair[l] @ a, {l]rcnRB}kzl )

if and only
((h,7),(g,u),p,C.T)

is a relative modified Rota—Baxter 3-Lie algebra structure.

This shows that the L..[1]-algebra we constructed precisely governs the deformation theory of relative
modified Rota—Baxter 3-Lie algebras. Under the twisting procedure, this subalgebra yields the Lo[1]-
algebra constructed by Hou, Sheng, and Zhou, which controls the deformations of relative Rota—Baxter
operators of weight A on 3-Lie algebras.

1.2.2 PartlIl

In the second part. These results reveal a deep interplay among Rota—Baxter algebras, double Poisson al-
gebras, and pre-Calabi-Yau algebras. In this part, we explore these connections within a more general ho-
motopical framework. We introduce the notions of cyclic and ultracyclic homotopy relative Rota—Baxter
algebras, in which the homotopy Rota—Baxter structures satisfy certain cyclic invariance conditions (see
Section 8.3). These notions generalize the skew-symmetric Rota—Baxter operators studied by Goncharov
and Kolesnikov in [42]. To investigate the pre-Calabi-Yau and double Poisson structures arising from ho-
motopy Rota—Baxter algebras, we also define the concept of interactive pairs: pairs of differential graded
algebras (A, B), referred to as the acting algebra A and the base algebra B, they are mutually left modules
and act on each other in a compatible way (see Definition 9.1). In particular, we consider interactive
pairs in which the acting algebra A is equipped with a suitable homotopy relative Rota—Baxter structure.
Such pairs will be called homotopy Rota—Baxter interactive pairs. We then show that the base algebra
B of a homotopy Rota—Baxter naturally acquires a pre-Calabi-Yau algebra structure. More precisely, we
establish the following result (see Theorem 9.9):

Theorem 1.5. Ler ((A, {Tn}@l),B) be a homotopy Rota—Baxter interactive pair, where the acting alge-
bra A and the base algebra B are locally finite-dimensional.

(1) Ifeach T, is cyclic, then B admits a good manageable pre-Calabi—Yau algebra structure.

(i) If each T, is ultracyclic, then B admits a good manageable special pre-Calabi-Yau algebra struc-
ture.
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Then, using the correspondence between pre-Calabi- Yau algebras and homotopy double Poisson alge-
bras established by Ferndndez and Herscovich in [36], we describe the induced homotopy double Poisson
structures on base algebras in terms of homotopy Rota—Baxter algebra structures. This description is
given in an explicit and streamlined form (see Theorem 10.7):

Theorem 1.6. Ler ((A, {Tn}n>1),B) be a homotopy Rota—Baxter interactive pair, where the acting alge-
bra A is finite-dimensional and the base algebra B is locally finite-dimensional.

Define a sequence of maps {{{—,...,—}}n : B" — B®"},> by setting {{—}}1 = dp, and for alln > 1,

= =Pt =" (Idyen ),
where the map ¥" is the composition:

_ ®n 2(n+1) i
¥ : End(A®") 2 A" @ (AY)*" 7T, y@mr1) 2D End(B)®"*+) — End(B®("+D),

and ® : A — End(B) denotes the left A-action on B, i.e., ®(a)(b) :==a>b.
Then,

(i) If each T, is cyclic, the collection {{{—,...,—}n}n>1 defines a cyclic homotopy double Poisson
algebra structure on B.

(ii) If each T, is ultracyclic, the collection {{{—,...,—}}u}n>1 defines a homotopy double Poisson
algebra structure on B.

The second part is organized as follows:

In Chapter 7, we begin by reviewing homotopy Possion algebras, A.-algebras and pre-Calabi—Yau
structures.

In Chapter 8, we recall the definitions of Rota—Baxter algebras and double Lie algebras, along with
their known connections. Building on homotopy framework, we introduce cyclic Rota—Baxter algebras,
as well as cyclic and ultracyclic homotopy relative Rota—Baxter algebras. We also present a cyclic com-
pletion construction for homotopy Rota—Baxter algebras.

In Chapter 9, we introduce the notion of interactive pairs. We study homotopy Rota—Baxter structures
on the acting algebra of such pairs under certain compatibility conditions, leading to the construction of
pre-Calabi—Yau structures on the base algebra. This leads to the proof of Theorem 1.5 (see Theorem 9.9).
In particular, we prove that a dg module over a dg algebra equipped with a cyclic (resp. ultracyclic)
homotopy relative Rota—Baxter structure naturally carries a pre-Calabi—Yau (resp. an ultracyclic pre-
Calabi—Yau) algebra structure .

In Chapter 10, we recall the definitions of homotopy double Lie algebras and homotopy double Pois-
son algebras. We generalize the result of Ferndndez and Herscovich in Theorem 1.2. Using the construc-
tions from Chapter 9, we prove Theorem 1.6 (see Theorem 10.7). As a special case, we show that a dg
module over an ultracyclic homotopy relative Rota—Baxter algebra naturally inherits a homotopy double
Lie algebra structure. Moreover, we prove that the symmetric algebra of a homotopy double Lie algebra
naturally carries a homotopy Poisson algebra structure. This yields a method for constructing homo-
topy Poisson structures from representations of dg homotopy Rota—Baxter algebras. As an application,
we establish an equivalence between skew-symmetric solutions of the associative Yang—Baxter-infinity
equations, ultracyclic homotopy Rota—Baxter algebra structures, a certain class of pre-Calabi—Yau alge-
bras, and homotopy double Lie algebras, thus extending the results of Goncharov and Kolesnikov to the
homotopical realm.
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1.2.3 Part III

The purpose of the third part is to investigate the ideals of semidirect products of L-algebras, as well as
the structure of simple L-algebras.

This part is organized as follows.

In Chapter 11, we recall the basic definitions and fundamental concepts related to L-algebras.

In Chapter 12, we prove that the self-similar closure is compatible with the semidirect product of
L-algebras (see also Theorem 12.4):

Theorem 1.7. Let X andY be two L-algebras, and assume that Y acts on X via p. Then
S(X xp Y)=S(X) ><15S(Y).

In Chapter 13, we study ideals and prime ideals of semidirect products of L-algebras, as well as
symmetric semidirect products of CKL-algebras. We establish a decomposition criterion for ideals in
semidirect products (see Theorem 13.8):

Theorem 1.8. Let X and Y be L-algebras such that Y acts on X via p. Then K is an ideal of X X, Y if
and only if p induces an action
[3 . Y/KY — End(X/Kx),
such that
(X %pY)/(Kx %p|, Ky) = X/Kx %Y /Ky.

In this context, we introduce the notions of p-ideals, p-prime ideals, and the p-spectrum p Spec(X).

A p-ideal is an ideal I C X satisfying
p(I)CI,  Wvey,

while a p-prime ideal is a prime element in the lattice of p-ideals. The p-spectrum p Spec(X) is defined
as the topological space consisting of all p-prime ideals (see Definition 13.12).

Furthermore, we prove that the lattice p.# (X) of p-ideals is distributive, and that the prime spectrum

of X x, Y decomposes as a disjoint union of the p-spectrum of X and the spectrum of ¥ (see Theo-
rem 13.17):

Theorem 1.9. Let P be an ideal of X and Q an ideal of Y. Then P x Q is a prime ideal of X X, Y if and
only if one of the following holds:

(i) P=X and Q is a prime ideal of Y ;
(ii) P is a p-prime ideal of X and Q = ker(p®).

Moreover,
Spec(X xp Y) = p Spec(X) LI Spec(Y).

This result can be regarded as a substantial extension of Proposition 1.3.
As an application, we establish a natural correspondence between ideals of semidirect products and
those of symmetric semidirect products of CKL-algebras (see Proposition 13.20):

Proposition 1.10. Let X and Y be CKL-algebras such that Y acts on X via p. Let L be an ideal of the
symmetric semidirect product X >, Y. Define

L=Ly Xply, Ly CX Y.

Then the correspondence B
L—L and KN(X 2, Y)+—K

defines a bijection between ideals of X »p Y and ideals of X xp Y.
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In Chapter 14, we introduce a family of simple CKL-algebras {A,},>1 (see Proposition 14.5) and
investigate linear L-algebras using ideal-theoretic methods. We prove that every simple linear L-algebra
of size n is isomorphic to A, (see Theorem 14.3).

We further introduce the notions of tail and tail™ L-algebras. A tail is defined as the upward closure
of minimal elements in an L-algebra, while a tail*™ L-algebra is a finite L-algebra X that either admits a
tail or contains a subalgebra

YCYHCX,

such that ¥ has a tail, ¥p \ Y is a set of a minimal element of ¥y, and X \ Y forms a partially ordered set
(see Definition 14.10). We then prove that every simple tail™ CKL-algebra is linear (see Theorem 14.15).

In Chapter 15, we study linear Hilbert algebras and their symmetric semidirect products in detail. We
prove that a Hilbert algebra is simple if and only if it has at most two elements (see Proposition 15.3).
Moreover, we construct a family of linear Hilbert algebras LH,, and show that every linear Hilbert algebra
belongs to this class (see Proposition 15.5).

As an application of the previous results, we determine the number of ideals in symmetric semidirect
products of Hilbert algebras (see Proposition 15.7). In particular, we compute that the number of ideals
in the symmetric semidirect product of an n-element linear Hilbert algebra with a simple Hilbert algebra
is 2n — k (see Example 15.9).
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Part 1

Deformations and cohomology theory
of Rota—Baxter 3-Lie algebras and
modified Rota—Baxter 3-Lie algebras
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|Chapter 2

Preliminaries

2.1 3-Lie algebras

In this section, we will recall some basic notions and facts about 3-Lie algebras from [10, 38,55, 70].

Definition 2.1. A 3-Lie algebra is a vector space g together with a skew-symmetric trilinear map

[ ——]:A'a—g
satisfying the fundamental identity
[, v, [u, v, w]] = [[x, 3, u], v, w] + [u, [x,y,v], w] + [, v, [x, 3, w]], X, ), U, v,w € g.
Definition 2.2. Let (g,[—, —, —]) be a 3-Lie algebra and M a vector space. A representation of g on M is

a linear map
p:A%g— gl(M)

such that for all x1,x2,x3,x4 € g,

[p(xlax2)7p(x37x4)] = p([x17x27x3]ax4) +p(x3a [x17x27x4])a (21)
p(x1, [x2,%3,x4]) = p(x3,%4)p (x1,%2) — p(x2,X3) P (x1,%3) + P (x2,%3)p (x1,X4). (22)
Definition 2.3. Let (g,[—,—,—]) be a 3-Lie algebra. Define

ad: A’g = gl(g),  adey(2) = oyl
Then ad is a representation of g on g, called the adjoint representation.

Definition 2.4. Let g be a 3-Lie algebra. The derived algebra is

g' =lg,0,9],

and the center is
¢(g)={xcg|lxyz=0,Vyzcg}

Definition 2.5. Let (g,[—,—,—]) and (h,{—,—, —}) be 3-Lie algebras, and p : A>g — gl(h) a represen-
tation of g on f. If

px,y)uc€(h), px,y){u,vw} =0, Vx,yeg, u,vweh,

then p is called an action of g on §.

15
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Let (M, p) be a representation of a 3-Lie algebra g. We define the cochain complex (C3,.(g9,M),d*)
of 3-Lie algebra with coefficients in (M, p), that is, let

C(S)—Lie(gaM) =M, gl—Lie(gaM> = Homk((A29)®(n_1> NG, M)7 n>1.

The coboundary operator
a?:I—Lie : Cg—Lie(g7M) — Cgﬂe(&M)

is given, for X; = x; A y;, by

71)”+1p(yn7-xn+l)f(xl’- .. 7xn*13xn)
(_1)n+1p(xn+l7xn)f(xl7 e a%nfhyl’l)

(=) oy ) (Er ey Xy X Xng 1)

agl—Lief(xlv-“axnaanrl) =

+ o+
D=

~.
Il

+ (—1)jf(%17...,§7,...,%n,[xj,yj,xn+1])

D=

j=1
AR DR G DL SUPUR: TR S

1<j<k<n

X,y X) A+ X ANxjs Y s e Xty -+ Xns Xng1)-

The corresponding cohomology is denoted by

H3 (9, M).

When M = g with the adjoint representation, we write

3Lie(9) = Hi(0,0), n>1.

2.2 L.[l]-algebras and V-data

Next, we recall the basic notions on graded vector spaces. A (homologically) graded space is a Z-
indexed family of k-vector spaces V = {V, },ez. Elements of |,z V, are called homogeneous, and a
homogeneous element v has degree |[v| =nifv € V,.

The suspension of a graded space V is the graded space sV, defined by (sV), = V,_; for all n € Z.
For v € V,_, we denote the corresponding element in (sV), by sv. The map s: V — sV, given by v — sv,
is a graded map of degree 1.

Similarly, the desuspension of V, denoted s~'V, is defined by (s~'V), = V,..1. For v € V,,, the
corresponding element in (s~'V), is written as s~'v. The map s~' : V — 57!V, given by v+ s v, is a
graded map of degree —1.

Let V be a graded vector space. Define the graded symmetric algebra Sym(V) of V by Sym(V) =
T(V)/I, where the two-sided ideal I is generated by

XQy— (_I)M‘}"y@x

for all homogeneous elements x,y € V. For homogeneous elements x,...,x, € V and 6 € &, the Koszul
sign €(0;x1,...,x,) is defined by the identity

X1 OxX O - Ox, = E(G;xl,...,xn)xc(l) OXg2) O OXg(n) € Sym(V), 2.3)
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where ® denotes the multiplication in Sym(V'). For instance, x©y = (— 1)y © x, hence £((1 2);x,y) =
(= 1)K, We also define
x(0:x1,...,x,) =sgn(0) €(0;x1,..., %), (2.4)

where sgn(o) is the sign of the permutation o.

Definition 2.6. An L..[1]-algebra is a pair (L = @,y Li, {lx}x>1) consisting of a graded vector space
L = @,y Li together with a family of degree-1 multilinear maps [ : L% — L (k > 1) such that:

(i) (graded symmetry) for any k > 1, any homogeneous x,...,x; € L, and any ¢ € Gy,
lk(xc(l) &--- ®x6<k)) =¢g(o;x1,. .. ,xk) lk(xl Q- Qx);
(i1) (higher Jacobi identities) for any n > 1 and homogeneous xi,...,x, € L,

8(0‘;)61, e »xn)lj<li(xo-(1) K- ®x0'(i)) ®x6(i+l) Q- ®xa(n)) =0,
i+j=n+1 cecSh(i,n—i)

where Sh(i,n—i) C &, denotes the set of (i,n — i)-shuffles, i.e., permutations ¢ € &, such that

o(l)<---<o(i) and o(i+1)<---<o(n).

Throughout the paper, all L.,[1]-algebras are assumed to be weakly filtered, so that the infinite sums
appearing below are convergent.

Definition 2.7. Let (L,{l;}x>1) be an L.[1]-algebra. An element a € Ly is called a Maurer—Cartan
element if it satisfies

=1
Z—'lk(a®---®a):0,
k:lk'

whenever the series converges.

Proposition 2.8. [40, Twisting procedure] Let a be a Maurer—-Cartan element of an Lw[1]-algebra
(L,{lg}s>1). The twisted Lw[1]-algebra structure on L is given by multilinear maps 1% : L*" — L de-
fined by

oo

L ®- ®x,) = Zil'l,,+i(oc®~~®oc®x1 ®@xy),  VXi,..., % €L,
=0" i times

whenever the infinite sum converges (or terminates in a finite case). In particular, & € Ly induces a
degree-one differential

oo

1
1%(x) :Zif,liﬂ(a@m@a@x)?

=0 i times

which turns (L,1{*) into a cochain complex. The corresponding cohomology groups are referred to as the
cohomology induced by the Maurer—Cartan element «.

An important class of L.[1]-algebras arise from V-datas [94]. Recall that a V-data is a quadrupe
(V,a,2,\) in which

(i) V is a graded Lie algebra (with the graded Lie bracket [, ]);
(i1) a C V is an abelian graded Lie subalgebra;

(ili) & :V — ais a projection map with the property that ker(4?) C V is a graded Lie subalgebra;
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(iv) and A € ker(2)! that satisfies [A,A] =0

The construction of L.-subalgebras using V-data has been studied in [23,39,72]. We summarize this
method in the following simplified theorem.

Theorem 2.1. Let (V,a, P, \) be a V-data. Suppose V' CV is a graded Lie subalgebra that satisfies
[A, V'] CV'. Then the graded vector space sV' @ a carries an L [1]-algebra structure with the multilinear
operations

L(sx®a) = (—s[Ax], P(x+[Aa])),
b(sx@sy) = (—1)"s [ vl
lk(sx®a1®--'®ak 1):9[ [[x a1] ] yAj— 1], fork>72,
lk(a1®-~~®ak)=t@[ [[A al] az] Clk], fork>72.
Here x,y are homogeneous elements in V' and ai,...,a; are homogeneous elements in a. Up to the

permutations of the above entries, all other multilinear operations vanish.

Moreover, let 1 : V" < V' be a monomorphism of graded Lie algebras such that [N, 1(V")] C 1(V").
Then the graded vector space sV" & a also carries an Lo [1]-algebra structure with the multilinear oper-
ations:

li(sx®a) = (—st'[A1(x)], 2(x) +[A,a)),
L(sx®@sy) = (— 1)‘x'l L), 1),
Lsx®@a1 @ @ag_1) = P [[1(x),a1],a2),. . .,ax—1], fork>2,
ha®-@a)=2[[[Aalal... 4], fork>2
Here x,y are homogeneous elements in V" and a1, ... ,a; are homogeneous elements in a.

In addition, the map 1 induces a monomorphism of Le[1]-algebras:

T (V'@a,{Is1) — (V@a{l=1), (f1],0)— (1(f)[1],6).
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(Modified) Rota—Baxter 3-Lie algebras

3.1 (Modified) Rota—Baxter operators of weight A

In this section, we introduce the notions of Rota—Baxter 3-Lie algebras of weight A and relative (modified)
Rota—Baxter 3-Lie algebras of weight A, and give some of their basic properties.

Definition 3.1. [10] Let (g,[—,—,—]) be a 3-Lie algebra and let T': g — g be a linear map. We call T an
(absolute) Rota—Baxter operator of weight A on g, or equivalently say that (g,[—, —, —],T) is a (absolute)
Rota—Baxter 3-Lie algebra of weight A, if for all x,y,z € g,

[T(x),T(y),T(2)] = T([T(X),T(y),z} T T, TR +[T(x),%T(2)] (1.1

FAIT(), 02 + AT (), 2 + Ay, T(2)] +12[x,y,z]).

Definition 3.2. [55] Let (g,[—,—,—]) and (h,{—,—,—}) be 3-Lie algebras. Let p : A>g — gl(h) be an
action of a 3-Lie algebra (g,[—, —,—]) on a 3-Lie algebra (h,{—,—,—}), and & : A% — gl(g) an action
of (h,{—,—,—}) on (g,[—,—,—])- A linear map R : h — g is called a relative modified Rota—Baxter

operator of weight A € k from a 3-Lie algebra § to a 3-Lie algebra g with respect to actions p and { if
Yu,v,w € b,

[R(u), R(v),R(w)] =R (p(R(),R(v))w+ p(R(Y),R(9))u+ p(R(w), R(u) v+ A{uvow} ) (1.2)
—AL(u,v)R(w) — AL (v,w)R(u) — AL (w,u)R(v).

In this case, the quadruple ((b,{—,—,—}),(g,[—,—, ]
Moreover, the quintuple ((§,{—,—,—}),(g,[—,— ]) P
3-Lie algebra of weight A.

Moreover, If

),p,¢) is called a relative 3-Lie algebra pair.
,C,R) is called a relative modified Rota—Baxter

* h=gand p = § =ad, we call (g,[—,—,—],R) an absolute modified Rota—Baxter 3-Lie algebra of
weight A, or simply a modified Rota—Baxter 3-Lie algebra of weight A, or a modified Rota—Baxter
3-Lie algebra;

* £ : A% — gl(g) vanish, we call the quadruple ((h,{—,—,—1}),(g,[—,—,—]),p,R) is called a rel-
ative Rota—Baxter 3-Lie algebra of weight A.

19
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Example 3.3. Let (g,[—,—,—]) be a 3-Lie algebra. The following statements hold simultaneously for
Rota—Baxter operators and modified Rota—Baxter operators (with the corresponding weights).

(i) The identity map 1d4 is a modified Rota—Baxter operator of weight 1 and a Rota—Baxter operator
of weight —1.

(ii) An operator R is a Rota—Baxter operator if and only if —R is a Rota—Baxter operator. Similarly, R
is a modified Rota—Baxter operator if and only if —R is a modified Rota—Baxter operator.

(iii) Let R be a Rota—Baxter operator (respectively, a modified Rota—Baxter operator) on g and let
v € gl(g) be an automorphism of the 3-Lie algebra g. Then the conjugate operator

v 'oRoy

is again a Rota—Baxter operator (respectively, a modified Rota—Baxter operator).

Example 3.4. [55] Let (g,[—,—,—|g) be a 4-dimensional 3-Lie algebra with a basis {e1,e,e3,e4} and
the nonzero multiplication is given by

le2,e3,e4] =ey.

The center of g is the subspace generated by {e;}. It is obvious that the adjoint representation
ad : A’g — gl(g) is an action of g on itself. Let by be a subalgebra of g generated by {e3,e4}.

P (6‘1) =0,
P =
The projection P : g — g given by p Ezzg S’ is a relative Rota—Baxter operator of weight A
3) = €3,
P(es) = ea,

from g to g with respect to the adjoint action ad.

Example 3.5. Let (g,[—,—, —]) be a 3-Lie algebra whose non-zero brackets are given with respect to a
basis {e1,e2,e3} by

le1,e2,e3] =ej.

air ap a3
ThenR= | az1 ax ax3 | isamodified Rota—Baxter operator of weight 1 if and only if
a1 a4y ass

[R(e1),R(e2),R(e3)] = R([R(e1),R(e2),e3] +[e1,R(e2),R(e3)] + [R(e1), e2,R(e3)] +[e1, €2, €3])
—[R(e1),e2,e3] — [e1,R(e2),e3] — [e1,€2,R(e3)].

After calculation, we can obtain

[R(e1),R(e2),R(e3)] = [ar1e1,a0e2,a33e3] + [ar1e1,a3e3,a23€2)]
+ [azie2,a12e1,a33e3] + [az1€2,a3e3,a13¢€1 ]
+ [az1e3,a12e1,a03e2] + [az1€3,axe2,a13¢€1 ]

= (a11922a33 —a11a32a23 — a21A12a33 +421A32013 + 31412023 — a31“22a13)el7
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on the other hand,

R([R(e1),R(e2),e3] + [e1,R(e2),R(e3)] + [R(e1), e2,R(e3)] + [e1, €2, €3])
— [R(el),€2,€3] — [el,R(ez),63] — [el,ez,R(e3)]
=R([ar1e1,a22e2,e3])) + R([az1€2,a12e1,e3]) +R([ar1e1,e2,a33e3]) + R([az1e3,e2,a13e1])
+R([e1,a2e2,a33e3]) + R([e1,a3ze3,a23e2]) + R([er, 2, €3])
—larier,ez,e3] — [e1,axner,e3] — [e1,e2,a33€3]
= ((an1a22 — az1a12 +ar1azs — az1a13 + anazs — anax;)a — axn — ass)e;
+ (ar1a2 — az1a1p +anas; — asai3 +axnazz —axnaxs + 1)az e
+ (a11a22 — az1a12 +airasz — azaiz +anasz —azas + 1)azes.

Thus, R is a modified Rota—Baxter operator of weight 1 if and only if

a11a22a33 —a11a32a23 — A21a12a33 + 421432413 + az1a12a23 — az1a2a13

= (alla22 —az1ai2 +aj1as33 —aza13 +aaszz — a32023)a11 —daz2 —dadszz,

and
(an1axn —aziain +ai1azz —aziaiz +axpazz —azaxs + 1)az
= (an1ax — ax1a12 +aas; — azja13 +axnaz; — axax + 1)as;
=0.
1 0 O 1 0 O
In particula, Ry =1 0 1 0 and Ry=1 0 —1 0 | are modified Rota—Baxter operators
0 0 -1 0o 0 1
of weight 1.
Example 3.6. Ler (g,[—,—,—]) be a 3-Lie algebra whose non-zero brackets are given with respect to a

basis {e},e2,e3,e4} by
[e2,€3,e4] = €.

ayp ap a3 apy
ary axp ax axu
a1 ax az  axy
as1  ag  a43  aa4

Then R = is a modified Rota—Baxter operator of weight 1 if and only if

[R(e2),R(e3),R(e4)] = R([R(e2),R(e3),e4] +[e2,R(e3),R(e4)] + [R(e2), e3,R(e4)] + €2, €3, €4])
—[R(e2),e3,e4] — [e2,R(e3),e4] — [e2,€3,R(e4)].

After calculation, we can obtain

[R(e2),R(e3),R(e4)] = [arre,azzes,asses] + [arer, aszes,azaes] + [azes, arzer, asses)
+ [as2e3,a43e4,a24e2] + [aszes, arzer, azaes) + [asnes, azzes, arser)

= (42033044 — 22043034 — (32023044 + 432043024 + Q42023034 — A42033024) €1,



22 CHAPTER 3. (MODIFIED) RB 3-LIE ALGEBRAS

on the other hand,

R([R(e2),R(e3),es] + [e2,R(e3),R(es)] + [R(e2) €3, R(e4)] + [e2, €3, €4])
—[R(e2),e3,e4] — [e2,R(e3),e4] — [e2, €3, R(e4)]
= R([axer,a33e3,e4]) +R([aznes,arzer, e4]) + R([e2,a33€3, asses))
+R([e2,as3e4,a34e3]) + R([arer,e3,asae4]) + R([asres, e3,a24e3))
+R(e1) —axe; —azze; —asse
= (axas3 — a3a + azzas — a43a34 + anass — apax + 1)R(e)) — axe) —azze) —asse
= ((a22a33 — aznaxs +az3a4s — as3a34 + a22G44 — aspaze + 1)ar —axn — azz —ass)e;
+ (axaz3 — azans + azzas — as3azs +axnas — anaxs + 1)az ez
+ (axazz — azan + azzass — as3azs + andss — apars + 1)azie3
+ (axa33 — azaxs + aszzass — aszaza + axass — asans + 1)aages.

Thus, R is a modified Rota—Baxter operator of weight 1 if and only if
a22a33a44 — 422043034 — A32023044 + (32043024 + 442023034 — 442033024
= (axas3 — a3a + a33ass — a43a34 + axnass — apass + 1)ay — ax — azz — a4,
and
(a22a33 — a32a23 + a33a44 — A43034 + 2044 — Aspa24 + 1)an;

= (aa33 — a3a3 + a33aa4 — a43a34 + axass — aypax + 1)as
= (axaz3 — a3an3 + a3zass — a43a34 + andass — apass + 1)as; = 0.

1 0 0 O 1 0 0 O
. 0Oo1 0 O 0 -1 0 O .
In particular, R| = 00 -1 0 and Ry = 0 0 1 0 are modified Rota—Baxter
00 0 -1 0 0 0 -1
operators of weight 1.
Proposition 3.7. Let (g,[—,—,—]) be a 3-Lie algebra. Then R is a Rota—Baxter operator of weight A if

and only if 2R+ A id is a modified Rota—Baxter operator of weight L.
Proof. For any x,y,z € g, we have
[(2R+ A id)(x), (2R+ A id)(y), (2R + A id) ()]
= [2Rx+ Ax,2Ry + Ay,2Rz + A7
= 8[Rx,Ry,Rz] +4A[Rx,Ry,z] +4A[R(x),y,Rz| +4A [x, Ry, RZ]
+2A%[x,y, R] + 242 [x, Ry, 2] + 2A%[Rx,y,2] + A3 [x,3,7]
= 8R([Rx,Ry.2] + [Rx,y. Re] + [x, Ry, Re] + A[Rx,y.2) + A[v. Ry, 2] + A 1%, 3, Re]
+22[x,3,2] ) +4A[Rx, Ry, 2] + 42 [R(x), v, Re] + 42 [x, Ry, R
+2A%[x,y, Rz] + 242 [x, Ry, 2] + 2A%[Rx,y, 2] + A3 [x,3,7]
=(2R+Aid) ([(2R + A id)x, 2R+ A id)y,z) + [x, 2R+ A id)y, (2R + A id)Z]
+R+ A id)x,y, (2R + A id)2] +A2[x,3,2)) = A2[(2R + A id)x,3,]
— 2%[x, 2R+ A id)y,z] — A*[x,y, (2R + A id)Z].
And the proof is finished. O
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3.2 The constructions of modified Rota—Baxter operators of weight

A

In [10], Bai, Guo, Li, and Wu. constructed Rota—Baxter 3-Lie algebras from Rota—Baxter Lie algebras
and Rota—Baxter pre-Lie algebras. In this section, inspired by these constructions of 3-Lie algebras, we
present several constructions of modified Rota—Baxter operators of weight A.

Lemma 3.8. ([9]) Let (g,[,-]) be a Lie algebra and g* be the dual space of g. Suppose that f € g*
satisfies f([x,y]) = 0 for all x,y € g. Then there is a 3-Lie algebra structure on g given by

oy 2r =D+ O+ )Ry,  Yxyzeg.

Definition 3.9. A linear map R : g — g is called a modified Rota—Baxter operator of weight A € K, or
simply a modified Rota—Baxter operator on a Lie algebra (g, [-,-]) if R satisfies the following condition

R(),RO) = R(R@)+ RO +Ak], Fyeg.
Theorem 3.1. Let R be a modified Rota—Baxter operator of weight A on a Lie algebra (g,[-,"]), f € g*
satisfies f([x,y]) = 0 for any x,y € g. Then R is a modified Rota—Baxter operator of weight A on a 3-Lie
algebra (g,|—,—,—]y) if and only if R satisfies
R (f (X)[Ry, Re] + f (y)[Rz, Rx] + f (2) [Rx, Ry + A f () [y, 2] + A f (») [z, 4] + A (2) [xvy])
—Af(X)[Ry, 2] = Af(N)y,Re] = A f ()[R, x] — Af (y)[z, Rx] = A f(2)[Rx,y] = Af (2) [x, Ry]
—2Af(Ry)[z,x] = 2Af (Ry)[z,x] = 24 f(Rz)[x,y] = 0.
Proof. For any x,y,z € g, we have
[Rx,Ry,Rz]r = f(Rx)[Ry,Rz] + f(Ry)[Rz,Rx] + f (Rz) [Rx, Ry]
= R(f(Rx)[Ry,z] + f (Rx) [y, Rz]) + R(f (Ry)[Rz,x] + f (Ry) [z, Rx])
+R(f(Rz)[Rx,y] + f(Rz) [Rx,y]) + A f (Rx)[y, 2] + A f (Ry)[z,x]
+Af(Rz)[x,y].
On the other hand, we have
R([Rx, Ry,z] s + [x, Ry, Re] s + [Rx, y, Re] y + A[x,y,2] ) — A[Rx, 3, 2] — A [x, Ry, 2] p — Alx, y, Rel s
=R (f (Rx)[Ry, 2] + f(Ry)[z, Rx] + f () [Rx,Ry] + f (x) [Ry, Rz] + f (Ry)[Rz, x] + f (Rz) [x, Ry]

+ f(Rx)[y,Rz] + f () [Rz, Rx] + f (Rz) [Rx,y] + A £ (x) [, 2] + A f(¥)[z,%] + A f(2) [xvy])
—Af(RX)[y,2] = Af(¥)[z, Rx] = A f(2) [Rx,y] — A f(x)[Ry, 2] — Af(Ry)[z,x] = A f(2)[x, RY]
—Af(x)[y,Re] = A f(y)[Rz, x] — A f(Rz)[x, ]

= R( SRy, Re] + () [Re, RX] + £ (2) R, Ry 4+ A (5) 2]+ A S (3) 2] + AS () 3]
—Af(X)[Ry,2] = Af(x)[y,Rz] = A f(y)[Rz, x] = A f(y)[z,Rx] — A f(2)[Rx,y] — A f(2)[x, RY]
+ [Rx, Ry, Rz]f — 24 f(Ry)[z, ] — 24 f (Rx)[y, 2] — 2A f (Rz)[x, y].

Then R is a modified Rota—Baxter operator of weight A on a 3-Lie algebra (g,[—, —, —|f) if and only if R
satisfies

R(f (x)[Ry,Rz] + f(y)[Rz, Rx] + f (2) [Rx, Ry] + A f (x) [y, 2] + A f () [z, x] + A f(2) [x,y])

—Af(X)[Ry,2] = Af(x)[y,Rz] = A f(y)[Rz,x] = A f(y)[z,Rx] — A f(2)[Rx,y] — A f(2)[x, RY]
—2Af(Ry)[z,x] = 2A f(Ry)[z,x] =24 f(Rz)[x,y] = 0.
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O
Example 3.10. Let (g,[—,—]) be the 3-dimensional Lie algebra given by
le1,e2] = ea,
fler) =1,
where {ey,ez,e3} is a basis of §. By Lemma 3.8, the trace function f € g*, where < f(e;) =0, induces
f(63) =1,
a 3-Lie algebra (g,[—,—,—|y) defined with the same basis by

le1,e2,e3]f = e3.

air ap an
Consider a linear map R : g — g defined by | ax a»n axp with respect to the basis {e;,ez,e3}.
asr ax  asz

Define
Rey = ajje; +azex +azies, Rey =appe) +ane;+azes, Res=ajze; +axer+aszes.
In order to obtain that R is a modified Rota—Baxter operator of weight 1 on the Lie algebra g, we need
[Rei,Rej] = R([Rej,ej] + [ei,Re;]) + [ei,e)], i,j=1,2,3.

By a straightforward computation, we conclude that R is a modified Rota—Baxter operator of weight 1 on
the Lie algebra g if and only if

ay) = —an, a%z +apay +1=0.
By Theorem 3.1, R is a modified Rota—Baxter operator of weight 1 on the 3-Lie algebra (g,[—,—,—|s) if
and only if
2a33 + 2axaxnaxs + azlaxnaiz +azianas — 2axn =0,
and

aziaiz +azxaxg = 2.

Definition 3.11. [49] A linear map R : g — g is called a modified Rota—Baxter operator of weight A on a
pre-Lie algebra (g, *) if R satisfies the following condition

R(x) #R(y) = R(R(x) *y+x*R(y)) + Ax*y, Vx,y €g,
The following conclusions can be directly verified by definition, so the proof is omitted.

Lemma 3.12. Let R be a modified Rota—Baxter operator of weight A on a pre-Lie algebra (g, ). Then R
is a modified Rota—Baxter operator of weight A on a Lie algebra (g, |-, «), where [-,-], is defined by

[x, )] =x*y—y*x, Vx,y€g.

Lemma 3.13. Ler R be a modified Rota—Baxter operator of weight A on a commutative associative
algebra (g,-), D be a derivation with Do R = Ro D. Then R is a modified Rota—Baxter operator of weight
A on a pre-Lie algebra (g,*), where

xxy=Dx-y, Vx,y€g.



3.2. THE CONSTRUCTIONS OF MODIFIED ROTA-BAXTER OPERATORS OF WEIGHT A 25

According to Theorem 3.1 and Lemma 3.12, we can know
Theorem 3.2. Let R be a modified Rota—Baxter operator of weight A on a pre-Lie algebra (g, *), f € g*
satisfies f(xxy—yxx) =0 for any x,y € g. Define
ey 2y = fx)(yxz—zxy) + f(¥)(@xx —xx2) + f(2) (xxy —yxx),Vx,y,z € g,

Then R is a modified Rota—Baxter operator of weight A on a 3-Lie algebra (g,[—,—,—]y) if and only if R
satisfies

R(f(x)(Ry*Rz—Rz*Ry)—|—f(y)(Rz>ka—Rx*Rz) + f(z)(Rx*xRy — Ry« Rx) + A f(x)(yxz—z*Y)

+7Lf(y)(2*x*X*Z)+7Lf(Z)(X*y*y*x)) —Af(x)(Ry*z—zxRy)
—Af(x)(y*Rz—Rz*xy) — A f(y)(Rzxx—x*Rz) — A f(y)(z+x Rx — Rx*z)
—Af(2)(Rx*xy—y*Rx) —Af(z)(x xRy —Ry*xx) —2A f(Ry)(z%x —x%2)

—2Af(Rx)(yxz—z*y) —2Af(Rz)(xxy—y*x) =0.
Lemma 3.14. []10] Let (g,-) be a commutative associative algebra and D be a derivation and f € g*

satisfies f(D(x)-y) = f(x-D(y)) for all x,y € g. Then (9,{—,—,—}y.p) is a 3-Lie algebra, where the
bracket is given

{x’yaz}fﬂD: D(x) (Z) ) 2.1
Z

forany x,y,z € g.

Theorem 3.3. Let (g,-,R) be a commutative modified Rota—Baxter algebra of weight A and D be a
derivation with DoR = RoD and f € g* satisfies f(D(x)-y) = f(x-D(y)). Then R is a modified Rota—
Baxter operator weight A on the 3-Lie algebra (g9,{—,—,—}y,p) if and only if R satisfies

R ( f(x)(DRy-Rz— DRz-Ry) + f(y)(DRz- Rx — DRx-Rz) + f(z)(DRx- Ry — DRy - Rx)

+Af(x)(Dy-z—Dz-y)+Af(y) Dz-x—Dx~z)+lf(z)(Dx~y—Dy-x))

(x)( (
—Af(x)(DRy-z—Dz-Ry) —Af(x)(Dy-Rz—DRz-y) — A f(y)(DRz-x— Dx-Rz)
—Af(y)(Dz-Rx—DRx-z) — A f(z)(DRx-y—Dy-Rx) — Af(z)(Dx-Ry — DRy - x)
—2Af(Ry)(Dz-x—Dx-z) —2A f(Rx)(Dy-z—Dz-y) —2A f(Rz)(Dx-y—Dy-x) = 0.

Proof. The result follows directly from Lemma 3.12 and Theorem 3.2. O
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Chapter

Cohomology and deformations of
Rota-Baxter 3-Lie algebras

4.1 Representations of Rota—Baxter 3-Lie algebras

In this section, we introduce representations of Rota—Baxter 3-Lie algebras of arbitrary weight. We also
provide various examples and new constructions.

Definition 4.1. Let

(g’ [*’ ) *}ga T) and (gl7 [*7 ) *]g/v T/)
be two Rota—Baxter 3-Lie algebras of weight . A morphism between them is a 3-Lie algebra homomor-
phism ¢ : g — ¢’ such that o T =T' 0 ¢.

Denote by RB3-Lie? the category of Rota—Baxter 3-Lie algebras of weight A with morphisms defined
above.

Definition 4.2. Let (g,[—,—,—]4,7) be a Rota—Baxter 3-Lie algebra of weight A and (M, p) be a rep-
resentation over the 3-Lie algebra (g,[—,—,—]y). We say that (M,p,Ty) is a representation over the
Rota-Baxter 3-Lie algebra (g,[—,—,—]4,T) of weight A if (M,p) is endowed with a linear operator

Ty : M — M such that the following equation

p(T(TONTu(m) = Tia (p(T(). T())m)+p(T(x).3) (Tha () +p(. T()) (T (m))
+AP(T(x),3)(m) +Ap (x. T () (m) +Ap (x,3) (T (m))
+22p(x.y)(m) )

holds for any x,y € g and m € M.

Example 4.3. It is obvious that (g,|—,—,—]g,T) itself is a representation over the Rota—Baxter 3-Lie
algebra (g,[—,—,—]g,T) of weight A, called the regular representation or the adjoint representation.

Example 4.4. Let (g9,[—,—,—|y) be a 3-Lie algebra and (M,p) be a representation over it. Then the
triple (M, p,1dy) is a representation of the Rota—Baxter 3-Lie algebra (g,[—,—,—|4,1dq) of weight —1.

Example 4.5. Let (g,[—,—,—]g,T) be a Rota—Baxter 3-Lie algebra of weight A and (M,p,Ty) be a
representation over it. Then for arbitrary scalar 1 € K, the triple (M, p,uTy) is a representation of the
Rota—Baxter 3-Lie algebra (g,[—,—, —]q,UT) of weight (LA).

27
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Proposition 4.6. Ler (g,[—,—,—|4,T) be a Rota—Baxter 3-Lie algebra of weight A and {(M;, p;, Tu;,) }icr
be a family of representation of it. Then the triple (®iciM;, (Pi)ict, ®iciTy,) is a representation of the
Rota—Baxter 3-Lie algebra (g,[—,—,—]g,T) of weight A.

Proof. For arbitrary x,y € g and m = (m;);e; € Bic/M;, we have

(Pi)ier(T (x), T (v))(BierTm;) (mi)ier

= (Pi(T(x), T () (T;)(mi)) ;e

= (T, (Pi(T(x), T () (m) + pi(T (x),y) (Tra (m)) + pi (x, T () (Taa (m))
+A pi(T(x),)(m) + 4 pi(x, T () (m) + A pi(x, ) (Tva (m)) + A2 pi(x, ) (m))) .,

= (@ietTh,) ((P)ier(T (x), T (y)) (m) + (pi)icr (T (x),y) (Taa (m)) + (pi)ic1 (x, T (¥)) (The (m))
+A (Pi)ier(T (x),y)(m) + A (pi)ier(x, T () (m) + A (pi)ier(x,y)(Tha (m))
+A2(pi)ier (x,y) (m)).

Hence, (®iciM;, (pi)icr, ®iciTy;) is a representation of the Rota—Baxter 3-Lie algebra (g, [—, —, —]q,T)
of weight 1. O

In the following, we construct the semidirect product in the context of Rota—Baxter 3-Lie algebras of
weight A.

Proposition 4.7. Let (g,[—,—,—|4,T) be a Rota—Baxter 3-Lie algebra of weight A and (M,p,Ty) be
a representation of it. Then (§@®M,T & Ty) is a Rota—Baxter 3-Lie algebra of weight A, where the Lie
bracket on g ® M is given by the semidirect product

tuyt+viztwlgen = [ydgtpEy)wrpdutp(zxy,
for arbitrary x,y,z € g and u,v,w € M.

Proof. For arbitrary x,y,z € g and u,v,w € M, we have

(TOTu)(x4u),(TE&Ty)(y+v), (TS Ty)(z+w)]gom
= [T),T(),T@)]g+p(T(x),TH)Tu(w)+p(T(),T(2)Tn(u)+p(T(2),T(x))Tu(v)
= T(T(x),T(y),dg +[Tx),yT(@)]g+xTH),T()]g+2 [T(x),52q
A 5T (),2dg+A 3, T(@)]g +A%x,3,2lg)
+T (P (T (x), T (y))w+p(T (x),5) T (w) +p (x, T (y)) (T (w)) + 4 p(T (x),y)(w)
+A P, T())W)+A p(x,y) (T (w)) +A%p (x,y) (W)
T (p(T (), T () () +p (T (¥),2)(Tu (u)) +p (1, T (2)) (Tha () + A p(T (), 2) (u)
+A P, T(2) () + A p(3,2)(Th () + A%p (3,2) (w))
+Tu (p(T(2), T(x))(v) +p (T (2),X)Tu (v) + p (2, T (x)) (T (v))
+A P(T(2),x) (V) +A p(z, T(x) (V) + A p(2,2)(Tu(v)) + A7p(z,)(v))
= (TeTy)((TeTy)(x+u),(T®Tu)(y+v),2+wlgam
(T ©Tu) (x+u),y+v, (T ©Ty)(z+w)]gam + [x+u, (TS Tu) (v +v), (T ©Tu) (z+w)]gom
HA (T O Ty)(x+u),y+v,iz+wlgam +A [x+u,(T O Ty)(y+v),z2+w|gem
HA [,y + 9, (T O Tur) (2+ W) gom + A2 X+ 1,y +v, 2+ W] gam ).

T
T

(u
A
(v
A

This shows that T & T, is a Rota—Baxter operator of weight A on the semidirect product 3-Lie algebra.
Hence the result follows. O
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Proposition 4.8. [10] Let (g,[—,—,—]g,T) be a Rota—Baxter 3-Lie algebra of weight A. Define a new
trinary operation as:
yzr: = [T&),T1)2dg+[Tx),%T@)g+[xT1),T()lg
+A [T(0),3,2g + 2 [ TO),2g + A 63 T(2)]g +A%[x 3,2,

for arbitrary x,y,z € g. Then

(a) (g,[—,—,—]|r) is a new 3-Lie algebra, we denote this 3-Lie algebra by gr;

(b) the triple (gr,[—,—,—]r,T) is a Rota—Baxter 3-Lie algebra of weight A;

(c) themap T : (g97,(—,—, —|7.T) = (9,[—, —, —|g,T) is a morphism of Rota—Baxter 3-Lie algebras
of weight A.

Proof. (a) On can show it directly by a tedious computation;
(b) We observe that

[T(x)’T(y)7T(Z)]T
= [T?(), 7). T(@)]g +[T?(x). T0), T*(@)]g + [T (%), T*(3), T*(2)]g
+l [Tz(x)vT(y)aT Z)] [T(x)v ( ) ( )}B+A’ [T()C),T(y),TZ(Z)}g+12[T<x),T(y),T(Z)]g
+1

= T([T(X)’T(y)aZ] T(x), 3 T@lr + b, T(y),T(@))r

FA L) 32l + 2 6 T0),2dr +4 ey 7@l +22y.alr ),

which shows that T is a Rota—Baxter operator of weight A on the 3-Lie algebra gr.
(c) Since T is a Rota—Baxter operator of weight A on g, it follows from Equation (1.1) that

T([x7y7Z]T) = [T(x)’T(y)vT(Z)]Qa for x,y,z € g.

This implies that 7" : (g7,[—,—, —|r,T) — (g,[—, —, —|g,T) is a morphism of Rota—Baxter 3-Lie algebra
of weight 1. O

In the following, we will introduce new Rota—Baxter representations that will be useful in the next
section to construct the cohomology of Rota—Baxter 3-Lie algebras of arbitrary weights.

Theorem 4.9. Let (g,(—,—,—|4.7T) be a Rota—Baxter 3-Lie algebra of weight A and (M,p,Ty) be a
representation of it. Define a map pr : N>g — End(M) by

pr(x,y)m:=p (T (x),T(y))m =Ty (p(T (x),y)m+p(x, T (y))m+Ap(x,y)m),

for arbitrary x,y € g,m € M. Then pr defines a representation of the 3-Lie algebra (gr,[—,—,—]|r) on
M. Moreover, (M,pr,Ty) is a representation of the Rota—Baxter 3-Lie algebra (gr,]—,—,—]r,T) of
weight A.

Proof. One can show that pr defines a representation of the 3-Lie algebra (gr,[—,—,—]r) on M directly
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by a tedious computation. Moreover, we have

pr(T(x),T(y)) Ty (m)
= p(T*(x), T2(3)) T (m) = Toa (p(T>(x), T () Toa (m) + (T (x), T*(y)) Tua (m)
+Ap(T (%), T(y))Thu (m))
= Tu(p(T*(x), T*(v))m+p(T*(x),T(y))Taa (m) +p(T (x),T(v)) Tha (m)
+A p(T2(), T(»)m+A p(T(x),T>(v))m+A p(T (x), T (¥))Taa (m) + A*p(T (x), T (y))m)
~Tia (P(T?(x), T (v))m+p(T2(x),y) Tua (m) +p(T (x), T () Tas (m) + A p(T*(x),y)m
+/1P( (), T(3))m+4 p(T (x),9)Taa(m) +A°p(T (x),y)m+p(T (x), T*(y))m
+p(T (x),T () Taa (m) +p (. T ()) Ths (m) + 4 p(T (x), T ())m+4 p(x,T(y))m
+A p(r, () Taa(m) + A2p (x, T (y))m +Ap (T (x), T (y))m+Ap(T (x),y) Tha (m)
+Ap(x,T (9)Ta (m) + AP (T (x),y)m +A%p (x, T (y))m + A%p (x,y)Tya (m) + A°p (x,y)m)
= Tu(pr(T(x),T(y))m+pr(T(x),y) T (m) +pr(x,T(y)) T (m)
+A pr(T(x),y)m+A pr(x,T(y))m+2 pr(x,y) Ty (m) +A%pr (x,y)m),

T
T

X

which shows (M, pr,Ty) is a representation of the Rota—Baxter 3-Lie algebra (gr,[—,—,—|r,T) of
weight A. O

4.2 Cohomology of Rota-Baxter operators

Firstly, let’s introduce the cohomology of Rota—Baxter operators of arbitrary weights.

Let (g,[—,—,—]g.T) be a Rota—Baxter 3-Lie algebra of weight A and (M, p,Ty) be a representation
over it. Recall that Proposition 4.8 and Proposition 4.9 give a new 3-Lie algebra gr and a new represen-
tation M over gr. Consider the cochain complex of g with coefficients in M:

C3 Lie gT7 @C’j Lie gT7
n=0

More precisely, forn > 1, C4; ,.(97,M) = Homy (A’g® --- ® A’g Ag, M) and its differential
—_———

n—1

an : Cg—Lie(gTv M) - ngilie<gTaM)
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is defined as:

(D" (X, Xnxnt1)

= Yo 0 F( e R X [y T Ak X ARG YT Xk XX )
1< j<k<n

2,

( )]+lpT(xJ7y])f(xl7'“7xj7'“7xil7xn+1)

'P1=

+Z jf x17 7x] "‘7xn7[xj7yj7xn+]]]')+

j=1
+(_1)n+1 (PT()’manrl)f(xh e 7xn71>xn) +PT(xn+17xn)f(xlv' o 7x;171»yn))>

= Y A& R K kT Ak A G T Bt X X1

1<j<k<n
+ Z _1 jf xh '7 xn:[xj>yj7xn+1]T Z(—1)1+1P(T(x])>T( ))f(xh '7x xl‘ux}'H*l)
j=1
- Z(_l)j+1TM (p(T(xj)7yj)f(xl7"' 72_/'7"' 7xnvxn+l))
j=1

Y e (g TSR R )
L

—_

2,

(=17 T (p ey ) PR+ R X g))

Ar1=

j=1
+(= l)n P(T(n), T (1)) f(Xts o+, Xm1,X) + P (T (1), T (60) ) f (X1, -+, X1, 9m))
(- 1)"“TM<p<T< )5 DFE 150+ (T ()50 £ X 100)
0 TP T R Byt + Do T - o)
—(-1 )n-HA Ty (P (Vs X 1) f(Xy, oo, X l,xn)+P(xn+1,xn)f(%1,“-,35,1_1,yn))

for ¥, =x; Ay, € Ag,i=1,2-- nandx,,ﬂ €g.

Definition 4.10. Let (g,[—,—,—|4,7) be a Rota—Baxter 3-Lie algebra of weight A and (M,p,Ty) be
a representation over it. Then the cochain complex (C3;.(g7,M),d) is called the cochain complex of
Rota—Baxter operator T of weight A with coefficients in (M, pr, Ty), denoted by Cp o o (g,M). The co-
homology of C3 (g,M), denoted by HE o (g, M), are called the cohomology of Rota—Baxter operator
T of weight A with coefficients in (M, pr, Ty).

When (M, p, Ty) is the regular representation

(ga [73777]977-')»

we denote C,_ J; (g,9) by Cpp ot (g) and call it the cochain complex of Rota—Baxter operator of weight

RBOA
A, and denote Hy_ J; (g,9) by Hy J; (g) and call it the cohomology of Rota~Baxter operator T of weight
A.

4.3 Cohomology of Rota—Baxter 3-Lie algebras

In this section, we will combine the cohomology of 3-Lie algebras and the cohomology of Rota—
Baxter operators of arbitrary weights to define a cohomology theory for Rota—Baxter 3-Lie algebras of
arbitrary weights.

Let M = (M,p,Ty) be a representation over a Rota—Baxter 3-Lie algebra g = (g, 1t = [—,—, —[4,T)
of weight A. Now, let’s construct a chain map

¢.:C§—Lie(g7M)_>C g,M),

RBol(
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i.e., the following commutative diagram:

89 "
Cg-Lie (g7M) C;—Lie (g’ M) Cg—Lie(ga M) Cg-}je(ga M)
@0 @! " @t
0 2l n nt 1
CRBo?L ( M) - CRBOA (g’M) CRBOA ( M) CRBOA ( M)

Define ®° = Idgom, (kM) = 1dy, @' = foT —Tyof and for n > 2 and f € Ci ;. (g, M), define
@ (f) € CRBOA (g’ ) as:

KIJ"(f) :fO (T, e ,T,T) ° ((Id/\Id)®"*2 ®Id/\3)
2n—2

_ )LZn—k—Z

Tuo fo(Idn =Y 7 1d2=0=0 7 ... 7 1d®"~1=#-1)o (IdAId) ™2 @1d"3),

1<i<ip <+ <ip_1<2n—1

where the operators
Wda-Y 7 1de-i= T, 1@ i)
act successively on the elements
X1, Y15 -5 Xny Yny Xnt1-

Proposition 4.11. The map ®* : C3,.(g.M) = C 9,M) is a chain map.

RBol(
We leave the long proof of this result to Appendix A.

Definition 4.12. Let M = (M, p,Ty) be a representation over a Rota—Baxter 3-Lie algebra g = (g, 1 =
[—,—,—]g,T) of weight A. We define the cochain complex (Cy, . ; (g,M),d*) of Rota-Baxter 3-Lie
algebra (g, i, T) of weight A with coefficients in (M, p, Tjy) to the negative shift of the mapping cone of
&®*, that is, let

CgB3 Lier (gvM) = Cg—Lie(gvM) and C§B3 Liet (gv ) C3 Lle(g M) @CRBol (&M),Vl’l =1,
and the differential d" : L. | ., (9,M) — C":é; Liet (8, M) is given by
d"(f.8) = (8"(f),—9" ' (g) = ®"(/))
for arbitrary f € C5,,.(g,M) and g € CEB& (g,M). The cohomology of (C2_, ., (g,M),d*), denoted

by HY oo s , (g,M), is called the cohomology of the Rota—Baxter 3-Lie algebra (g, 1L, T) of weight A with
coefficients in (M, p, Ty ). When (M,p,Ty) = (g,1t,T), we just denote 1. . (9,9),

S (g,9) by Chgs.Lict 5 (9), S (g) respectively, and call them the cochain complex, the coho-
mology of Rota—Baxter 3-Lie algebra (g, 1, T) of weight A respectively.

There is an obvious short exact sequence of complexes:

0= 57 Chgon (0,M) = Cry 1 (0,M) = C3pie(8,M) =0,

which induces a long exact sequence of cohomology groups

0— Hggg, Liet (ga ) - H3 L1e(g M) - HRBOA (gvM) - HIRB3 Liet (gvM) - HéfLie(g,M) -
1 1
i Hg Lle(g7M) - HRBOA (g7M) — H§;3 Lie /l(gﬂM) - Hg+Lle(g7M) —
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4.4 Formal deformations of Rota—Baxter 3-Lie algebras

In this section, we will study formal deformations of Rota—Baxter 3-Lie algebras of arbitrary weights and
interpret them via lower degree cohomology groups of Rota—Baxter 3-Lie algebras defined in last section.

4.4.1 Formal deformations of Rota—Baxter operator with 3-Lie bracket fixed

Let (g, u,T) be a Rota—Baxter 3-Lie algebra of weight A. Let us consider the case where we only
deform the Rota—Baxter operator with the 3-Lie bracket fixed. In this case, g[[t]] = {¥ >y ait’ | a; € g,Vi >
0} is endowed with the 3-Lie bracket induced from that of g, say,

u(Lar Yo, Yot ) =Y (X nlasbje0)
i=0 j=0 k=0 n=0 "i+j+k=n
i,j,k=0

Then g[[t]] becomes a 3-Lie algebra over Kk[[f]], whose 3-Lie bracket is still denoted by .
Consider a 1-parameterized family:

T,=Y Tit', T, € Chyon (0).
i=0

Definition 4.13. A 1-parameter formal deformation of the Rota—Baxter operator T on a 3-Lie algebra
(g,u) is a family 7, which is a Kk[[¢]]-linear Rota-Baxter operator on the 3-Lie algebra g[[¢]] such that
To = T. The operator Tj is called the infinitesimal of the 1-parameter formal deformation (g[[¢]],T;) of
Rota—Baxter operators on the 3-Lie algebra (g, ).

Power series 7; determine a 1-parameter formal deformation of the Rota—Baxter operator T on a 3-Lie
algebra (g, 1) if and only if the following equation holds:

P(T(x1), T (x2), T3 (x3))
= T(u(Ti(x1), T (x2),x3) + 1 (Te (x1), 02, T (x3)) + (1, T (x2), T (x3))
+A (T (x1),22,53) + A p(x1, T (x2),53) + A p(x1,x2, T (x3)) + A2 (x1,52,%3)),

for arbitrary xy,x2,x3,x4,x5 € g. Expanding this equation and comparing the coefficient of "', we obtain
that {7;};>0 have to satisfy: for arbitrary n > 0,

Y wlTi), Tj(x2), Telxs))
i+j+k=n
i,k>0

= Y (T, Ti(n), Ti(x3)) + Ti(u(Ti(x1),x2, Te(x3))) + Te (W(Ti (x1), T (x2),%3)))
i+j+k=n
i,j k>0 4.1

A Y (T((Ty () x2,x3)) + T (1, Tj(02),43)) + Tr(p (x1,02, T (x3))))
i+j=n
i,j20

+A«2Tn(‘U¢(X1,X2,X3)).

When n = 0, Equation (4.1) reduces to the defining identity of a Rota—Baxter operator, namely that
forT =Tj.
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When n = 1, Equation (4.1) has the form

W (T (x1), T (x2), T (x3)) + @ (T (x1), 71 (x2), T (x3)) + (T (x1), T (x2), T (x3))
= T (U@, Ti(x2),T(x3)) + p(x1, T (x2), Ti(x3)))
T (1(Ti (x1), 22, T (x3)) + (T (x1), %2, Ti (x3)))
T (u(Ti(x1), T (x2),x3) + 1(T (x1), T (x2),x3)) “2)
(T (x1),%2, T (x3)) + (T (x1), T (x2),x3)) '

+T1(H(x17 (x2), T (x3)) +
+AT (U(T1(x1),x2,x3) + p(x1, T (x2),x3) + p(x1,%2, 71 (x3)))
+ ATy (u(xr, T (x2),x3) + 1(T (x1),%2,x3) + p(x1,x2, T (x3)))
+ ATy (1 (xy,x,x3))

which says exactly that ' (7;) =0 € C This proves the following result:

RBOA( )

Proposition 4.14. Let T; be a 1-parameter formal deformation of Rota—Baxter operator T of weight A.
Then Ty is a I-cocycle in the cochain complex C J; (9).

Remark 4.15. The above result shows that the cochain complex CRB ol (g) controls formal deformations
of Rota—Baxter operators, which justifies the name “cochain complex of Rota—Baxter operators”. In fact,
we were inspired by Equation (4.2) while defining C2_ ., (9).

4.4.2 Formal deformations of Rota—Baxter 3-Lie algebras

Let (g, u,T) be a Rota—Baxter 3-Lie algebra of weight A. Consider a 1-parameterized family:
M = Z.uili» 1 € C314e(0), ZTI T e CRBOA( )-
i=0

Definition 4.16. A I-parameter formal deformation of Rota—Baxter 3-Lie algebra (g,u,T) of weight
A is a pair (i, 7;) which endows the flat k[[¢]]-module g[[¢]] with a Rota—Baxter 3-Lie algebra structure
of weight A over K[[¢]] such that (to,Tp) = (1, 7). The pair (u;,T1) is called the infinitesimal of the
1-parameter formal deformation (g[[¢]], tt/, T;) of Rota—Baxter 3-Lie algebra (g, 1, T) of weight 4.

Power series 1, and 7, determine a 1-parameter formal deformation of Rota—Baxter 3-Lie algebra
(g, 1, T) of weight A if and only if for arbitrary x1,x;,x3,x4,x5 € g, the following equations hold :

M (X1, X2, s (X3,X4,X5))
= (M (x1,22,X3), %4, X5) 4 e (263, Ly (X1, %2, X4 ), X5) =+ Ly (063, X4, fy (X1, X2, X5))
e (T; (x1), Th (x2), Ti (x3))
= T((Ti(x1), T (x2), x3) + e (T (x1 ), x2, T (x3)) + e (1, T3 (x2), T3 (x3) )
+ A p (T (x1),%2,23) + A e (x1, T (x2),x3) + A e (x1,22, T3 (x3))
+7Lzut(x1,x2,x3)).

By expanding these equations and comparing the coefficient of 1", we obtain that {;};>0 and {7;};>¢
have to satisfy: for arbitrary n > 0,

Z H[(xl,xz,ﬂj(x3;x4ax5))
i+j=n

= Y wi(u(x,x2,x3), x4, %5) + i (03, 1 (o1, %2, X4),X5) + Wi (33, %4, 14 (x1,%2,%5)), (4.3)
i+j=n
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Z ‘LL,-(TJ'(X1)7T]¢()C2),7}(X3))

i+ j+ktl=n
= Z T (15 (Te(x1), T (x2), x3) + 1 (T (1), %2, Ty (x3)) + (1, Te(x2), i (x3))) - (4.4)
i+j+k+i=n
A Y T(wi(Ti(xn),xo,x3) 4 wji(x1, Ti(x2) ,x3) + i (x1,22, Ti(x3))
i+j+k=n
+42 Y T(pj(x1,x2,x3)).
i+j=n

When n = 0, the above conditions reduce precisely to the original 3-Lie bracket i = Ly together with
the defining equation of a Rota—Baxter operator T = Ty of weight A on (g, Uo)-

Proposition 4.17. Let (g[[t]], W, T;) be a 1-parameter formal deformation of Rota—Baxter 3-Lie algebra
(g, 1, T) of weight A. Then (W, Tq) is a 2-cocycle in the cochain complex C?

Proof. When n = 1, Equations (4.3) and (4.4) become

RB3-Lie* (g)

[X] X2, 11 (x3ax4ax5)]g + ()C] » X2, [X3,X4,X5]g)
= [u1(x1,x2,X3),x4,x5] g + [x3, 1 (x1,%2,%4),X5] g + [x3, X4, 11 (X1,X2,X5)] g
+ 1 ([x1,x2,X3) g, X4, x5) 4+ W (23, [X1,%2,%4] g, %5) 4 M1 (X3, X4, [X1,X2,X5]g)

and

“.5)
p(T (x1), T (x2), T(x3)) = T (w1 (T (x1), T (x2),3) — 1 (T (x1), %2, T (x3)) — pa (x1, T (x2), T (x3)))
—A T (1 (T (x1),22,%3) + (1, T (x2),x3) + iy (x1,x2, T (x3))) — AT (1 (x1,%2,%3))
= T([T(x1), T(x2),x3]g + [T (x1),22, T (x3)]g + [x1, T (x2), T (x3)] )
+A Tl([ (x1),%2,x3) g + [x1, T (x ),x3]g+[x1,x2,T(X3)]g)+12T1([x1,xz,X3]g)
—[T1(x1), T (x2), T (x3)]g — [T (x1), T1 (x2), T (x3)]g — [T (x1), T (x2), T (x3)] g
T ([T (x1), T (x2),x3) g + [T1 (1), %2, T (x3)] g + et T (x2), T (x3)] )
+T ([T (x1), T (x2),53]g + [T (x1),22, T (x3) g + [x1, T (x2), T (x3) ] )
+A T([ 1(x1),x2,x3) g + [x1,T1 (x2), 3] g + [xl,xz,Tl(xg)]g).

Note that the first equation is exactly §%(u;) =0 € C3 Lic (9) and that second equation is exactly to

q)z(ﬂl) = _8 (Tl) € CRBOA (g)

So (y,Ty) is a 2-cocycle in C? O

RB3-Lie? (g)

Remark 4.18. Equation (4.5) inspired us to introduce the chain map ®* : C5 1;.(g,M) — Cpp 0 (8,M)
as well the cochain complex C? . | . ; (9, M).

Definition 4.19. Let (g[[t]], i, T;) and (g[[t]], 1/, T;) be two 1-parameter formal deformations of Rota—
Baxter 3-Lie algebra (g, i, T) of weight A. A formal isomorphism from (g[[¢]], &/, 7)) to (g[[t]], ki, T7) is
a power series Y, = Yo Wit' : g[[t]] — g[[t]], where y; : g — g are linear maps with Yo = Idg, such that:

Viol, = Wo(Yeyoy), (4.6)
yioT/ = Towy,. 4.7)

In this case, we say that the two 1-parameter formal deformations (gl[f]], &, T;) and (g[[f]], 1/, T;) are
equivalent.
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Given a Rota—Baxter 3-Lie algebra (g, u,T) of weight A4, the power series U;, T; with ; = & olt, T} =
60T makes (g[[r]], i, T;) into a 1-parameter formal deformation of (g,u,7’). Formal deformations is
said to be trivial if it is equivalent to (g, i, 7).

Theorem 4.20. The infinitesimals of two equivalent 1-parameter formal deformations of (g, 1, T) are in
the same cohomology class in H . | . (9)-

Proof. Let v, : (g[t]], 11/, T) — (g[[t]], i, T;) be a formal isomorphism. Expanding the identities and
collecting coefficients of 7, we get from Equations (4.6) and (4.7):

o= wHpoldeldoy)—you+po(y@IdeId) 4+ po(Id® v ®Id),
Tl' = T1+Toy;—yjoT,

that is, we have

(11, T)) = (1, 1) = (8 (y1), @' (1)) = d' (¥1,0) € Cpgy 1 (0)-
O

Definition 4.21. A Rota-Baxter 3-Lie algebra (g, i, T) of weight A is said to be rigid if every 1-parameter
formal deformation is trivial.

Theorem 4.22. Let (g,u,T) be a Rota—Baxter 3-Lie algebra of weight A. IszRBZ&-Lie)L (g) =0, then
(g,u,T) is rigid.
Proof. Let (g[[t]], , T;) be a 1-parameter formal deformation of (g, u, 7). By Proposition 4.17, (u1,T1)

is a 2-cocycle. By H?{B&Liel (g) = 0, there exists a 1-cochain

(ll/l 5'x) € Cll?B3—LieA (g) = C%-Lie(g) @Homk(k, g)

such that (u;,Ty) = d'(y],x), that is, gy = 8'(y]) and T} = —3°(x) — ®!(y]). Let y; = y| + 8%(x).
Then p; = 8'(y1) and Ty = —®' (1), as it can be readily seen that ®!(8%(x)) = 9°(x).
Setting y; = Idg — y17, we have a deformation (g[[¢]], It,, T/ ), where

= oo (W x v x y;)
and B
T, = l[lfl oT;oy;.
It is easy to verify that ff; = 0,7 = 0. Then

ﬁt = M+E2t2+...7
T, = T+T*+.

By Equations (4.3) and (4.4), we see that (II,,7>) is still a 2-cocycle, so by induction, we can show that

(g[[t]], e, T7) is equivalent to (g[[#]], £, T). Thus, (g,u,T) is rigid.
O
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Chapter

Cohomology and deformations of
modified Rota—Baxter 3-Lie algebras

5.1 Representations of modified Rota—Baxter 3-Lie algebras

In this section, we introduce representations of modified Rota—Baxter 3-Lie algebras of arbitrary weight.
We also provide various examples and new constructions.
Definition 5.1. Let

(g’ [*’ ) *}gaR) and (gl7 [*7 ) *]g/le)
be two Rota—Baxter 3-Lie algebras of weight A. A morphism between them is a 3-Lie algebra homomor-
phism ¢ : g — ¢’ satisfying  oR =R 0 ¢).

Denote by mRB3-Lie? the category of modified Rota—Baxter 3-Lie algebras of weight A with mor-
phisms defined above.

Definition 5.2. Let (g,[—, —,—]q,R) be a modified Rota-Baxter 3-Lie algebra of weight A and (M, p)
be a representation over the 3-Lie algebra (g,[—,—, —]4). We say that (M,p,Ry) is a representation over
the modified Rota—Baxter 3-Lie algebra (g,[—,—, —|4,R) of weight A if (M, p) is endowed with a linear

operator Ry : M — M such that the following equation
P (R(x),R(y))(Ry(m))
= Rur (p(R(),RO))(m) + P (Rx),3) (R (m)) + P (x, RY)) (Raa(m)) + Ap (3,3) (m) )
—Ap(R(x),y)(m) — Ap (x,R(y))(m) — Ap (x,y) (Ry (m))
holds for any x,y € gand m € M.

Similar to the case of representations of Rota—Baxter 3-Lie algebras, we have the following examples
and properties.

Example 5.3. (g,[—,—,—]g.R) itself is a representation over the modified Rota—Baxter 3-Lie algebra
(9,[—,—,—]g:R) of weight A, called the regular representation or the adjoint representation.

Example 5.4. Let (g9,[—,—,—|y) be a 3-Lie algebra and (M,p) be a representation over it. Then the
triple (M, p,1dy) is a representation of the modified Rota—Baxter 3-Lie algebra (g,[—,—,—|q,1dg) of
weight 1.

37
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Example 5.5. Let (g,[—,—, —|q,R) be a modified Rota—Baxter 3-Lie algebra of weight A and (M, p,Ry)
be a representation over it. Then for arbitrary scalar 1 € K, the triple (M, p, LRy) is a representation of
the modified Rota—Baxter 3-Lie algebra (g,[—, —, —]q, UR) of weight (4>1).

Proposition 5.6. Let
(ga [_a ) _]gaR)

be a modified Rota—Baxter 3-Lie algebra of weight A and {(M;, pi, Ru;) }ic1 be a family of representation
of it. Then the triple (BiciM;, (Pi)ict, ®iciRu;) is a representation of the modified Rota—Baxter 3-Lie
algebra (g,(—,—,—]g,R) of weight A.

Proposition 5.7. Let
(ga [_a ) _]gaR)

be a modified Rota—Baxter 3-Lie algebra of weight A and (M,p,Ry) be a representation of it. Then
(g®M,R® Ry) is a modified Rota—Baxter 3-Lie algebra of weight A, where the Lie bracket on g ® M is
given by the semidirect product

tu,y+vz+wlgen = [y2g+pEy)w+pm2)u+p(z,x)v,

for arbitrary x,y,z € g and u,v,w € M.

Let (g,[—,—,—]) be a 3-Lie algebra and R be a modified Rota—Baxter operator of weight A4, by [55],
in order to make (g,[—,—, —|r) a 3-Lie algebra, we always assume g' C €(g), where
[, 3,2k = [Rx, Ry, z] + [x, Ry, Rz + [Rx, y, Re] + Alx,y, 2], Vx,y,z€ 9. (1.1)
Proposition 5.8. Let R be a modified Rota—Baxter operator of weight A on a 3-Lie algebra (g,[—,—,—]).
Then R is a modified Rota—Baxter operator of weight A on a 3-Lie algebra (g,[—,—,—]r)-

Proof. For any x,y,z € g, we have

[R(x),R(y),R(2)]r
= [R*(x), R*(y), R(2)] + [R(x), R*(y), R (2)] + [R*(x), R(y), R ()] + A [R(x),R(y), R(2)]
= R([R*(x),R*(), 2] + [R(x), R* (), R(2)] + [R*(x), R(Y), R(2)] + A[R(x),R(y), 2]) — A[R*(x), R(»),2]
— A[R(x),R*(y), 2] — A[Rx,R(y),R(2)] + R([R(x), R* (), R(2)] + [x, R* (), R*z] + [R(x), R(y), R* (2)]
(v

+ARR(Y),R(E)]) — AR®),R(),R(2)] = Alx, R (), R(2)] = Alx, R(y), R* (2)] +R([R* (x), R(y), R(2)]
R(y) (

+[R(0),R(), R ()] + [R? (x),3. R (2)] + A[R(x), 3, R(2)]) — A[R* (x),7.R(2)] = A[R(x),R(y), R(2)]
—A[R(x),y,R*(2)] + A[R(x),R(y), R(2)]

= R([R*(x),R(y),2] + [R(x),R*(y),R(2)] + [R* (x),R(¥), R(2)] + A[R(x), R(y),2]) = A[R*(x),R(y),2]
— AR(0),R*(y),2] + R(R(x), R*(7), R(2)] + [, (), R*<] + [R(x), R(y), R (2)] + A [x, R(y), R(2)])
—A[R(x),R(),R(2)] = Alx, R*(7),R(2)] = A[x,R(y), R*(2)] +R([R* (x), R(y), R(2)] + [R(x), R(y), R*(2)]
+ R (x),3. R ()] + A[R(x), 3, R(2)]) — A[R* (x), 7. R(2)] = A[R(x),R(»),R(2)] = A[R(x),,R*(2)]

= R([R(x),R(y),z]& + [x,R(Y), R(2)|r + [R(x), 5, R(2) g + Alx,y, 2]r)

—AR(x),y,2r = 2[5, R(y),2lr — A%, R(2)] k-

Therefore, R is a modified Rota-Baxter operator of weight A on a 3-Lie algebra (g,[—, —, —|r). O

In analogy with Theorem 4.9, we obtain the following result.
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Theorem 5.9. Let R: g — g be a modified Rota—Baxter operator of weight A on a 3-Lie algebra (g, [-,-,])
and (M,p,Ry) be a representation on it. Define pr: g A\ g — gl(M) by

Pr(x,y)m = p(Rx,Ry)m — Ry (P (Rx,y)m+ p (x,Ry)m) + A p(x,y)m, ~ Vx,ycg,meM. (1.2)

Then (g,pr) is a representation of the 3-Lie algebra (g,],-,-|r). Moreover, (M,pr,Ru) is a representa-
tion of the modified Rota—Baxter 3-Lie algebra (gg, |-, -, |r,R) of weight A.

5.2 Cohomology of modified Rota—Baxter operator on 3-Lie alge-
bras

In this section, we will define the cohomology of modified Rota—Baxter operators of weight A on 3-Lie
algebras.

Let dg : C4 . (gr, M) — Cg'“ﬂe( gr, M) be the corresponding coboundary operator of the 3-Lie algebra
(g,[—,—,—]r) with coefficients in the representation (M, p,Rys). More precisely,

Ok : C pie (08, M) — Ci 11 (08, M)

is given by

+ Z(_l)jilpR(ijyj)f(%lw"7£j7"'7xn7xn+l)
j=1

+ (*l)n+l(PR(Yn7xn+l)f(xlv- .. 7xn717xn) +PR(xn+l axn)f(}:lw .- 7}:}’1717))}1))7

for X; =x; Ny; € /\zg,i =1,---,nand x4+ € g.
Obviously f € C};..(g,M) is closed if and only if

P (Ry,Rz) f(x) + p(Rz, Rx) f (y) + p(Rx,Ry) f (2)
= R(p(Ry,2)f(x) + p(z,Rx) £ (y) + p(Rz,x) f(y) + p (%, Ry) £ (z) + p(Rx, ) f ()] + p (¥, R2) f (x),)
+f([Rx7Ry7Z} + [quvaZ] + [Rx,y,Rz} +l[x,y,z]) _}’[f(x)ﬂ%Z] - l[x,f(y),z] - A’[Lyaf(z)]'

Definition 5.10. Let
(g? [_a ) _}g7R>
be a modified Rota—Baxter 3-Lie algebra of weight A and (M, p, Rys) be a representation over it. Then the
cochain complex (C3 | ;.(gr, M), dr) is called the cochain complex of modified Rota—Baxter operator T of
weight A with coefficients in (M, pg, Ry ), denoted by C® __ ; (g, M). The cohomology of C* __ ., (3,M),
denoted by H® - ., (g, M), are called the cohomology of modified Rota—Baxter operator R of weight A
with coefficients in (M, pg,Ry).
When (M, p,Ry) is the regular representation

(97 [_7_’_]97R)a

we denote C? - (3,9)byC o o (g) and call it the cochain complex of modified Rota—Baxter operator
of weight A, and denote H? __ 1, (9,9) by H® __ ., (9) and call it the cohomology of modified Rota-Baxter
operator T of weight A.
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5.3 Cohomology of modified Rota—Baxter 3-Lie algebras

In this section, we will combine the cohomology of 3-Lie algebras and the cohomology of modified
Rota—Baxter operators of arbitrary weights to define a cohomology theory for modified Rota—Baxter 3-
Lie algebras of arbitrary weights.

Let M = (M,p,Ry) be a representation over a modified Rota-Baxter 3-Lie algebra g = (g, u =
[—,—,—]g,R) of weight 1. Now, let’s construct a chain map

W C;—Lie(g7M) — Cr.nRBOl (gvM)a

i.e., the following commutative diagram:

50 5"
C(3)-Lic(97M ) —— Cé»Lie(g’M ) Ci (0, M) —— Cg-ﬁe(G,M )
4)0 CID] fol q>n+I
O (gM)—L=Cl(g.M) (g M) 2 O (g, M)
reot & reOA \ & reOA & reOA &
Define W0 = Idgjomx py = Idy. For f € C3 ;. (g, M), set
W!(f)=foR—Ryof.

Forn>2and f € Cy ;. (9,M), define ¥ (f) € C" __ ; (9, M) by
W (f) =
Z (;Lnfkfl Z fo(Id(ilil),R,Id(iziiliw,R,-~- ,R7Id(2n717izk71))o ((IdAId)®n72®IdA3)
k=1 1<[]<i2<“<<izk 1<2n71
el Y Ryo fo (=0, R1a®7170 R o R 1C1722)) 0 (1 ATa) 2 010" ) ).

1<ii <y < <igp—2<2n—1

Here the operators
da-Y R, Id(iz—i1—1)7 T,...,R, 1d2n—1—iz-1)

(or 1d2"~1=2-2) in the second summand) act successively on

X1 Y15 -+ -5 Xny Yny Xn+1-

Proposition 5.11. The map ¥* : C3 ;.(g,.M) — C®

® rpor (8:M) is a chain map.

It can be proved by arguments similar to those in Appendix A; hence we omit the details.
Similarly, we give the definition of cohomology for modified Rota—Baxter algebras.

Definition 5.12. Let M = (M,p,Ry) be a representation over a modified Rota—Baxter 3-Lie algebra
g=(g,u=[—,—, —]g,R) of weight 1. We define the cochain complex (C;_. . ;(9,M),d*) of modified
Rota—Baxter 3-Lie algebra (g, 1,R) of weight A with coefficients in (M, p,Ry) to the negative shift of

the mapping cone of W*, that is, let

Cgm_uéz (9>M> = C(3)-Lie(97M) and C’rlnRB?I—Lie’l (97M) = g»Lie (g>M) ® C’;:R]BO’I (g7M),Vn 21,
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and the differential 4" : C" M) —C"tL - (g,M) is given by

mRB3-Liet (g, mRB3-Liet

d"(f.g) = (8"(f).—0" ' (g) —®"(f))

for arbitrary f € C§ ;. .(9,M) and g € C" RIBM (g,M). The cohomology of (C* __. . ; (g,M),d*), denoted
byH® .. Liet 5 (9, M), is called the cohomology of the Rota—Baxter 3-Lie algebra (g, 1L, R) of weight A with
coefficients in (M,p,Ruy). When (M,p,Ruy) = (g, i, R), we just denote C* . ., (9,9),

HY s lict (g,9) by C? RB3.Lich (9), HY s lict (g) respectively, and call them the cochain complex, the

cohomology of modified Rota—Baxter 3-Lie algebra (g,u,T) of weight A respectively.

There is also a natural short exact sequence of cochain complexes

0—ssIC*

mRBOA (gvM) — C

mRB3-Lie? (g’M) — C;—Lie(gvM) — 07

which gives rise to the associated long exact sequence in cohomology:

OHH?nRB:g Liet (g’ ) HH3 Lle(g M) *)H mRBOA (g7M)
- HrlnRB?, Lier (8, M) — Hi (9. M) —

1
g.M) —HL (g, M)

T H3 Lie (g M) — H’ mRB3-Liet

+1
Hg Lle(g7M) -

mRBO* (

5.4 Formal deformations of modified Rota—Baxter algebras

In this section, we study formal deformations of modified Rota—Baxter 3-Lie algebras of weight A.

5.4.1 Formal deformations of modified Rota—Baxter operator with 3-Lie bracket
fixed

Let (g,1,R) be a modified Rota—Baxter 3-Lie algebra of weight A. Let us consider the case where
we only deform the modified Rota—Baxter operator with the 3-Lie bracket fixed. As in Section 4.4.1, we
consider a one-parameter family of the form

= .Z;‘)Riti7 R € Cl mRBO* (g)
Definition 5.13. A I-parameter formal deformation of a modified Rota—Baxter operator R on a 3-Lie
algebra (g, 1) is a formal power series R, € Endy (g][t]]) such that:
* R, is a k[[r]]-linear modified Rota—Baxter operator on the 3-Lie algebra g[[¢]];
* R;reducestoRatt =0, 1i.e. Rg =R.

The coefficient R; is called the infinitesimal of the deformation.

Power series R; determine a 1-parameter formal deformation of the modified Rota—Baxter operator R
on a 3-Lie algebra (g, i) if and only if the following equation holds:

J (R, (x1),Ri (x2),Ri (x3))
Ry (W (R (x1), Ry (x2),%3) 4 (R (x1), %2, Ry (x3)) 4 (1, Re (x2), Ry (x3)) + A (x1, %2, %3))
—A W (R (x1),x2,x3) = A p(x1, Ry (x2),x3) = A p(x1,x2,Re (x3)),
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for arbitrary x1,x2,x3,x4,x5 € g. Expanding this equation and comparing the coefficient of ", we obtain
that {7; };>0 have to satisfy: for arbitrary n > 0,

Y H(Ri(x1),R;(x2), Re(x3))
i+ j+k=n
i.jk>0

= Y (Ri(u(xr,Rj(x2), Re(x3))) + Ri((Rj(x1), %2, Ric(x3))) + Rie (W (Ri(x1), R (x2),x3)))
7
71 Z XQ,)C3))+Ri(,u(xl,Rj(XQ),X3))+R,'(,LL(X1,X2,R/‘(X3))))+}LR,1H,(X1,)CZ,X3).

i+j=n
i,j=0

Obviously, when n = 0, Equation (4.3) becomes exactly Equation (1.2) defining modified Rota—Baxter
operator T = Tp.
When n = 1, Equation (4.3) has the form
(R (x1),R(x2),R(x3)) + p (R(x1), Ry (x2), R(x3)) + p (R(x1),R(x2), R1 (x3))
= R(u(x1,Ri(x2),R(x3)) + p(x1,R(x2), Ry (x3)))
+R((Ry (x1),%2,R(x3)) + 1 (R(x1),x2,R1 (x3)))
+R((Ry (x1),R(x )X3)+#(R(x1)R1(x2) x3))
+ Ry (1 (x1,R(x2), R(x3)) + (R (x1),%2, R(x3)) + L (R(x1),R(x2),%3))
= A (H(Ry (x1),x2,x3) + p(x1,R(x2), x3) + p(x1,x2, Ry (x3)))
— A (u(x1,R(x2),x3) + (R(x1), x2,x3) + p (x1, %2, R(x3)))
+ AR p(x1,x2,x3)

4.4

which says exactly that ' (R;) =0 € Chgor (9). This proves the following result:

Proposition 5.14. Let R, be a I-parameter formal deformation of modified Rota—Baxter operator R of
weight A. Then T is a 1-cocycle in the cochain complex C® " RBOA (9).

Remark 5.15. The above result implies that C* " RBOA (g) controls the formal deformation theory of Rota—
Baxter operators.

5.4.2 Formal deformations of modified Rota-Baxter 3-Lie algebras

Let (g,1,R) be a modified Rota—Baxter 3-Lie algebra of weight A. Consider a 1-parameterized
family:
W= Z‘U,,'l‘i, M€ C%—Lie(g)v ZRt R; € C mRBO* (g)
i=0 i=0
Definition 5.16. A I-parameter formal deformation of a modified Rota—Baxter 3-Lie algebra (g, it,R)
of weight A is a pair (1, R;) such that the flat k[[¢]]-module g[[¢]] becomes a modified Rota—Baxter 3-Lie

algebra of weight A over k[[¢]], and such that (o, Ro) = (1, R). The pair (i1, R;) is called the infinitesimal
of the deformation.

Power series 1, and R, determine a 1-parameter formal deformation of Rota—Baxter 3-Lie algebra
(g, 1, R) of weight A if and only if for arbitrary x;,x,,x3,x4,xs € g, the following equations hold :
e (1,52, e (X3, X4, X5))
= Me(pe (o1, X2,X3), X4,X5) 4 My (X3, M (X1,%2, X4 ),%5) + My (X3, %4, s (X1, X2, X5))
Hy (Re (x1), Ry (x2), Ry (x3))
= Ri( (R (x1), Ri(x2),x3) 4 1 (Ry (x1) 2, Ry (x3)) + s (31, Ry (x2), Ry (x3)) + Aty (x1,%2,%3))
—A [.Lt(R,(xl),XQ,X3) —A ‘LL,(xl,Rt(XQ),)Q) —A [Jt(xl,X2,R,(X3)).
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By expanding these equations and comparing the coefficient of 7", we obtain that {f;};>¢ and {T;};>¢
have to satisfy: for arbitrary n > 0,

Z 'LLI'(Xl ,)Cz,lvlj(x37x47x5))
i+j=n

= Y wi(u(x,x0,x3), x4,%5) + i (3, 17 (01, X2, X4),X5) + i (X3, %4, 14 (x1,%2,%5)), (4.5)
i+j=n

Y wi(Ri(x1),Re(x2), Ry (x3))

i+ j+k+1=n

= Y Ti(wi(Re(x1),Ri(x2),x3) + i (Re(x1), x2, R (x3)) + 1 (x1, Ri(x2), Ri (x3))) (4.6
i+ j+kH=n

—A Z (1 (Re(x1),x2,x3) + 1 (1, Rec(x2),x3) + i (x1,x2, Re(x3)))
Jtk=n

+A Z R,'([Jj(xl,X2,X3)).

i+j=n
Obviously, when n = 0, the above conditions are exactly the 3-Lie bracket u = yy and Equation (1.2)
which is the defining relation of modified Rota-Baxter operator R = R of weight A.
Proposition 5.17. Let (g[[t]], W, T;) be a 1-parameter formal deformation of modified Rota—Baxter 3-Lie
algebra (g,1,T) of weight A. Then (u1,Th) is a 2-cocycle in the cochain complex C*

Proof. When n = 1, Equations (4.6) become

1 (R(x1),R(x2),R(x3)) — R (k1 (R(x1),R(x2),x3) — 1 (R(x1), %2, R(x3)) — 1 (x1,R(x2),R(x3)))
+A (1 (R(x1),x2,x3) + o (x1,R(x2),x3) + 1 (x1,%2,R(x3)) ) — AR (s (x1,x2,%3))

= Ri([R(x1),R(x2),x3]g + [R(x1),%2, R(x3)] g + [x1, R(x2), R(x3)] g + Alx1,%2,%3] )
—[R1(x1),R(x2),R(x3)]g — [R(x1),R1 (x2),R(x3)]g — [R(x1),R(x2), R1(x3)]
FR([R(x1),R(x2),x3]g + [R1 (x1), %2, R(x3)] g + [x1,R1 (x2), R(x3)]g )
FR([R(x1),R1(x2),x3]g + [R(x1), %2, R1 (x3)] g + [x1,R(x2), R1 (x3)]g)
—l([Rl(xl),xg,xﬂg—&—[xl,Rl(xz),x3]g—|—[xl,xz,Rl(x3)]g). 4.7

As in the proof of Proposition 4.17, we have

52(#1) =0€CiLi(9),

mRB3-Liet (g)

and Equation 4.7 is equivalent to

(I)z(ﬂl) = _a] (Rl) € C.ngoll (g)

So (u1,Ry) is a 2-cocycle in C* O

mRB3-Liet (g)

Remark 5.18. Equation (4.7) inspired us to introduce the chain map ®° : Cg_Lie(g7 M) —C® - RBO (g, M)
as well the cochain complex Cn[1RB3 Liek 2 (g, M).

Definition 5.19. Let (g[[t]], 4, R;) and (g[[f]], 1/, R,) be two 1-parameter formal deformations of the
modified Rota—Baxter 3-Lie algebra (g, 1t,R) of weight A. A formal isomorphism from (g][t]], 1/, R})
to (g[[t]], i, R;) is a power series W, = Y, Wit' : g[[t] — ¢[[t]], where y; : g — g are linear maps with
Yo = Idg, such that:

viol, = Wwo(yoyey), (4.8)
W, oR, Rioy;. (4.9)



44 CHAPTER 5. COHOMOLOGY AND DEFORMATIONS OF MODIFIED RB 3-LIE ALGEBRAS

Given a modified Rota-Baxter 3-Lie algebra (g,u,R) of weight A, the power series y,,R; with
Hi = 8 oM, R; = 60T makes (g][r]], 1, R;) into a 1-parameter formal deformation of (g, 1,R). Formal
deformations is said to be trivial if it is equivalent to (g, it,R).

Definition 5.20. A modified Rota—Baxter 3-Lie algebra (g, 1, T) of weight A is said to be rigid if every
1-parameter formal deformation is trivial.

Arguing as in Section 4.4.2, we can establish the following theorems. We omit the proofs, since they
follow the same pattern.

Theorem 5.21. The infinitesimals of two equivalent 1-parameter formal deformations of (g,L,R) are in

the same cohomology class in H® ... . ; (g).
. . . 2 —
Theorem 5.22. Let (g, U, R) be a modified Rota—Baxter 3-Lie algebra of weight A. IfHE o i (g)=0,

then (g, L, R) is rigid.



|Chapter 6

L..[1]-structure for (relative and
absolute) modified Rota—Baxter 3-Lie
algebras

6.1 L.[l]-structure for relative modified Rota—Baxter 3-Lie alge-
bras

In this section, by using the derived bracket technique, we construct an L.[1]-algebra whose Maurer-
Cartan elements are in bijection with the set of structures of relative modified Rota—Baxter 3-Lie algebras
of weight 1.

Theorem 6.1. [79] The graded vector space C3;;.(9,9) equipped with the graded commutator bracket

[Pa Q]R =Po Q_ (_l)quOR VP e Cg.Lie(gag)aQ € Cg.Lie(g7g)7
is a graded Lie algebra, where Po Q € Cg_{?e (g,9) is defined by
(POQ) (%17 e axp+q7x)

(-nkbe y (—1)61’(350(1)7 s X (k-1)s
oeS(k—1,q9)

T

0o (xa(k)7 = 7xa(k+q71)7xk+q> NYktgr Xktgr1, 7xp+q7x)

P
+Z(—1)(k71)q Y (—1)6P(3€o(1)>"'73€o(k—1):
k=1 GeS(h-1,4)

Xk+q Y <%0'(k)v T axo(kJrqfl)aykJrq) 7~%k+q+17 o 7xp+qax>

X CDMETP(Xgy s o),
o€S(p.q)

Q (fc(ﬁl)’ o ’%U<P+q*1)’%6(P+CI)’x> )7

forall Xj =x; Ayi € A2g,i=1,2,---,p+qand x € g. Moreover, |t : NX3g —» g is a 3-Lie bracket if and
only if i € C34..(g,9) such that [, u]r = 0.

45
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Proposition 6.1. Denote the graded vector space C5;, ,..(h,9) by

S D

n>0iy,....i,{0,1}

Homy (Vi @ ®V;, ® (A g@ (A’ ®9)), 9)
@ Homy (Vi ®---®V;, ® (A’ he (\*g@h)), b)

where Vo = N2h and V; = /\29. Then V,pair :=C% ... ..(h,9) is a subalgebra of the graded Lie algebra
3Lie—act

(Cg—Lie(g@{LQGBb)v [', ]R)

Moreover, a quadruple

((b,u),(g,7),p.C)
forms a relative 3-Lie algebra pair if and only if § := T +p + u+ & € (Vpair)! satisfies

[575]R =0,
where
m € Homg(A’g,9), 1 € Homg(Ah,h), p € Homg(A?g®@b,h), ¢ € Homx(A?h®@g,g).

Proof. Denote

B P (Hom(Vy @0V, ((Ag)®(A\*h®4g)).0))
n>0iy,....i,€{0,1}

by V and
D P (Homg(Vy @@V, ((A’h) o (A\2g@h)),h))

n>0iy,...,in€{0,1}

by V4, respectively. For each P € Vg, O € Vjy and R € V,p,ir, we can show that PoR € Vy and QoR € V.
Thus, V,pyir is a subalgebra of C§;;._,..(9©®b,g®bh).
For all § € (V;py)!, can decompose & as § = 7+ p + u + £, where

7 € Homy (Mg, 9),

u € Homy (7D, ),
p € Hom(A’g®b,h)
and ¢ € Homg(A%h®g,g). Since [§, §]r = 0, we have
[, ulr =0, [7, 7] =0, pop=pomand {ol =Copu.

By Theorem 6.1, u and & define 3-Lie brackets on h and g, respectively. p o p = p o & is equivalent to
that p and 7 satisfy the Equations (2.1)(2.2). Therefore, p : A2g® b — b is action of (g,7) on (b, ).
Similarly, 4 : A’h ® g — g is action of (b, ) on (g, 7).

Vice versa. O

By Theorem 2.1 and Proposition 6.1, we can construct the following L..[1]-algebra.
Proposition 6.2. Let g and b are two vector space. Then we have a V-data (V,a, 2,A) as follows:

(a) the graded Lie algebra (V,[—,—]) is given by (C};.(a®b,a®h),[-,-Ir);
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(b) the abelian graded Lie subalgebra a is given by

a=C3Lie(h,8) = ©u>0C3 e (h,9) = EBHomk Ah®-@A*hAb,g |
— ——

n=0 n times

(c¢) & :L— Lis the projection onto the subspace a;
(d) A=0 € ker(2)".

We obtain an Le.-algebra (Vipair[1] @ a, {lx }x>1), where

BRP (sf @ 58) = s[f, glr
FRP(sf@61©...001) =P [ [[f,0]g, g -, 01 ] g, fork >2
forall 0y,...,0,_1 €aand f,g € Vipair.

Theorem 6.2. With all the above notations. Suppose there are maps
7 € Homy (Mg, ),

u € Homy (A, b),
p € Homk(A*g®@1,b),
§ € Hom(A*h @ g, 9),

T € Homg(h, g)

and 8 = w+p +A(u+ &) with nonzero A.
Then

(8[1,T) € (Viair[1] @ )°
is a Maurer-Cartan element in L[1]-algebra
(Vepaie[1] @ 0, {%P 1)

if and only
((b,7), (g, 1),p,8,T)

is a relative modified Rota—Baxter 3-Lie algebra structure.

47

Proof. Let (8[1],T) € (V,pair)®. Then & can be decomposed as § = 7+ p + A (1 + {) and we have that

1BRB((8]1),T) @ (8[1),T)) = (18, 8]r[1],22(8,T]r) ,
IRB((8[1],7) ® (8[1],T) @ 8[1),T) @ (8[1],T))
=(0,242[[[8,TIr, T]r, T]R),
where for all (u,v,w) € A%h
210, TIr(u,v,w)

= —ATu(u,v,w)+A (§(u,v)Tw+ & (v,w)Tu+ §(w,u)Tv),
216, TR, T)r, T]r (1, v, w)
= (Tu, Tv,Tw) —T (p(Tu, Tv)w~+ p(Tv,Tw)u+ p(Tw, Tu)v).
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Then, the element (8[1],7) € (V,pair)° is a Maurer-Cartan element in (V,pyir[1] & a, {I"RB}41), if and
only if

¥ L ((5(1)1) 000 501,

= k!
::%ﬂ?RB«5[H7T)®(5U}®YU4—%ﬂTRB«S[u,T)®(5[u,r)®(5[u,r)45[u,rn
that is,
(%ﬂ&éhUL%gﬁ&Tk+%ﬁ@M&TbJﬁhﬂR):& (1.1)

By the first component of Equation 1.1, we have
8,5]r = 0.

Thus, by Proposition 6.1, this implies that the quadruple ((h,u),(g,7),p,&) defines a relative 3-Lie
algebra pair structure.
From the second component, we obtain

(Tu, Tv,Tw) =T (p(Tu, Tv)w+ p(Tv,Tw)u+ p(Tw,Tu)v)
A(=C(u,v)Tw—C(v,w)Tu—E(w,u)Tv+Tu(u,v,w)),

which shows that T is a relative modified Rota—Baxter operator of weight A on the relative 3-Lie algebra
pair ((h,u),(g,7),p, &)

Therefore, the element (8[1],T) € (V,py;r)? is a Maurer-Cartan element if and only if ((h, ), (g, 1),
p,&,T) is defines a relative modified Rota—Baxter 3-Lie algebra structure. O

6.2 L. [l]-structure for (absolute) modified Rota—Baxter 3-Lie alge-
bras

In this subsection, we will construct an L.[1]-structure whose Maurer-Cartan elements are in bijection
with the set of structures of modified Rota—Baxter 3-Lie algebras of weight A. The cohomology induced
by the Maurer-Cartan element of this L.[1]-algebra constructed via the twisting procedure in Proposi-
tion 2.8 coincide with the cohomologies associated to the modified Rota—Baxter algebras, as described in
Definition 5.12.

Let g be a vector space. Consider another copy of g, denoted by g’, and set b := g’. Define the
following cochain complexes:

L:= C;—Lie (g @ 9/7 [ S3) g/)v Vipair 1= Cg»Lie (g/v 9)7

a:=C3 (0, 9) = PHomy | g’ @@\’ Ag, g
—_—————

n>0 R

- n times

As shown in Section 6.1, the graded vector space

VrPair [1] Da
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admits an Lo,[1]-algebra structure, with higher operations denoted by {/;’®B},-.|. More precisely, we have
the decomposition
Vibair =01 @V & U3 O QLL,

where:

%1:@17101), Yi(n+1) = @ Homk(‘/i1®”’®vin®/\3g’g)’

n>0 il yeenin€{0,1}

V=P Va(n), Vo(n+1)= P Hom(V; @0V, @/ ®g,9),
n>0 i1, in€{0,1}

Vs =PVs(n), Vs(n+l)= B Homg (Vi @@V, @A, ¢),
n>0 il eenin€{0,1}

By =PVa(n), Van+1)= P Homg(V;, @@V, @A\’ ged,g),
n>0 il enin€{0,1}

with Vy := A%g’ and V; := A2g.
Denote

Veair := D Vpair(n) and Vpyir(n) := Homy Ng® - @A’ gAg, g
—_—

n>0 A

= n times

Consider the embedding map of graded spaces, defined for each n > 1 by

V. Vpair(n) — Vrpair(n) =2 (n) SPIp) (n) SPIL (n) (o) %4(11),
f— X Al

i eesin1.inJ€{0,1}

wslp—15in?

where the components are defined as follows:
Forxi Ayt € Vi, .. ;X1 Ayn—1 €V;,_, and:

n—1

@) x,y,z € g, define il],...,i,,,l,l € Ui (n) by

fh i @AY ® - @Xy Ay ®XAYAZ) = f(XIAYI @+ @ X Ayn ®XAYAZ),

(i) x,y € ¢’ and z € g, define f ;€ Va(n) by

S i 1 0FUAYI® - @ Ay @X Ay ®2) 1= f(01 Ayt @ -+ @ Ayn @XAYAZ),

(iii) x,y,z € ¢, define £ € Ys(n) by
ﬁ?7_._7in71,0(x1 AVI® - @Xp AV @XAYAZ) = fF(XIAYVI @ @Xy AV QXANYANZ),

(iv) x,y€gandz e ¢, define f) . €Wa(n)by

U] geens

fi(l).,....,in,.,l(xl AVI® - @Xy AV @XAYR2Z) 1= f(XI AY1 @+ @Xpy AV QXAYNZ).

Proposition 6.3. The embedding map v : Vpair — V,pair is @ monomorphism of graded Lie algebra.
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Proof. For f € Vpyir(n) and g € Vpyir(m), we compute:

v(f),v(glr = [ Yo A Y 8j1~...,jm

i1 seein, i€{0,1} Jroesdmr JE{01} T R

_ i J _ mn i J
T Z ( B EREL Ogin+1-,---~lm+n ( 1) iy nsim © lm+17---7im+n> ’
i1eeesiman,i,j€{0,1}

where, for each ij,...,iu4n—1 € {0,1}, the components lie in the following spaces:

i 1 1
<fill,... 3 Ogin+],m7im+,,,1,l ( 1)mng;] i ofimﬂ,m,imﬂ,,l,l) € Homk (V11 & ®‘/l'm+n—l &® /\397 g) )

sln FREES)

Z ( iil,..A,in og}n+1~,..<,im+n—1,0 - (71)mng;]7 wyim © lm+1 ..... sim4n—1 0) € Homy (Vll @ ®Vim+”7l ® /\zg/ ©e, g> ’
i€{0,1}
. 3
Z <'filly~~~;in oggx+]~,w7irrx+n—170 B ( l)mng;] 71m l 7lm+n 17 ) € Homk (‘/ll ® o ®‘/i"’+”*] ® A g/’ gl) ’
i€{0,1}
Z <fills---vin Og8x+l~-~7im+n—l;l ( 1)ng;] ----- im O b1 seeesbmtn—15 l) € HOI'Ilk (Vll Q- ®Vim+n—l ® /\29 ®g/7 g/> :
i€{0,1}

Thus, we have
V() v(@lr =V (fog—(=1)"go f)[1] =v([f.8]r)
that is,
V: Veair = Vipair

is a monomorphism of graded Lie algebras. O
By Theorem 2.1 and Proposition 6.3, we have the following Proposition:

Proposition 6.4.
(stair @ a, {1 )

is an Lo[1]-algebra with operations
B°(sf @sg) =sv ' [V(f),v(8)lk,
ll?b(sf®91 ®"'®6k71) =7 ['“Hv(f))91]R792]R7'~-76k71:|R7 fOVkZ 27
forall 0y,...,6,_1 € aand f,g € Vpair.
Moreover, v induces a monomorphism of Le[1]-algebras:
v (SVPair ®a, {li‘b}kzl) — (Vopair D 0, {[7RB o)
(sf,0) — (sv(f),0).

Theorem 6.3. With all the above notations. Suppose there are maps © € Homy(A%g, g), T € Homy(g,g)
and A is non-zero square.

Then (sT, l’l/zT) € (Vpair[1] @ a)? is a Maurer-Cartan element in L..[1]-algebra (sVp,i; @ a, {l,?b}kzl )
if and only ((g,7),p,,T) is a modified Rota—Baxter 3-Lie algebra structure.

Proof. Let (sﬂ,l’l/zT) € (Vpair)’. Then we have
B ((sm, A7 2T @ (s, A7 °T)) = (v*ls[v(n),v(n)]R, 21*1/2@[v(n),T}R> :

B ((sv(x), A7 PT) @ (sv(m),2712T) = (0,242 2([[v(m), IR, T, TR ) -
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For all (u,v,w) € A%h, we compute:

Pv(n), Tr(u,v,w) = =Tw(u,v,w) + (7 (u,v, Tw) + w(v,w, Tut) + w(w,u,Tv)),
2([v(7), T|r, T|r, TR (4, v,w) = &(Tu, Tv,Tw) — T (x(Tu, Tv,w) + x(Tv, Tw,u) + m(Tw,Tu,v)).
Therefore, the element (sn',k’l/ 2T) € (Vypair)? is a Maurer-Cartan element in the L..[1]-algebra
(Veair[1] © @, {{2}4>1 ) if and only if

=

Y o 0 ((m A2 = 28 (o 21y 4 (), A7 2T) ) = o,
k=17

That is,
[71', TC]R = Oa

and
w(Tu, Tv,Tw) =T (x(Tu, Tv,w) + 7 (Tv,Tw,u) + n(Tw,Tu,v))
+ A (=m(u,v,Tw) — w(v,w,Tu) — T(w,u, Tv) + T(u,v,w)).

Hence, the element (sm,A~'/2T) € (V;py;)? is a Maurer-Cartan element if and only if the triple
(g, 7, T) defines a modified Rota—Baxter 3-Lie algebra structure. 0

Remark 6.5. Let R be a modified Rota—Baxter operator of weight A on a 3-Lie algebra (g, ). Then the

element
o= (s, A7V2T)

is a Maurer-Cartan element in the Lo[1]-algebra (sVpair & a,{li®}¢>1). Moreover, the cohomology of the
cochain complex induced by a via the twisting procedure described in Proposition 2.8 coincides with the
cohomology of the shifted cochain complex sC*® (g) defined in Definition 5.12.

mRB3-Lie?
6.3 Comparison of the Controlling L..[1]-structures
for relative Modified Rota—Baxter and relative Rota—Baxter 3-
Lie Algebras

Hou, Sheng, and Zhou [55] constructed the controlling L.[1]-algebra structure for relative Rota—Baxter
operators of weight A on 3-Lie algebras. In this subsection, we will construct a controlling L..-subalgebra
of the L..[1]-algebra introduced in Section 6.1, which controls the deformation of relative modified Rota—
Baxter 3-Lie algebras. This subalgebra simultaneously controls the deformations of both the relative
Rota—Baxter operators and the underlying 3-Lie algebra structures.

Proposition 6.6. Let Vyy be a subspace of V,pair, and let 1 : Viy < V,pyir be the natural embedding. Then 1
induces an Le-subalgebra structure {IfB}i>, on Vy[1] @ a, as well as an Le-morphism

1: (SV() Da, {ZIISB}](21) — (SVrPair Da, {l]':lRB}kzl)
(sf,8) — (s1(f),0),
where
5P (sf @sg) = st [1(f),1(g)R

(100 ®..001) =2 [[1(f),0]x, 0l 01 g fork>2
forall0y,...,6_1 €Caand f,g € V.
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Proof. By the proof of Proposition 6.1, we have that Vj is also a subalgebra of the graded Lie algebra
V,pair- Thus, by Theorem 2.1, the bracket 1~ [1(—), 1(—)] is well-defined, and the map

1i: (SVh Da, {IIISB}kzl) — (SVrPairEBCl7 {l]rcnRB}kzl)
is an Le-morphism. O

Theorem 6.4. With all the above notations. Suppose there are maps
7 € Homy (A\°g, 9),

1 € Homy (Ah,b),
p € Homy(A’g®b,b),
T € Homk(h, g)

and 6 = T+ p + A with nonzero weight A.
Then
(s8,T) € (sVy @ a)°

is a Maurer-Cartan element in Lo[1]-algebra
CACERUASTSY

if and only
((b,7), (g, 1), p,T)

is a relative Rota—Baxter 3-Lie algebra structure.
Proof. As in the proof of Theorem 6.2, we omit the details here. O

Remark 6.7. Let a = ((h,n),(g,1),p,T) be a relative Rota—Baxter 3-Lie algebra with trivial T. By
Theorem 6.4, a is also a Maurer-Cartan element in the L.[1]-algebra (sVy & a, {IRB }i>1).

By Proposition 2.8, we obtain the twisted L.,[1]-algebra structure {(I"8)%}~ on sVy, & a induced by
the Maurer-Cartan element a. In fact, the subalgebra a of the twisted L.[1]-algebra

(Ve @ o, {(1"*)F }i=1)

coincides with the Lw[1]-algebra introduced in Section 4 of [55] by Hou, Sheng, and Zhou. This Le[1]-
algebra controls the deformation theory of relative Rota—Baxter operators of weight A on 3-Lie algebras
(b,7), (g, L) together with the action p.



Part 11

From homotopy Rota—Baxter algebras
to pre-Calabi-Yau and homotopy
double Poisson algebras
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7.1 Notations

Let k be a field of characteristic 0. A (homologically) graded space is a Z-indexed family of k-vector
spaces V = {V, },cz. Elements of |,z V, are called homogeneous and have a degree |v| = nif v € V,,.

Given two graded spaces V and W, a graded map of degree r is a linear map f : V — W such that
f (V) C W, for all n, and we denote the degree of f by |f| = r. Define

Hom(V,W), = [ | Homy(V,, W)
PEL

as the space of graded maps of degree r. The graded space Hom(V, W) is then given by {Hom(V, W), }cz.
The tensor product V ® W of two graded spaces V and W is defined by

VaWh,= @ V,aw,
p+q=n

We adopt Sweedler’s notation for elements in tensor products of graded spaces. Let V! @ --- ® V" be the
tensor product of graded spaces V!, ---,V”. An element r in this tensor product can be expressed as

1]

r= Z rl[11]®®rl[n s
il,"',in

€ V. For simplicity, we omit the subscripts i and write:

r:Zr[”@...@,-[n].

If V is a finite-dimensional graded space, there is an isomorphism of graded spaces:

where rl[f]

Hom(V,W)=W®V".
Moreover, if both V and W are finite-dimensional graded spaces, we have the isomorphism:
Ende;(VOW) X VRWW'QV"Y.

The suspension of a graded space V is the graded space sV, defined by (sV), =V,,_; for all n € Z.
For any v € V,_1, we denote the corresponding element in (sV'),, by sv. The map s : V — sV, defined by
v+ sv, is a graded map of degree 1.

55



56 CHAPTER 7. PRELIMINARIES

Similarly, the desuspension of V, denoted s~'V, is defined by (s~'V), = V,11. For v € V,,, the
corresponding element in (s~'V), is written as s~ 'v. The map s~' : V — 571V, given by v+ s v, is a
graded map of degree —1.

Let V be a graded vector space. Define the graded symmetric algebra Sym(V) of V to be T(V)/I
where the two-sided ideal [ is generated by xRy — (—I)VHY | y®x for all homogeneous elements x,y € V.
For homogeneous elements xi,...,x, €V and 6 € &,, the Koszul sign €(0;x1,...,x,) is defined by

X1 Ox0 - Ox, = €&(0;x1,... ,xn)x(,(l) OXg(2) O OXgm) € Sym(V), (1.1

where @ is the multiplication in Sym(V); For instance, x-y = (—1)*Ply. x, so £((1 2),x,y) = (=1)HIb1,
we also define
x(03x1,...,x,) = sgn(0)e(0;x1,...,Xn), (1.2)

where sgn(o) is the sign of the permutation ©.
Let G, denote the symmetric group on n elements, and let V be a graded space. The left action of G,,
on V®" is defined as follows: for 6 € &, and any r = Yillg. ...l cven

r=Y e(o: . Ao g g o]

where &(0; A r[”]) is the Koszul sign obtained from permuting the graded elements !, ... " We
write 6! o),

For 0 < iy,...,0p < nwith iy 4+ ---+i, = n, let Sh(ij,i,...,i,) denote the set of (iy,...,i,)-shuffles,
i.e., permutations ¢ € G,, such that:

0'(1)<~--<G(i1),6(i1+1)<---<G(il+i2),...76(i1—|—~--+ir_1—|—1)<---<O'(I’l).

The following fact shows that shuffles can be viewed as representatives of left cosets of symmetric
groups by Young subgroups:

Lemma 7.1. Letn > 1,1 <i<n—1. Then for any d € &,, there exists a unique triple (t,0,T) with
o €Sh(i,n—i), 1€ S;,w € S,_; such that §(1) = o1(l) for 1 <1< i, and §(i+m) = o(i+ w(m)) for
1<m<n—i

7.2 Le-algebras and homotopy Possion algebras

7.2.1 Differential graded Lie algebras
Now, let’s recall some basics on differential graded Lie algebras.

Definition 7.2. Let L = @;czL; be a graded space. A differential graded (dg) Lie algebra structure on L
consists of two operations
TI:L—L T7:LQL—L

with |71] = —1, || = 0 satisfying the following conditions.
() 10T =0.
() ion=n(neld+Ide 7).
(i) n(x®y)+(—D)HMn(yex) =o0.

(V) B(n@E®y) @)+ (~)HEHD g (5 (y@2) @x) + (- 1)AE 5 ((nzex) @y).
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Definition 7.3. Let (L, 71, 7;) be a dg Lie algebra. An element o € L_ is called a Maurer-Cartan element
if o satisfies

1
(o) - 5n(a@@a)=0.
Lemma 7.4. Let (L,7),T) be a dg Lie algebra and o be a Maurer-Cartan element. Define operations
) =11(x) —n(a®x), ¥ = —1.

Then (L,t{,t5) is a dg Lie algebra.
7.2.2 L.-algebras and Maurer-Cartan elements

Now, let’s recall some basics on L.-algebras.
Definition 7.5. Let L = @ L; be a graded space over k. Assume that L is endowed with a family of
icZ
graded linear operators [, : L*" — L,n > 1 with |l,| = n — 2 subject to the following conditions: for
arbitraryn > 1,6 € G, and xq,...,x, € L,

* (skew-symmetry)
In(Xg(1) @+ @Xg(n) = X(O3X1,-. . Xn) In(x1 @ - @ xp);

* (generalised Jacobi identity)
n . -
Y Y X(G;xlw~~7xn)(_1)l(n_l)ln7i+l(li(xc(l) ® - ®Xg(j)) ®Xg(ip1) @+ @ Xg(m)) =0,
i=1 ceSh(in—i)
where Sh(i,n —i) is the set of (i,n — i) shuffles, that is, permutations o € &,, such that
o(l)<---<o(@and o(i+1) <--- < o(n).

Then (L,{l,},>1) is called an Le.-algebra.

Remark 7.6. Let us consider the generalised Jacobi identity for n < 3 with the assumption of generalised
skew-symmetry.

(i) n=1, 1 ol; =0, that is, 11 is a differential,
(i) n=2,l10olp =Lo(LL ®Id+1d®1)), that is I, is a derivation for I,
(iii) n =3, for homogeneous elements x1,x»,x3 € L

h(x) ®x2) @x3) + (—1)MIEHRDL (1 (x) @ x3) @ 1)
+(=1)slnl+2l g (1 (03 @ x1) @ x2)

= —(h(BE©xn©x3)+h5(h(x) ©x @)+ (=) @4 () ©3)
+(_1)\X1|+‘X2|l3(xl®X2®ll(x3)))a

that is, Iy satisfies the Jacobi identity up to homotopy.

In particular, if all I, = 0 with n > 3, then (L,1,,1,) is just a dg Lie algebra.
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One can also define Maurer-Cartan elements in L..-algebras.

Definition 7.7. Let (L,{l,},>1) be an L.-algebra. An element ot € L_; is called a Maurer-Cartan
element if it satisfies the Maurer-Cartan equation:

Lot

nn l)

L(a®") =0, 2.3)

whenever this infinite sum exists.

Proposition 7.8 (Twisting procedure). Given a Maurer-Cartan element o in Lw-algebra L, one can
introduce a new Leo-structure {I%},> on graded space L, where I : L™ — L is defined as :

( ])in+i(igl)

1 .
Fl Lii(0¥@x1® - @Xx,), VX1,...,%, €L, 2.4)

Mz

(x1® - ®x,) =
0

whenever these infinite sums exist. The new Le.-algebra (L,{l%},>1) is called the twisted Le.-algebra (by
the Maurer-Cartan element ).

Definition 7.9. A homotopy Poisson algebra (also called a derived Poisson algebra) is a graded vector
space L equipped with both an L.-algebra structure {/, },> and a graded commutative associative algebra
structure, such that the following Leibniz, rule holds: for all n > 1 and xy,...,x,—1,X,,x, € L,

ln(xl®...®x;l.xl/1/):ln(xl®...®x:1).x:;+( )‘xnl( ‘X,H‘}’l 2) / l (-x1® ®x}’l l®x)

Proposition 7.10. Let (L,{l,},>1) be an Lw-algebra. Define a family of operations {1, },>10n the graded

symmetric algebra Sym(L) as follows: for all homogeneous elements x} yooe ,x,il s Xy X €L

n o [s— qs—1
o Zl< (L kit T h+E |x,-\>\quw
ln(_xl...xkl®...®x}il...xllzn):: Z (_1)3 t=1 j=1 J=ar+ j=

1<q1 <k, 1<gn <

1 —

o Lot
X(“ X X X an.

ln()cél ®"'®”Zn) “X|

Then (Sym(L), {ln},,>1> defines a homotopy Poisson algebra.

7.3 Ac-algebras and Pre-Calabi-Yau algebras

7.3.1 A-algebras and A..-bimodules
We first recall some basics on A-algebras and A.-bimodules, following [59,61].

Definition 7.11. Let A = ®,c7A, be a graded vector space. If A is equipped with a family of homoge-
neous linear maps {m, : A%" — A}, >, with |m,| = n — 2 satisfying the Stasheff identity: forall n > 1,

Y D mi o (197 @m; 1d) =0, (3.5)
i+ j+k=n,
ik20,j21
then (A, {my},>1) is called an Aw-algebra.

Remark 7.12. For small n, one can write down Equation (3.5) explicitly as follows:
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(i) n=1, myomy =0, that is, m; is a differential,;
(ii)) n=2, myomp =myo(m QId+1d®@m,), that is m; is a derivation for I,
(iii) n=3
myo(Id®@my —my @1Id) =mjoms+mzo(m QUARXIA+Idom QId+IdId®@m;),

that is, operation my is associative up to homotopy and the obstruction of associativity is provided
by mj.

In particular, if all m,, = 0 with n > 3, then (A,my,my) is just a dg algebra.

Definition 7.13. Let (A, {m,},>1) be an A.-algebra. An A..-bimodule over A is a graded space M =

EBZ M,, equipped with a family of homogeneous maps {m,, ; : AP @ M @ A®1 — M}, ;>0 with |m), 4| =
ne
p+q— 1 satisfying: for all p,q > 0,

(=)=t It Dy oy o (1d®" @m; @1~ @1dy ® 1d®‘1) (3.6)

1<j<p
0<i<p—Jj

4 Z (*1)i+(r+s_1)k+1mi+1.k+1 o (Id®i®mm ®Id®k)

i+r=p,
s+k=q,
i,r,s,k=0

Y P Dy, o (1 @y @ 18 @m0 14 )
Y
0<i<q-j
0.

7.3.2 Cyclic A.-algebras and their cyclic complements

Definition 7.14. Let d be an integer and let A be a graded space. Suppose that A is endowed with a
graded symmetric bilinear form of degree —d: y: A X A — K, that is, ¥ is a homogeneous bilinear map
of degree —d satisfying y(a,b) = (—1)\bly(b,a) for all homogeneous elements a,b € A. An operation
my, : A" — A is called d-cyclic with respect to v if it satisfies

n+laol (X Jail)
Y(mp (a1 ®---®@ay),a0) = (—1) =y (my (ag® -+ @ap—1) ,an)

for all homogeneous elements ay, ..., a, € A.

Definition 7.15. Let d € Z. A d-cyclic A-algebra is an Aw.-algebra (A, {m, },>1) equipped with a graded
symmetric, nondegenerate bilinear form 7y : A x A — K, such that each m,, is d-cyclic with respect to 7.

Letd € Z. Set
0A=ADsAY.

There is a natural bilinear form
CA:(?dAx&dA%k

of degree —d on d;A defined as follows:
CA(Sdfaa) = (_1)‘a|<‘f‘+d)€4 (aasdf) = f(a)v gA (Cl,b) = CA (Sdf7sdg) =0,

for all homogeneous a,b € A and f,g € AV. Note that {4 has degree —d.
A 0-cyclic A-algebra will be simply called a cyclic Aw-algebra.
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Remark 7.16. Let A be a d-cyclic Aw-algebra. Then the canonical map
@:A— 54, ars sTy(a,—) €547,
is an isomorphism of Aw-bimodules over A. For further details, see [52, Lemma 3.1].

If A is an A..-algebra, then dyA carries a natural A.-algebra structure, namely the trivial extension
A-algebra. We refer to dpA as the cyclic completion of the A..-algebra A:

Proposition 7.17. Let A be a locally finite-dimensional Ae.-algebra. Then dyA is a cyclic Aw-algebra
with respect to the bilinear form {y. Precisely, the Aw-operator {my : d;A*" — 04A},>1 is given by the
following formulas: for homogeneous elements (a1, f1), -, (an, fu) € A =ADAY,

n~1,, : ((90A)®n — 80A

s

My ((a1,f1) @+ @ (an, fu)) = (mn(al ®--@an), Y (~1)%" fjomu(aj41 @ ©a, ® - @a ®-~-®aj1)> ,

1

J

where
j-1

& = jntmal | £+ () () (£ + IZI (la))-

k=1 k=j+1

7.3.3 Pre-Calabi-Yau algebras

Definition 7.18. [62] Let d € Z. A d-pre-Calabi—Yau structure on a graded space A = ®,czA, consists
of a (d — 1)-cyclic Aw-algebra structure {n,},>1 on ds_1A =A@ s~ 1AV with respect to the natural
bilinear form &4 : d;_ 1A ® dy_1A — K such that m, (A®") C A for all n > 1; that is, d;_1A contains A as
an A.-subalgebra.

A 0-pre-Calabi-Yau algebra will be simply called a pre-Calabi—Yau algebra.

Remark 7.19. In the original work of Kontsevich and Vlassopoulos [63] (see also [62]), a pre-Calabi-
Yau algebra is defined as a vector space endowed with a family of operations with multiple inputs and
outputs, subject to certain compatibility conditions. They showed that, on a finite-dimensional vector
space, a pre-Calabi-Yau structure in this sense is equivalent to the one described above.

Example 7.20. [62] Let M be a compact oriented manifold of dimension d with compact boundary oM
then the cohomology H* (M) of M has the structure of a pre-Calabi-Yau algebra of dimension d.

We now introduce certain pre-Calabi-—Yau algebras satisfying specific desirable properties, following
primarily [36].

Definition 7.21. Let A be a pre-Calabi-Yau algebra. We say that A is

« good if the A-algebra structure {m,},>1 on d_1A =A@ s A" satisfies:

— foralli> 1, my; =0;
— foralli > 1,

my_1(A®s AV @ @57 1A ©A) C A,
my_1(sT'AYRA® - @A®s'AY) CsT'AY,

and my;_; vanishes in all other cases;
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* fine if it is good and m; also vanishes.

9

» manageable if m, restricted to A is an associative multiplication, denoted by , and for all

(a5 1), (bys™'g) € 014,

we have:
my((a,s' )@ (b,s'g) = (a-b,(—1)s g +s7" f<b);

where the symbols “> and “<1”” denote the natural left and right actions of A on A" respectively,
induce by the multiplication on A.

* special if the A..-algebra structure {m,},>1 on d_1A =A@ s7LAY satisfies: for all n > 1 mo,_1 is
ultracyclic, that is, vi,--- vy, € d_1A, and 0 € &,

Ca(mop 1 (Vi ®---®@vau—1),v2n)
=€(03v1,v2, -, V2u-1,V20) Ca (M2n -1 (V1) @ - @VE(20-1)): V5 (2n) )5

where 0 € Gy, is defined as 6(2i) =206(i), 6(2i—1)=20(i) — 1 forall 1 <i < n.
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|Chapter 8

Rota—Baxter algebras and homotopy
Rota—Baxter algebras

8.1 Rota-Baxter algebras, double Lie algebras,
and Yang-Baxter equations

In this section, we will first recall some basic notions on Rota—Baxter algebras, double Lie algebras
and associative Yang-Baxter equations. Then we will recall the connections among these three objects
introduced by Schedler [88], Goncharov and Kolesnikov [42].

Definition 8.1. Let (A, = -) be an associative algebra over a field k, and let M be a bimodule over A.
A linear operator T : M — A is called a relative Rota—Baxter operator on M if it satisfies the following
relation:

T(a)-T(b)=T(a -T(b)+T(a)-b), (1.1

for all a,b € A. In this case, the triple (A, M, T) is called a relative Rota—Baxter algebra.
In particular, if we take M = A, then T is simply called a Rota—Baxter operator, and (A,-,T) is called
a Rota—Baxter algebra.

Definition 8.2. [88,92] A double Lie algebra is a linear space V equipped with a linear map
{--}}:vev-vev
satisfying the following identities for all a,b,c € V

* Skew-symmetry:

{{a,b}} = -0 {b,al}: (1.2)
* Double Jacobi identity:
{— = M+ oo == BP0 + 000 {— {02 =0 (13)
where {{—, — }1(x1 @1, ®x3) 1= {{x1, 12 }} ® 3.

63
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Definition 8.3. [92] A double Poisson algebra is an associative algebra (A, -) equipped with a double Lie
algebra structure {{—, —}} satisfying the Leibniz rule: for all a,b,c € A

{a,b-c}} ={a,b}}-c+b-{a,c}}, (1.4)
where
{{a.b}}-c = f{a,pp! @ (f{a, b} -c),
b-fa.cl = (b-fla, e} @ {{a, P
Goncharov and Kolesnikov [42] proved that double Lie algebra structures on a finite-dimensional
vector space V are equivalent to cyclic Rota—Baxter operators (referred to as a skew-symmetric Rota—
Baxter operators in their work) on the associative algebra End(V). We briefly recall this correspondence
below.
For a finite-dimensional vector space V, there is a natural nondegenerate bilinear form (—,—) on
End (V) which is given as:
<f7g> = tl'(ng)7Vf,g € Endk(v)
Thus we have an isomorphism
Endg (V) = Endg(V)",
which induces the following isomorphisms:
Endy (V ®V) = Endy (V) ® Endy (V) = Endy (V) ® Endy (V)" 22 Endy (Endg (V).
In this way, any double bracket
{--}}:vev-vev

can be uniquely determined by a linear operator
T : Endg(V) — Endg (V).

Conversely, given a linear operator 7 on Endy (V), the corresponding bracket {{—,—}} : V@V - V@V
can be expressed in terms of 7 as follows:

e'(a)@T(e)(b), abev, (1.5)

=

N
{la. o}y =Y, TV(e) (@) ®ei(b) =

i=1 i
where {ey,---,ey} is a basis of Endg(V), and {e',---,e"} is the corresponding dual basis with respect
to the trace form, i.e., (¢',e;) = 61’ Here, T" denotes the adjoint (or conjugate) operator of 7 on End (V)
with respect to the trace form.

Goncharov and Kolesnikov proved that the bracket {{—,—}} defines a double Lie algebra structure
if and only if the operator T is a cyclic Rota-Baxter operator on Endg(V), that is, T is a Rota—Baxter
operator satisfying T = —T".

On the other hand, Schedler [88] established a correspondence between skew-symmetric solutions of
the associative Yang-Baxter equation (AYBE) in Endg (V') and double Lie algebra structures on V.

Now let A = Endy (V) for a vector space V. Then there is a canonical isomorphism

El’ldk(V) ® Endk(V) = El’ldk(V ® V),
under which each element r =} ; a; ® b; corresponds to a unique bilinear operation
{—--1}:Vvev-sveVv.

Schedler proved that an element » € Endg (V) ® Endg (V) is a skew-symmetric solution of the associative
Yang-Baxter equation in Endg (V) if and only if the associated double bracket {{—, —}} defines a double
Lie algebra structure on V.

In summary, we have the following equivalence:
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Theorem 8.4. [42,88] Let V be a finite-dimensional vector space over k. The following data are equiv-
alent:

(i) A double Lie algebra structure {{—,—1}} on'V.

(ii) A linear operator T : Endy (V) — Endg (V) that is a Rota—Baxter operator with respect to compo-
sition (i.e., on (Endg(V),0)), and is cyclic, meaning TV = —T.

(iii) A skew-symmetric solution r € Endy(V ® V) of the associative Yang-Baxter equation, i.e., r = —r?!

and AYBE(r) = 0.

In [92], Van den Bergh proved that for a double Poisson algebra (A, -, {{—,—}}), there exists a Lie
algebra structure {—, —} on the 0-th Hochschild homology of A: HHy(A) = A/[A,A]. The Lie bracket
{—,—} is defined as follows: for a,b € A,

{a,b} := {{a.0}1V - {{a. b7,
Inspired by this construction, we have the following result.

Lemma 8.5. Let (A,-,{{—,—1}}) be a double Poisson algebra. Define a bracket {—,—} on the quotient
algebra A/([A,A]) as follows:

{a.5} = fla. bR {a, .
Then (A/([A,A]),{—,—}) is a Poisson algebra.

Proof. Since {{—,—}} is skew-symmetric, so is {—, —}. For a,b,c,d,e € A,
{a@,bcde — bdce}
={a,b - fa,b}Plede+ {a, e} {a,c}}2bde+ {a,d Y- {{a, d}}Plice
+{a, e} {a,ePPbed — {{a, b} - {a, b} Plede+ {a,d Y} - {{a, d}Plice

+ffa. e}V fa.c}Pbde+ {0, e}V {{a, e} Pbed
=0.

Thus, {—, —} is well-defined on A/([A,A]).
For the Jacobi identity,

{_7 {_7 _}} + {_7 {_7 _}}66%3) + {_a {_7 _}}0653)
=0 (== =W+ ouan = =~ D We0ihy + sy = =~ B Broyy))

o (s =W+ 0pan i s~ W B 0(ide) + OFs) = =~ B B0y ) 0
0,

where ( is the multiplication of A/([A,A]).
Finally, it is easy to verify that { —, —} satisfy the Leibniz rule. O

It is well-known that the symmetric algebra of a Lie algebra has a Poisson algebra structure. For
double Lie algebra, we have the following adapted construction.
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Proposition 8.6. Ler (V,{{—, —1}}) be a double Lie algebra. Define a double bracket operation {{—,—1}} :
T(V)RT(V) = T(V)T(V), where T(V) is the tensor algebra generated by V, as follows. For m,n > 1
and uy, ..., uy,Vvy,...,vy €V, set

Hur - tmvi v} = ZVI Vg {{uqu}}[ll Upi1 -y QU Uy {{up,vq}}m Vg1 va. (1.6)
P4

Then T(V) is a double Poisson algebra with respect to this double bracket.
Proof. We denote the multiplication of T(V) by -. Define a double bracket

{= -} T(V)oT(V) — T(V)@T(V)
as follows. Form,n > 1 and uy,...,uy,vy,...,v, €V, set

{{ul Uy, V] ...vn}} = Zvl ...vq_l .{{up,vq}}[l] .up+l ...u”l®ul ...up_l . {{u[”vq}}[z] .vq+l C V.
p.q

By construction, {{—, —}} satisfies the double Leibniz rule. Since the double bracket is double skew-
symmetric on V, it is also double skew-symmetric on T(V).

It remains to verify the double Jacobi identity. Letm,n,k > 1 and u;,v;,z; € V. Consider the Jacobiator

Hur -, v v,z a e
+ouaarz {un v v

+ 0003 v v a2 - un B P

Expanding each term using the defining formula and the double Leibniz rule, one obtains a finite sum
indexed by the positions of the generators. After regrouping terms, all summands cancel pairwise by the
double Jacobi identity on V. Hence the above expression vanishes.

Therefore, {{—, —}} defines a double Poisson algebra structure on T(V). It is straightforward to check
that the induced bracket {—,—} is well defined on Sym(V), and that (Sym(V),{—,—}) is a Poisson
algebra. O

Corollary 8.7. Ler (V,{{—,—}}) be a double Lie algebra. Then Sym(V) is a Poisson algebra.

Remark 8.8. The above corollary suggests that the dual space of a double Lie algebra can be regarded
as a formal Poisson manifold.

8.2 Homotopy Rota—Baxter algebras and homotopy Rota-Baxter
modules

In this section, we review the notions of homotopy Rota—Baxter algebras and relative Rota—Baxter alge-
bras. We then introduce the concepts of homotopy Rota—Baxter modules, along with a trivial extension
construction that produces homotopy Rota—Baxter algebras from such modules.

Definition 8.9. [95] Let (A, {m,},>1) be an A.-algebra. A homotopy Rota—Baxter operator consists of
a family of operators {7, : A®" — A},> with |T,| = n — 1 subjecting to the following identities for all
n>1:

Y (-1)%meo (Tz. ®- -~®le) (2.7)
I+ +l=n,
Iy >1

= ) Y (—1)’7Tr1o(Id®"<§<>m,,o(T,2®--~®Trj<g>Id®T,j+l
1<j<pri+-+rp=n,
Tlyenstp 21

®k
-0 T,) 2 1d*)
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where

P

5 kk=1) k _ L /
== +Z](k N, n=i+(p+ Zz(r,-fl))ﬂ Zz(rzfl)+22(r,fl)(pfr).
J= J= 1= 1=

The triple (A, {mn}n>1,{Tn}>1) is called a homotopy Rota—Baxter algebra.
We also need the concepts of modules over homotopy Rota—Baxter algebras.
Definition 8.10. Let (A, {m,},>1,{T:},>1) be a homotopy Rota—Baxter algebras. A Rota—Baxter mod-

ule over A is an Ac.-bimodule (M, {m; ;}; j>0) over A which is endowed with a family of graded maps
{1 - A% @ M ©A®) — M}; j>o, with |TM| =i+ j, such that the following identities hold for any

m,h}O:
Y (Dm0 (T @a T, 0T 0T, 00, 29
i+t H=m
it jgtk=n
Psq:l,k=0
- Y (_1)I3|Tl{‘,{o<1d§‘®m,,q (T, @@, @ldy @T;, @ @Tj,)® Idff")
i+ tip+l=m,
11+ +Jq+k n,
i1y sdps iy g 21
ps q, 1, k=0;
+ Y 0P (U @myrgo (T @ 0T, @14 0T, -
i+t At l1=m
jl+ +jq+k+f n
i1y yip i, jg =0
v,l.k,p,q=0
M k
,.®T[p®Tm®le®...®qu)®Idz§)
L PR (W Empg o @ e T, O TH O T, @
i1ty l+r=m
JiA g tkHtH1=n
i sipy iy 5 Jg =0
v,Lk,p,g20
L ®T; ®ldg® ]v+1®~--qu)®Id§k>,
where
p+q)(p+q+1 z . ¥ .
o= PEDPEIED) | ¥ (g—n)ji+ Y (p+a+1— 0

2

t=1

N
Il

q
(ir=1)(p+q—1)+ Y (i —1)(

t=1

Mm
M~

Bi=l+k(m+n-0)+Y (ir—1)+

i
o
]

(is— 1)+ (r+1)g+ i(l—s* D(p+g+1—1)+

s=1 K

(s =1lg—1),

1

M<
™

Bz =l+k(m+nfl)+

o
I

q

(is—D(p+g+1-0)+ Y (js—1(g—1).

1 s=1

M'w
™~

Bs=l+k(m+n—1)+ i +(r+t)(g—1)+

5 5

©
Il
—_

Definition 8.11. [23] Let (A,{m;};>1) be an A.-algebra and (M, {m, 4}, 4>0) an Aw-bimodule over A.
A homotopy relative Rota—Baxter operator on M is a family of operators {7;, : M*" — A}, >; of degree
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|T,| = n— 1 satisfying the following identity for all n > 1:

(=1)°mio (T @+ &1, ) 2.9)
I+l =n,
Iyl 21

= Z Z (—1)’7Tr1 O(Id®i®mj71,p7jo(Tr2®--~®Trj®ld®Ter
1<j<pri++rp=n,
ISP lr]7....rpp>l

®®Trp)®1d®k)7

where the signs 6 and 1) are as defined in Definition 8.9. The triple (A, M,{T;};>) is called a homotopy
relative Rota—Baxter algebra.

In particular, when the underlying A..-algebra and A.-bimodule of a homotopy relative Rota—Baxter
algebra are simply a differential graded (dg) algebra and a dg bimodule over the dg algebra, respectively,
the notion simplifies as follows. This special case will be used in later sections.

Definition 8.12. Let (A,d,m) be a dg algebra, and let (M, dy,m',m") be a dg A-bimodule, where m' and
m" denote the left and right actions of A, respectively. A homotopy relative Rota—Baxter operator on M
is a family of operations {7, : M®" — A},>; with |T,,| = n— 1 satisfying the identity

doTy— Y (=1)""'T,0(1d* @dy @1d**) (2.10)
s+k+1=n
=— ) (-D)"mo(;0T))

i+j=n

+ Z (_1)i+(jfl)(k+l)Ti+k+l ° (Id®i ®ml o (Tj ®Id) ®Id®k)
i+j+k+1=n

+ Y (DU o (Id¥ @m0 (Id@ T)) @ 1d™F)
i+ j+k+1=n

for all n > 1. In this case, the triple (A, M, {T,},>1) is called a dg homotopy relative Rota—Baxter algebra.

Remark 8.13. (i) Given a homotopy Rota—Baxter algebra (A,{mp}n>1,{T:} n>1), the space A itself
naturally forms a homotopy Rota—Baxter module over A. Explicitly, the structure maps are given
by m?),q =Mpig+1 and T;‘,q = Ip+q+1-

(ii) In Equation (2.7) of Definition 8.9, if we replace one instance of A in the inputs with a module M,
and correspondingly replace the operations my, and T, with mp, 4 and T, 4 to reflect the presence of
M, we recover Equation (2.8). Furthermore, if all instances of A in the inputs are replaced by M,
we obtain Equation (2.9) from the definition of homotopy relative Rota—Baxter algebras.

The above two notions, homotopy Rota—Baxter algebras and homotopy relative Rota—Baxter algebras,
are related by the following construction.

Proposition 8.14. Let A be an A-algebra and M an A..-bimodule over A. Let
{T,: M®" — A},>y

be a family of operators. Let A x M denote the trivial extension of the Aw-algebra A by the Aw-bimodule

M. Define

T (AxM)®" — M I A 5 Ax M.

Then
(A7M7 {T;Z}nZI)
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is an homotopy relative Rota—Baxter algebra if and only if
(Ax M A{Ty}nz1)
is a homotopy Rota—Baxter algebra.

Proof. The claim follows from a direct verification of the defining equations, so we omit the details. [

Proposition 8.15. Let
(A, {mn}n>lv {Tn}n>l)
be a homotopy Rota—Baxter algebra, and let
(M, {mij}i 720, {T3 }ij>0)

be a homotopy Rota—Baxter module over A. Then there exists a canonical homotopy Rota—Baxter algebra

structure B
<{"~1n}n>1 ) {Tn}n>1)
on the graded space A & M, where the structure maps
Ay (AOM)®" > AOM and T,:(AGM)*" - AOM
are defined as follows:
(i) On the summand A®" C (A®M)®" , the maps my,, T, are given by
| gen =M, Tylgen = T

(ii) On the summands of the form A®’:®M®A®j' CADM)®" withi+j=n—1andi,j> 0, the maps
iy, T,, on the direct summand A®* @ M @ A%/ are given as

~ T M'
mn|A®i®M®A®j =mj, Tn|A®i®M®A®f' = Ti-,j’

(iii) On all other summands of (A ®M)®", the maps i, and T, vanish.
The resulting homotopy Rota—Baxter algebra, denoted by A x M, is called the trivial extension of A by M.

Proof. This is just the analog of classical trivial extension of A.-algebras by A.-bimodules. It can be
checked by direct computations, so we omit the details here. O

Proposition 8.16. Let (M,{m; ;}i j>0,{T;,j}i j>0) be a homotopy Rota—Baxter module over homotopy
Rota—Baxter algebras (A,{my}y>1,{Ty}n>1). Then M has a canonical homotopy Rota—Baxter module
structure, in which Tl";’ ’ m%v (AP QMY @ A®) — MY are defined as follows:

i (@1 -a;@ fO b1 @ @ bj)(x)

D+ +( )l: \ak\)(lf\+\XI+k)él b)) +1f1(+7=1)

—(-1) i (b1 @ @bj@x®a1 @ ®a;))

T (@ ® - a®fob®--©bj)x)

i J
(DD +CE lae)(f 1+ X (b)) +1£1G+)
:(—1) k=1 k k=1 k f(y"ﬁ/ll(b1®®bj®x®al®®al))

In particular, AV is a homotopy Rota—Baxter module over A.

Proof. The proof of this proposition involves extensive computations. For the sake of readability, we
have placed the proof in the Appendix B. O
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8.3 Cylic homotopy Rota-Baxter algebras and their cyclic comple-
ments

In this subsection, we present the concept of cyclic homotopy Rota—Baxter algebras—a distinguished
class of homotopy Rota—Baxter algebras endowed with a desirable cyclic invariance property—and pro-
vide a canonical construction of these structures.

Definition 8.17. Let A be a cyclic A-algebra with respect to a nondegenerate bilinear form y: AQRA — k.
A homotopy Rota-Baxter operator {7, },> on A is said to be cyclic if each operator T, : A" — A is cyclic
with respect to the bilinear form y. Then (A, {7, },>1) is called a cyclic homotopy (absolute) Rota—Baxter
algebras.

Moreover, we call {7, },>1 an ultracyclic homotopy Rota—Baxter operator if each operator T;, is both
cyclic and skew-symmetric, i.e., for all ¢ € G,,, the identity

T,00 =sgn(0)T,
holds. In this case, the pair (A, {7, },>1) is called an ultracyclic homotopy Rota—Baxter algebra.

We give a method to construct the cyclic homotopy Rota—Baxter algebras from homotopy Rota—
Baxter algebras, called the cyclic completion for homotopy Rota—Baxter algebras.

Proposition 8.18. Ler (A, {m,}n>1,{Th}n>1) be a locally finite-dimensional homotopy Rota—Baxter al-
gebra. Then dyA =AKX AV is a cyclic homotopy Rota—Baxter algebra. Precisely, the homotopy Rota—
Baxter operator {T,, },>1 is given by the following formulas: for homogeneous elements (ai, f1),- -+, (an, fn) €
HA=ADAY,

ﬁ, : (80A)®” — aoA

T (a1, /1) @ @ (an, fr))

= Tn(al®...®an)’

n
j=

Tn
(,1)5_/ fjoTn(ajH R Qa, @ —Ra ®"'®ajl)> ;
1

where -
J— n
gl = jn+ LA+ (DSl + Y, ()
k=1 k=j+1

Moreover, if {T, },>1 is skew-symmetric, then dyA is an ultracyclic homotopy Rota—Baxter algebra.

Proof. According to Proposition 8.15 and Proposition 8.16, we have that dyA is a homotopy Rota—Baxter
algebra, and it can be seen that this homotopy Rota—Baxter structure on dpA is cyclic with respect to the
natural bilinear form on dyA. According to the formulas of T}, presented above, one can see that YN",, is
skew-symmetric if each 7}, is skew-symmetric. O

We also have the notion of relative cyclic homotopy Rota—Baxter operators.

Definition 8.19. Let A be an A-algebra, and let {7, : (AY)®" — A},> be a homotopy relative Rota—
Baxter operator on the dual bimodule A”. We say that {7}, },> is a cyclic homotopy relative Rota—Baxter
operator if, for all n > 1 and homogeneous elements f, ..., f, € AV, the following identity holds:

(T(fo @@ fu1), fu) = (=1 HERD (T (£.0 fo @0 @ fua), fur)s 3.11)

where (—, —) : A x AY — k denotes the natural pairing. Then (A,A",{T, },>1) is called a cyclic homotopy
relative Rota—Baxter algebra.
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Moreover, we call {7, },>1 an ultracyclic homotopy relative Rota—Baxter operator if each operator
T, is cyclic and skew-symmetric, that is , each T, satisfies

T,00 =sgn(0)T,,

for all 6 € &,. In this case, (A,AY,{T,},>1) is called an ultracyclic homotopy relative Rota—Baxter
algebra.

The above two notions, cyclic absolute homotopy Rota—Baxter algebras and cyclic homotopy relative
Rota—Baxter algebras are related by the following construction.

Proposition 8.20. Let A be a locally finite-dimensional A-algebra, and let
{Tn: (AY)" — Abuz
be a family of operators. Define
Tt (3A)®" — (AV)®" It A < GhA.

Then B
(G0A AT n}n>1)

is a cyclic (resp. ultracyclic) absolute homotopy Rota—Baxter algebra if and only if
(A,AY AT }az1)
is a cyclic (resp. ultracyclic) homotopy relative Rota—Baxter algebra.
Proof. This can be proved by direct computations, so we omit the details. O

Remark 8.21. Every cyclic homotopy absolute Rota—Baxter algebra (A,{T,,},>1) can naturally be re-
garded as a cyclic homotopy relative Rota—Baxter algebra (A,A" {T,},>1), where each T, is defined as
the composition:
T : (avyen W7 yen T g
n-: ?
and @' : AV — A denotes the inverse of the Aw-bimodule isomorphism @ : A — A" (see Remark 7.16 )
induced by the non-degenerate bilinear form y defining the cyclic A.-structure on A.
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|Chapter 9

Pre-Calabi-Yau structures arising
from cyclic homotopy Rota—Baxter
algebras

In this chapter, we construct pre-Calabi—Yau algebras from homotopy Rota—Baxter algebras. We begin by
introducing the notion of interactive pairs, consisting of two dg algebras—referred to as the acting algebra
and base algebra—equipped with mutually interacting module structures that satisfy a key compatibility
condition. We then demonstrate that if the acting algebra of an interactive pair is endowed with a cyclic
homotopy relative Rota—Baxter algebra satisfying certain additional conditions, then the base algebra
naturally inherits a pre-Calabi—Yau algebra structure. In particular, a dg module over a dg algebra which
is endowed with a homotopy relative Rota—Baxter algebra structure naturally inherits a pre-Calabi—Yau
algebra structure.

9.1 Interactive pairs and relative derivatives

Definition 9.1. An interactive pair (A, B) consists of the following data:
* A pair of dg algebras (A,dy, ) and (B,dp, *) .

* A left dg B-module structure on the complex (A,dy4) and a left dg A-module structure on the com-
plex (B,dp). To distinguish between them, the left action of A on B is denoted by >, while the left
action of B on A is denoted by ».

* A compatibility condition ensuring that for all a € A,b;,b;, € B, the following identity holds:

(b] >a)>b2 =b; * (al>b2).

We call A the acting algebra of the interactive pair and B the base algebra of the interactive pair.
Example 9.2.

(i) Let A be a dg algebra. Then (A,A) is a interactive pair.

(ii) Let A be adg algebra and B a dg A-module. By viewing B as a dg algebra with trivial multiplication

and A as a B-module with trivial action, the pair (A, B) forms an interactive pair.

73
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(iii) Let (B,-) be a dg algebra. The graded vector space Endg(B) carries a natural dg algebra structure,
with multiplication given by composition. The algebra B becomes a left dg Endg,(B)-module in the
canonical way. For each element b € B, define l,, € Endg(B) by l,(x) :=b-x for all x € B. This
gives rise to a left action of B on Endg,(B) defined by

bw» f:=lof,

which equips Endg(B) with the structure of a left dg B-module. Moreover, for all by,by € B and
f € Endg(B), we have

(Ip, 0 £)(b2) = b1 - f(b2).

Hence, (Endg(B),B) forms an interactive pair.
Definition 9.3. Let (A, B) be an interactive pair. An operator T, : (AY)®" — A is called
* an n-derivation relative to B, if for all by,b, € B, and fi---, f, €AY:
Ti(fi @ @ fo)>(b1 xb2) (1.1)

= T((® - f 4b)>b
H(L(fi®- @ fa) > b1) xba;

* astrong n-derivation relative to B, if T, is an n-derivation relative to B and for all by,b» € B, g € BY,
and fi,---, fa_1 € AV, the following identities hold:

T (kb1 b @ f1) R L& ® fr) (1.2)
— (—1)/BllEn] (bl > (T, (k(b228)® fi ®...®f”71)))
+ T (k(b1@ba» g) R i@ @ fuo1):

L(f1® - @fi10k(b1xb@8)®fi®-++® fu_1) (1.3)
=L([i® - fi-1 4b@Kk(b2Rg)Rfi® @ fu1)
+T(i® @i 1@Kkb1Rba»g)Rfi® @ fu1),
forall1 <l <n.

Here “ < is the right action of Bon A" induced by “» ” and k : B BY — A" is defined as k(b ® f)(a) =
(—=1)IPI0SI+al) £ (ar>b), for any b € B, f € BY and a € A.

Remark 9.4. Given an interactive pair (A,B), there is an isomorphism:
1:A®" ®B=Hom((AY)*",B)
a4,R - Rar®b— Q0
where Q(f1®---Q f,) = (—1)@?:1 iDIB1+ (= |fjHafo1 (ar)--- fulan)b, forall fi,...,f, € AV. Since A

is a left B-module and B is a right B-module, then A®" @ B is a B-bimodule. Therefore, each n-derivation
T,, relative to B gives rise to a usual derivation of B into the B-bimodule A*" Q@ B : for all by,by € B

U (T(—® @ =) > (b1 %))
==y o "N (T(~ @ @ =) > by)
+ 1 (T(~®--®@=)>by) xby.
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In particular, if one takes (B,x) to be a finite dimensional algebra and A = Endg(B), the above
construction yields a bijection between the space of n-derivation relative to B on A and the space of
derivations from B to A" @ B.

Proposition 9.5. Ler (A, B) be an interactive pair with the acting algebra A being locally finite-dimensional.
Let T,: (AV)®" — A be an n-derivation relative to B satisfying Equation (3.11). Then T, is also a strong
n-derivation relative to B.

Proof. We will check that 7, satisfies Equations (1.2)(1.3) in Definition 9.3. For all by, b;,b3 € B, g € BY,
andflv"' 7fn EA\/

(Tu(k(b1%by®8)® fi @@ fu1), fn)

bt | (X 1fil+lgl+ba])
— (-1 A T (kb @) R @ ® fr1), fu 4by)

- <TH(K(b] ®b2 > g)7f]a"' afnfl)vfn>

+(b1 [+ +gh) (. 1£i)

:<_1) =1 <Tn(f1®"'®fn)l>(b1*b2)>g>
+(b1 [+1bal+ e (E 1£])

—(=1 AL (fie @ f, 4b) B b,g)
ne+(1b1 |12 g (£ 1)

—(=1) AT (fi @@ fu) > br) Do, g)

—0

Thus we have

Tu(k(b1%by @)@ f1 @@ fu1) =(—1)Tb1lpy 4 (T, (k(br 2 g) @ fr@--- @ fiuo1)
T(k(b1@ba» )@ 1@ @ fu1),

that is, 7, fulfills Equation (1.2).
Similarly, forany 1 <! <n, fi,---,f, €AY,g€ BY and by,b, € B,

(T(fi®@fi) 4bj@K(b R Rfi@ @ fr1), fn)
(@ @fi1@kb1@ba» g)RFR @ fu1),fo)
—(L(fi® - @fi1@Kkb15¥brR8) R fiQ-+ @ fu_1), fu)

=(-D¥T(fi® @ @fi-® fi1 4by),k(br®g))

+(—D¥L(fi® @ fu®f1--- @ fi1), k(b1 @by » g))

(-
—(—D¥TL(fi® @@ fi-® fi1),K(b1 ¥by @ g))
1
(T,

(=
_|_

VL(fi® @ fu®fi R fi-1 4b)>by
(fi® @@ fi-, fim1)>b1)xbs

—L(fi® @@ fi-®fim1)>(b1xb2),8)
-0,

where (—1)¢ is the Koszul sign determined by the cyclic permutation. Thus T, also satisfies Equation (1.3)
forall 1 <! < n.

In conclusion, T, is strong n-derivative relative to B. O

In the remainder of the paper, we mainly work with interactive pairs whose acting algebras are dg
homotopy relative Rota—Baxter algebras. Accordingly, we introduce the following concepts.
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Definition 9.6. A homotopy Rota—Baxter interactive pair, denoted by ((A,{T,},>1),B), is an interac-
tive pair (A, B) where the acting algebra (A,dy, ) is equipped with a dg homotopy relative Rota—Baxter
structure {7, : (AY)®" — A}, >, such that each T, is an n-derivation relative to B.

If, in addition, each T;, is a strong n-derivation relative to B, then ((A,{T,},>1),B) is called a strong
homotopy Rota—Baxter interactive pair. If each T, is cyclic (resp. ultracyclic), then the structure is called
a cyclic (resp. ultracyclic) homotopy Rota—Baxter interactive pair.

9.2 Constructing pre-Calabi-Yau algebras from cyclic homotopy
Rota-Baxter algebras

We begin by constructing an A.-algebra structure on the space d_1B, where B is the base algebra of a
strong homotopy Rota—Baxter interactive pair.

Lemma 9.7. Let ((A,{T,}»>1),B) be a strong homotopy Rota—Baxter interactive pair. Define a family
of operations {my},> on the space 0_1B := B® s~'BY as follows:

(i) Forallb € Band f € BY,
mi(b,s™ f) o= —dy p(bs™" f) = = (dp(b). (=)™ fodp )
(ii) Forall by,by € B, f1,f> € BY,
my((br,s™ f1) @ (ba,s™' o))
- <b1 sby, (—D)Ps by ) +571(f < bg));
(i) Forall by,...,bys1 €B, fi,....fo € BY,

M1 (b1 @5 f1oby @ @5 f, @byyp)
== (x(b1® f1) @ @K(bp @ fn)) > buy1s

(iv) Forallby,...,b, €B.fy,...,fn €BY,

My (s fo@b1@s i@ @b, 257 f)
;:(_1)\fo\+ys71 (fo<d T (kb1 @ f1) @ @ K(by @ f2)))

(V) my, vanishes in all other cases;

where

(agE

y=Y (= k+ Dlonl+ ¥ (= RIAl

k=1 k=1

Then (8,13, {mn},,gl) forms an A.-algebra.

Proof. The proof involves a detailed and technical computation. For clarity and conciseness, we defer
the full argument to Appendix C. L

Corollary 9.8. Let (A,AY,{T,},>1) be a dg homotopy relative Rota—Baxter algebra, and let B be a
differential graded left A-module. Then the family of operations {my,},> defined in Lemma 9.7 equips
0_1B with an A-algebra structure in which my is trivial.



9.2. CONSTRUCTING PRE-CY FROM CYCLIC HOMOTOPY RB-ALGEBRAS 77

We emphasize that the homotopy Rota—Baxter structure plays a central role in constructing the Ac-
algebra structure described above. Even when A is an ordinary (non-homotopy) Rota—Baxter algebra, the
induced A..-structure on d_1B may still be nontrivial. Consider, for instance, a homotopy Rota—Baxter
interactive pair (A, B) in which the acting algebra A is a Rota—Baxter algebra with a Rota—Baxter operator
T and the base algebra B is a finite-dimensional A-module. According to the formulas in Lemma 9.7, the
resulting A.-structure {m, },> on d_;B satisfies m, = 0 for all n # 3, and the only nontrivial operation
m3: (9_1B)®3 — 9_B is given by:

m3(by @5~ fi@by) =T (k(by @ f1)) > ba,
my(s ' i@by@s ) =5 i< T (k(by® fr)),

for by,by € B and fi, f> € BY, and vanishes in all other cases. Notably, the definition of mj3 explicitly
involves the Rota—Baxter operator 7.

Furthermore, cyclic homotopy Rota—Baxter operators can produce pre-Calabi—Yau algebra structures.

Theorem 9.9. Let ((A, {Tn},,>1)7B) be a homotopy Rota—Baxter interactive pair, where the acting alge-
bra A and the base algebra B are locally finite-dimensional.

(i) If each T, is cyclic, then B admits a good manageable pre-Calabi—Yau algebra structure.

(ii) If each T, is ultracyclic, then B admits a good manageable special pre-Calabi-Yau algebra struc-
ture.

Proof. Suppose that each T}, is cyclic and an n-derivation relative to B. Then, by Proposition 9.5, each
T, is in fact a strong n-derivation relative to B. By Lemma 9.7, this implies that there is an A.-algebra
structure on d_1B.

We now verify that this A.-algebra is cyclic under the assumption that the homotopy relative Rota—
Baxter structure is cyclic. First, note that m is cyclic. Forn > 1, by,...,b, € B, and fy, ..., f, € BY, we
compute:

Cp(mans1 (b1 @5 i@ @by @5~ f,@bo),s ' fo)
= (=1)"Cs(Tu(k(b1® fi) @ @ K(bp ® fn)) >bo,s ' fo)

rH(fol=1) (=1 +lbol+ 2 (el +1£e))

:(71) fO(I;l(K(bl®f1)®"'®K(bn®fn))>bO)

2n=1+(fol~ D) (n+lbol+ £ (bel+1])) - -
= (-1 k=1 Cp(monsi (s fo@ b1 @ @by @5~ £,),bo).

By Proposition 8.20, the induced operators {7, },>1 on dyA form a cyclic homotopy Rota—Baxter
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operator. Thus,

S (mansr (s fo@ b1 @ @by @5~ £,),bo)
= (— )T f (Th(k(b1® fi) @ - @ k(b ® fu)) B> bo)

fol+r+1fol(i=1+1bo |+ X (1bil+fel)
= (T AT (kb © f1) @ - @ k(e © £)), K (Do ® fo))

| ol +1fol(n—1 oL+ X (1l +1Al)) ol +1ol) (el

(T(x(bo® fo) @ @ K(by—1® fn-1)), K(ba @ fn))

20 ol 1 fo 8 (1Bel LA+ T (ke )b+ X (k)i
=(-1) k=1 k=0 k=0
S (Tu(k(bo® fo) @+ @ K(bu1 @ fr1)) B> by s~ f)

n
2ﬂ*1+\b0|("+1+\fb\+k§1(\kalfkl

=(=1) ))CB(man(b0®S71f0®"'®bn)a571fn)~

Hence, d_ B is a (—1)-cyclic Aw-algebra containing B as an A..-subalgebra; that is, B is a pre-Calabi—
Yau algebra. By the construction in Lemma 9.7, this pre-Calabi—Yau algebra is good and manageable.

Now assume further that each 7}, is skew-symmetric. For eachn > 1, by,...,by+1 €B, f1,..., fat1 €
BY,and 6 € &, we have:

Cp(mani1 (b1 @5 i@ @b, @5 £, @bui1),5™ far1)

Pt Dbyl £ (oel+172])

(=1 St (Ta(x(b1 @ f1) @+ @ K(bn @ fn)) > bi1)
2(0:b1® fi @+ @by @ f) fur1 (Tu(K(bo(1) @ f5(1) @ @ K(bg(m) @ fo(n)) > bni1)
g(0:b1 @5 i@ @by @5~ )88 (Mant1 (bo() @5~ fo) @+

Db @5 fom) @bai1),s™ fur1)-

Similarly,

Cp(mani1 (s fiob @ @5 f,@b, @5 fui1), bt
=¢e(ois ' ivb @ @5 £, @bu)Cp(Mans1 (s~ fo(1) Rbo(r) @+
@5 fo(n) @b @8 fur1),bat1)-

We already know that my, is cyclic. Moreover, by the skew-symmetry of 7, we conclude that
mou+1 is ultracyclic. Thus, if {Tn}n>1 is ultracyclic, then B is a special pre-Calabi—Yau algebra. ]

Remark 9.10. In fact, the assumption that the acting algebra A is locally finite-dimensional in Theo-
rem 9.9 is not essential. The theorem remains valid even when A is not locally finite-dimensional, and in
such cases, the proof can still be carried out through direct computation.

Corollary 9.11. Let (A,da,-,{T,}n>1) be a locally finite-dimensional cyclic dg homotopy Rota—Baxter
algebra, and let B be a locally finite-dimensional dg module over the dg algebra (A,dy,-). Then B admits
a fine pre-Calabi-Yau algebra structure.

Proof. Since A is a locally finite-dimensional cyclic dg homotopy Rota—Baxter algebra, it is in particular
a dg homotopy relative Rota—Baxter algebra. Let B be a dg A-module. According to Example 9.2(2), the
pair (A, B) always forms an interactive pair and is clearly homotopy Rota—Baxter compatible. The result
then follows directly from Theorem 9.9. O



9.2. CONSTRUCTING PRE-CY FROM CYCLIC HOMOTOPY RB-ALGEBRAS 79

Corollary 9.12. Let B be a finite dimensional graded space, A the graded algebra Endg(B) with the
composition being multiplication. Then the following four maps given by Lemma 9.7 are bijections:

fine pre-Calabi—Yau algebra

. V\®n . .
Band {T, : (AY)®" — A},>1 is a cyclic structures on B

pairs (dp, {T,}>1) where dp is a differential on {
homotopy relative Rota—Baxter operator
good manageable pre-Calabi—Yau

algebra structures on B } ’

triples (dg,m,{T,},>1) where (B,dg,m) is a dg
algebra and ((A,{T,}n>1),B) forms a cyclic — {
homotopy Rota—Baxter interactive pair

fine special pre-Calabi—Yau algebra

pairs (dg,{T,}n>1) where dg is a differential
{ structures on B

onBand {T,: (AY)®" — A},>1 is an
ultracyclic homotopy Rota—Baxter operator

triples (dg,m,{T,}>1) where (B,dg,m)
is a dg algebra and {T,},>1 makes (A,B) . { good manageable special

into an ultracyclic homotopy Rota—Baxter pre-Calabi-Yau algebra structures on B
interactive pair

where A is always endowed with the induced differential by dp.

Proof. Each good map my,+ can be uniquely determined by an operator T, : (B@BY)*" - B®B".
Since k : B®BY — Endg,((B)" is an isomorphism, the maps are bijective. O

By Theorem 9.9 and the cyclic completion for homotopy Rota—Baxter algebras Proposition 8.18, we
have the following result.

Proposition 9.13. Let (A,{T,},>1) be a locally finite-dimensional dg homotopy Rota—Baxter algebra.
Then there is a fine pre-Calabi—Yau structure {my},>1 on any locally finite-dimensional left dg dpA-
module M. Moreover, if {T,,},>1 is skew-symmetric, the induced pre-Calabi-Yau algebra structure on M
is fine and special.
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Homotopy Rota—Baxter algebras and
double Poisson structures

In Chapter 9, we constructed a good manageable (resp. good manageable special) pre-Calabi-Yau al-
gebra on the base algebra of a homotopy Rota—Baxter interactive pair endowed with a cyclic (resp. an
ultracyclic) homotopy Rota—Baxter operator {Tn}n>1. In [36], Fernandez and Herscovich established
an equivalence between good manageable special pre-Calabi-Yau algebras and homotopy double Poisson
algebras. In the present section, we combine these results to give a direct construction of a homotopy dou-
ble Poisson algebra from a homotopy Rota—Baxter structure. Specifically, we show that the base algebra
of a ultracyclic (resp. cyclic) homotopy Rota—Baxter interactive pair naturally inherits a (resp. cyclic)
homotopy double Poisson structure. Moreover, we observe that any module over an ultracyclic homotopy
relative Rota—Baxter algebra carries a homotopy double Lie structure, from which it follows that the sym-
metric algebra on such a module acquires the structure of a homotopy Poisson algebra. As an application,
we establish an equivalence between skew-symmetric solutions of the associative Yang-Baxter-infinity
equations, ultracyclic homotopy Rota—Baxter algebra structures, fine special pre-Calabi-Yau algebras,
and homotopy double Lie algebras.

10.1 Homotopy double Poisson algebras arising from homotopy Rota-
Baxter algebras

Definition 10.1. A cyclic homotopy double Lie algebra ( also called a cyclic double L..-algebra) is a
graded space V = @,¢czV, equipped with a family of homogeneous maps {{—,---,—1}}, : V& — y&n
with [{{—, -+, —}}n| = n — 2 satisfying the following conditions for all n > 1,

* Cyclic-symmetry: For all elements ¢ € €,(the cyclic group of n elements)
00 {{_7 T _}}n oo = sgn(c){{—, T _}}n§

* Double Jacobi. identity:

. Z 1(_1)“71)[ Z@ sgn(c)co{{—7-.. 7_?{{_"" ’_}}i}}L-,]'0671 =0, (1.1)
where
{{_’ T ’_7{{_7"' 7_}}i+1}}LJ+1 = ({{_7 7_}}j+1 ®Id‘§§)i) © (Id§j®{{_7"' ’_}}H-l) .
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If, in addition, each map {{—,--- ,—}},, is skew-symmetric, meaning that for all 6 € &,,,
co{{—,-,—Buoo ' =sgn(c){{—,---,—},.forallc € &,
then (V,{{—, -, —}}n)is called double Lo.-algebra (also known as homotopy double Lie algebra).

The following lemma offers an alternative characterization of a homotopy double Lie algebra, which
will be used later.

Lemma 10.2. Let {{{—,---, =}, : V" — V®"}, 5 be a family of operations on a graded space V =
DnezV". For each k > 1, define the opposite bracket {{—,--- ,—}};* := oy o {{—, -+ ,—Px oo, ', where
Oy € Gy is the order-reversing permutation
1 2 ek
O'k—<k k—1 .- 1>€Gk.
Then the family {{—,---,—}}n}u>1 satisfies the double Jacobi., identity if and only if the opposite
operations {{{—,---, = }\X | }uxo fulfill the following identities:
Z (—1)i(‘i71) Z Sgn(G)GC’({{{{_a"' a_}}?pa_v"' 7_}}?{{;)0671 =0, (1.2)
i+j=n+1 cel,

where the right-nested composite is defined by
= =B = =B = (W7 O = =B o (M= B 910

Proof. The claim follows by applying the conjugation 6, o (Equation (1.1)) o 6, !, which transforms the
original double Jacobi.. identity into Equation (1.2). O

Definition 10.3.

* A cyclic homotopy double Poisson algebra is a graded vector space A equipped with both an as-
sociative algebra structure and a cyclic double L..-algebra structure, satisfying the double Leibniz..
rule: for all n > 0 and homogeneous elements ay, ..., a,—1,d,,d, € A,

{{a1a~~~7a117a1/1+1a£:+1}}n = {{alﬂ"'va;’}}n 'a;:+1

n
|,y 1| (n=2+ ¥ Jag])
— /! "
k=1 an+1'{{a1a"~7an}}nv

where multiplication by a;,, | and a), ,, is understood to act on the rightmost and leftmost compo-
nents of the tensor product, respectively.

+(=1)

* A double Poisson., algebra (also called a homotopy double Poisson algebra) is a graded algebra A
equipped with a double L..-algebra structure that satisfies the double Leibniz., rule.

Next, we recall the following result of Fernandez and Herscovich [36], which establishes a connection
between ultracyclic pre-Calabi-Yau algebras and homotopy double Poisson algebras.

Theorem 10.4. [36, Theorem 6.3] Let A = ®,c7A" be a finite dimensional graded space. For a good
manageable special pre-Calabi—Yau structure {my},>1 on A, define a family of maps

{{{_"" ’_}}n LAST _>A®n}n>l
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by
(fl Q- ®fn) ({{Cll," : 7an}}n) = s;:::;lf:CA <m2n71 (arhs_lfnv' o 7a27s_1f27a1) 7S_1f1) (13)

for all homogeneous elements ay,--- ,a, €A and fy,--- , f, € AV, where

<i<j<n

Ian\|f1|+(n+1)(\an|+\f1\)+f (n—j)\a_/|+i =D+ X laillajl+
j=1 =1 1 1<

; Y s+ X fillagl
s 1y d :(_ i<j<n 1<i<j<n .
Sisefn

The family of maps {{{—,---, =} }u>1, together with the dg algebra structure on A, defines a homotopy
double Poisson algebra structure on the graded space A.
Moreover, the assignment

good manageable special pre-Calabi-Yau homotopy double Poisson algebra
algebra structures {my},>1 on A structures {{{—,--- ,—}u}nz1 on A

defined by (1.3) is a bijection.

In Equation (1.3), the assumption that each operation mj,_1 in the pre-Calabi-Yau algebra struc-
ture is cyclic ensures that the operation {{—,---,—}}, satisfies the cyclic symmetry condition in Def-
inition 10.1 for all n > 1. In fact, when Fernandez and Herscovich prove Theorem 10.4 in [36], the
assumption that the pre-Calabi-Yau structure is ultracyclic is used solely to guarantee that all the opera-
tions {{{—,...,—}}n}n>1 are skew-symmetric. In verifying that the family {{{—,---,—}},},>1 satisfies
the double Leibniz. rule and the double Jacobi.. identities, only the cyclicity of the pre-Calabi-Yau struc-
ture is required. Therefore, without assuming that the pre-Calabi-Yau algebra is special, the bijection in
the above theorem extends to a correspondence between the class of good manageable pre-Calabi-Yau
structures and the class of cyclic homotopy double Poisson algebra structures. Thus we have

Theorem 10.5. Let A = &,c7A" be a finite dimensional graded space. Given a good manageable pre-
Calabi-Yau structure {my },>1 on A, define a family of maps {{—, -+, = }}» : A®" — A®"}, > asin (1.3).
Then the family of maps {{{—,--- ,—}}n}n>1, together with the dg algebra structure on A, defines a cyclic
homotopy double Poisson algebra structure on the graded space A.

Moreover, the assignment

good manageable pre-Calabi—Yau cyclic homotopy double Poisson algebra
algebra structures {my},>1 on A structures {{{—,--- ,—}u}nz1 on A

defined by (1.3) is a bijection.
As a direct consequence of Theorem 10.4 and Theorem 10.5 , we have the following result:

Corollary 10.6. The following three maps are bijections via (1.3):

fine pre-Calabi—Yau algebra cyclic homotopy double Lie algebra
structures {my},>1 on A structures {{{—,--- ,—Pu}n>1 0n A ’
fine special pre-Calabi—Yau homotopy double Lie algebra

algebra structures {my},>1 on A {{-,,— itz onA ’

In Theorem 9.9, we constructed pre-Calabi- Yau structures from homotopy Rota—Baxter algebras. By
combining this construction with Theorem 10.4 and Theorem 10.5, we obtain the following result, which
provides a method for constructing homotopy double Poisson algebras from homotopy Rota—Baxter struc-
tures.
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Theorem 10.7. Let ((A,{T,}u>1),B) be a homotopy Rota-Baxter interactive pair, where the acting
algebra A is finite-dimensional and the base algebra B is locally finite-dimensional.
Define a sequence of maps {{{—,...,—}}n : B" — B*"},> by setting {{—}}1 = dp, and foralln > 1,

{{—;---7_}}n+l ZZ\Pn(IdAx:n), (1.4)

where the map P" is the composition:

P - Endg,(A®”) %AQE" ® (A\/)®n 1d*"QT;, A®(n+l) PR(n+1) Endgr(B)®(n+l) N Endgr(B®("+l)),
and ® : A — Endg(B) denotes the left A-action on B, i.e., ®(a)(b) := ar>b.
Then,

(i) If each T, is cyclic, the collection {{{—,...,—}}n}n>1 defines a cyclic homotopy double Poisson
algebra structure on B.

(ii) If each T, is ultracyclic, the collection {{{—,...,—}},}u>1 defines a homotopy double Poisson
algebra structure on B.

Proof. Let {e;}ic; be a homogeneous basis of A and {e'};c; be the corresponding dual basis. Then
Idjen € Endg(A®") corresponds to the element ), e; @ ®e¢;, ®e" @--- @'l €A @(AY)®". Thus,

i1, s0n
we can write

(=)L e, )

{{_7"' v‘}}nﬂ :q>®n+1(' Z (_1) e, ®"'®ein®Tn(€i”®---®ei1)),

i1, 5in

It remains to verify that the image of the A.-structure {m, },> under the construction given in (1.3),
as described in Theorems 10.4 and 10.5, coincides with the family {{{—,...,—}}»},>1 defined by (1.4).
Let by,---,b, €Band fi,---,f, € BY

(i@ @ fur1) {b1s- s bus1 Pot1)

(n=1)( £ les,])
=(fi@ @)@ (L ()" S

Usesln

ei1®"'®ein®Tn(ein®"'®ei]))(bl®"'®bn+l)

(=1L (e [+o+ L Illf+ T (bsl+ADley [+ (X leq )
k=1 1 <n+l1 1<s<k< k=1

Si<jsn+ s<k<j<n
i1, sin
filei, >by) - fulei, > bn) fur1 (Tu(e" @ -+ @) > by
(n-1)(E 1D+ ¥ illfil+ X (bl AD (b1 fie D+ fra € ¥ (lbe+1A))
) k=1 <n+1 1 < k=1

<i<j<nt <s<k<j<n

fn+l (Tn(K(bn ®fn)a e 7K(bl ®f])) l>bn+1>

n+1
("*U(k);l|fk|)+):1<i<j<n+1 \binjHK )k:<_ (1611 £sD) bkl + | fel )+ fru 1 B 1 |

s<k<j<n

<TH(K(bn ®fn); T 7K(b1 ®f1))7 K(bn+1 ®fn+1)>

n+1 n
(=D(L 1D+ X billfil+ X (bSO bl D+ s 1ot |4t (bag [t DCE (il i)
k=1 1 1<s<k<j<n k=1

:(_ 1) <i<j<n+ s<k<j
(Tn (kK (bps1 @ fus1),+ K(b2®@ f2)), k(b1 ® f1))

n by, by _ _ _
=(=1)"sp Lt Cp(mon (a1 @57 fus1 @ @b @ 5™ @ b1),5 1),
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where {mn}n>] is defined as Lemma 9.7. Thus, the image of the operation my,_1 under the construction
given in (1.3) coincides with {{—,...,—}}, up to a sign (—1)", as defined in (1.4), for all n > 1. By
Theorem 9.9, if each T}, is cyclic (resp. ultracyclic), the collection {mn},@l defines a cyclic (resp. ul-
tracyclic) pre-Calabi—Yau algebra structure on B. Consequently, by Theorems 10.4 and 10.5, the family
{{{—,.-.,—}}n}n>1 endows B with a homotopy double Poisson algebra structure (resp. cyclic homotopy
double Poisson algebra structure). O

As a corollary, we have the following result:

Corollary 10.8. Let A be a finite-dimensional dg algebra, and let B be a locally finite-dimensional dg
left A-module. Suppose {T,, : (A")®" — A},>1 is a homotopy relative Rota—Baxter operator on A.

If each T, is ultracyclic (resp. cyclic), then the family of operations {{{—,...,—Y}n}n>1 defined in
Theorem 10.7 endows B with a double L.-algebra (resp. cyclic double Lo-algebra) structure.

Remark 10.9.

(i) In fact, the assumption that B is locally finite-dimensional in Theorem 10.7 is not essential. When
B is not locally finite-dimensional, the result still holds, and the proof can be carried out through
direct computation.

(ii) The construction in (1.4) serves as a homotopy generalization of the construction in (1.5).

10.2 Homotopy Rota—Baxter algebras and associative Yang—Baxter-
infinity equation

In [88], Schedler introduced the notion of the associative Yang—Baxter-infinity equation and established
a one-to-one correspondence between homotopy double Lie algebra structures and skew-symmetric so-
lutions of this equation.

Definition 10.10. [88] Let A be a graded associative algebra. A solution of associative Yang—Baxter-
infinity equation is a family of elements {r, € A“"}, - where each r, has degree n — 2, satisfying, for all
n>1,
j+1)i 0-(1)!6(2>*“'16(‘> O'(’),G(“Fl),ﬁ(‘ﬁ*z),”-,O'(I’L) —
Z (—1)(l+ ) Z sgn(o)r; ! r; ol ' =0,
i+ j=n+1 oel,

Here we write r,, = ):rr[lll R ® r,[f] for each n > 1, and define

rlff(l),-mﬁ(l’) .r;’(i)w-ﬁ(n) — ! (r1121 . r;’;iﬂ-»-u,n)’
where o . .
r,-l’z""" . r;”H““’” = Zrlm QR ® r,[’] . rgl] ® rE»z] R ® rﬁ-’].
If, for all n > 1, the element r, satisfies sgn(o)r, = r,?(l)’(y(z)""’(y("), then the solution is called skew-
symmetric.

Example 10.11. Let {r,},>1 be a skew-symmetric solution of associative Yang—Baxter-infinity equation.
For small n, the associative Yang—Baxter-infinity equation yields the following:

(i) Whenn=1, |r
differential on A;

= —1, ry -r; =0, which implies that the operator d = [r|,—] : A — A defines a
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(ii) whenn =2, r| =0,

}’1| =—1,

R R e e

which shows that ry € A® A is a cycle with respect to the differential [ry,—];

(iii) whenn =3, |ri|=—1, |n| =0, |r3| =1,

12 12 1. .123 231 3. 312

3 3 3 3 3
r -r%3+r% ~r§l+r§1-r2 =ri-r; +r%-r3 +ri-r; +r§l-rf+r312-r%+r§23-rl,

which shows that ry satisfies the usual associative Yang—Baxter equation up to homotopy provided
by r3.

Schedler further proved that there is a one-to-one correspondence between homotopy double Lie
algebra structures and skew-symmetric solutions to associative Yang—Baxter-infinity equation.

Proposition 10.12. [88] Let V be a graded space over k. There is a bijection between the set of homotopy
double Lie algebra structures on'V and skew-symmetric solutions of the associative Yang—Baxter-infinity
equation on graded algebra Endg, (V).

Combining Corollary 9.12, Corollary 10.6 and Proposition 10.12, we have the following equivalence:

Proposition 10.13. Let V be a finite dimensional graded space over K. Then the following data are
equivalent:

(i) A fine special pre-Calabi-Yau algebra structure on 'V ;
(ii) A homotopy double Lie algebra structure {{{—,--- ,—}} }p>1 0nV;

(iii) A differential d on V and an ultracyclic homotopy relative Rota—Baxter operator on dg algebra
(Endgl‘(v)a [dr _]);

(iv) A skew-symmetric solution to associative Yang—Baxter-infinity equation in Endg (V).

10.3 Homotopy Poisson structures arising from homotopy Rota—
Baxter algebras

By Proposition 7.10 we known that the symmetric algebra of an L..-algebra carries a homotopy Poisson
algebra. Now we will show that this is also true for homotopy double Lie algebras.

Proposition 10.14. Let (V,{{{—,---,—}n}n>1) be a homotopy double Lie algebra. Define a family of
operations {ln},,>1 on the graded symmetric algebra Sym(V) as follows: for all homogeneous elements
u%’... ’M]ll’... ’u}il,... 7uzn EV

1 1 n n
(g wy @ @ui -1y, )
(5 s ¥ a5 ! (n—D)n
by Z( Z ‘MjH-_ Yy ‘Ltj‘)-‘r Z ‘uj‘ ‘L‘45‘+T
=(mn—-1)! Z (1= = - =
1<q1 <k 1<gn<kn
U g T
{{I/lql’...’uqn}}n ...{{uq“... ’M(In}}n .ul...uql ...Mkl...ul...uzn...ukn'

Then (Sym(V), {ln}n>1> defines a homotopy Poisson algebra. Thus V" can be regarded as a formal

derived Poisson manifold.
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Proof. By the skew-symmetry and the Leibniz. rule satisfied by the homotopy double bracket, it follows
that the operators {/, },> are well-defined on the symmetric algebra Sym(V'). Moreover, it is straightfor-
ward to verify that the brackets {/, },> inherit skew-symmetry and satisfy the Leibniz., rule with respect
to the natural multiplication on Sym(V). Therefore, it remains only to check that they also satisfy the
Jacobi. rule.

Since each operation /, satisfies the Leibniz., rule, it suffices to verify that the family {/,},> satisfies
the Jacobi. identity on the generating space V C Sym(V). Let xj,...,x, € V, and let u denote the
natural multiplication on the symmetric algebra Sym(V'). Then, using the skew-symmetry of the brackets
{{{—.....,—}}u}n>1 and applying Lemma 10.2, we obtain:

n

Y (o x) (D) (i) @ @ Xa() @Xg(ig1) @ D X)) (3.5)
i=1 ceSh(in—i)

i—1

(i—n—it Y Y sen(o)(~1)"

1 ceSh(in—i)k=1

{=, 77}}L2L+1 ® -, 77}}Ln;:i1]> o ({{,’... a7}}i®ld®n_i) 00 (X1 @ @)

i(i=1)+(n—i) (n—i+1) .
P (1 e (e Y, 010

TP

&

=Y (1) SR iy Y Y, sen(o)sen(7)
i=1 oeSh(i,n—i) e ¢;xId"
o (P @ P i) o ({0t 067 (11 @),

Note that, for each 1 < i < n, the composite map

po(d* @ {{—, - —Puir)o ({{— - i@l

is graded symmetric with respect to the first i — 1 inputs and the last n — i inputs. Thus,

(3.5)
n (i) 4 =D+ i) (it 1) i n— -
=Y (-t 2 Y sen(o)uo (¥ @ {— .~ Puip) o (f{— - ~Bi®ld" oo™
i=1 ces,
=Y~ Y sgn(o)po (MY @~ P o ({{— o PP @l oo !
i=1 ces,
=g<71>"<"—“ ZG sen(@)ie ({ll— =B = P ) 0T W@ @)
= ces,
= X uo(Z(—1>"<""> ) sgn(o)a-({{{{—,---,—}}:-’P,—,-~~,—}};'?,,,-H)a‘) T (@ @)
7€, xId i=1 ocel,
=0.
This completes the proof that the operations {I,},> satisfy the Jacobi.. identity. O

Proposition 10.15. Let A be a finite-dimensional dg algebra, and let B be a locally finite-dimensional
dg left A-module. Suppose there exists an ultracyclic homotopy relative Rota—Baxter operator {T, :
(AV)®" — A},>1. Then the symmetric algebra Sym(B) inherits a homotopy Poisson algebra structure.
In particular, the graded dual BV can be regarded as a formal derived Poisson manifold.



88 CHAPTER 10. HOMOTOPY RB-ALGEBRAS AND DOUBLE POISSON STRUCTURES



Part 111

L-algebras and their ideals: from
simplicity to semidirect products

89






|Chapter 1 1

Preliminaries

In this chapter, we collect the basic concepts and results on L-algebras that will be required in the sequel.

11.1 L-algebras and their ideals
Definition 11.1. An L-algebra is a set X equipped with a binary operation
()C,y)H)C'y, X»)’GX

and a distinguished element 1 € X, satisfying the following conditions:

l-x=x, x-1=x-x=1 (1.1)
(xy)-(x-2)=(-x)(y-2) (12)
x-y=y-x=1=x=y. (1.3)

Several notable subclasses of L-algebras arise from additional identities. Let X be an L-algebra.
* XisaKL-algebraif x-(y-x) =1, forx,y € X.

* X isaCKL-algebraifx-(y-z) =y- (x-z), for every x,y,z € X.

» X is a Hilbert algebraif x-(y-z) = (x-y) - (x-z), for every x,y,z € X.

These classes are related by inclusion: every Hilbert algebra is CKL, and every CKL algebra is KL.

An L-algebra that possesses a smallest element O is called a bounded L-algebra. In this case, one can
define the negation by x* := x-0. Bounded CKL-algebras are known as Glivenko algebras. Given an
L-algebra X, for each element x € X we denote by o, : X — X the map oy (y) =x-y.

Every L-algebra carries a natural partial order defined by x <y if and only if x-y = 1. For every
element x of an L-algebra X, we denote by | x the downset {y € X | y < x} and by 1x the upset {y € X |
y > x}. An element x of an L-algebra X is invariant if y-x = x for all y > x, while it is called prime if
x# 1 and y-x < x for every y > x. If an L-algebra X carries a linear partial order, then X is called linear.

Definition 11.2. Let X be an L-algebra and S C X. We say that S is an L-subalgebra if it is closed under
the L-algebra operation of X.

Definition 11.3. We say that a subset / C X is an ideal of the L-algebra X if it satisfies the following
properties:

91
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1) Ifxelandx-yclthenyel.

(I2) If xeltheny-xclforally e X.
(I3) IfxeIthen (x-y)-yelforally € X.
(I4) fxeltheny-(x-y)€lforally € X.

Condition (I3) already implies that every ideal is closed under the L-algebra operation, so every ideal
is an L-subalgebra. Simpler characterizations for ideals exist for special subclasses.

Remark 11.4. Let X be a KL-algebra. Then I C X is an ideal of X if and only if I satisfies (I1) and (13).
If X is a CKL-algebra, then I C X is an ideal of X if and only if 1 € I and I satisfies (11).

If X is an L-algebra, we denote by .# (X) the set of ideals of X. This set is itself an L-algebra with the
binary operation defined as
I-J={xeX|{(x)NnICJ}.

Note that (I-J) NI C J and for every ideal K such that KNI C J then K C I-J. Moreover, if I C J, then
(xyN1CJ,foreveryxel. Sol-J=X.

Using this structure, we can now define the notion of prime ideals. A prime ideal of X is simply a
prime element in the L-algebra of ideals .# (X):

Definition 11.5. A proper ideal P of an L-algebra X is prime if for every ideal I of X either I C P or
I-PCP.

The prime ideals of .# (X) form a topological space Spec(X), called the spectrum of X, whose open
sets are the collections {%};c 4 (x), Where

U :={P¢€Spec(X)|IZP}.
Furthermore, in [87], the following results are proven.

Theorem 11.6. Let I and J be ideals of an L-algebra X. Then y € X belongs to IV J if and only if there
is an element x € I with x = y(modJ).

Theorem 11.7. The lattice of ideals of an L-algebra X is distributive.

11.2 Semidirect products of L-algebras

In [82] they introduce the concept of semidirect product of L-algebras that needs also the concept of
operation of an L-algebra on another one.

Definition 11.8. Let X and Y be L-algebras. Y operates on X if there is a map p : ¥ — End(X) such that
*p1=1d
* PuvopPu=pyyopyforallu,vey.

For example, an L-algebra X operates on itself via p,(x) = u-x. With this, we can now form semidirect
products of L-algebras.

Definition 11.9. Let X and Y be L-algebras such that ¥ operates on X via p. The semi-direct productX =,
Y is the L-algebra defined on the set X x Y, with operation

(x’u) : <y7 V) = (pu'v(x) 'pv-u(y)vu'v)'
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Note that the semidirect product of KL (CKL or Hilbert)-algebras is, in general, no longer a KL (CKL
or Hilbert)-algebra. Therefore, we need to restrict the semidirect product in these cases.

Theorem 11.10. Let X and Y be L-algebras such that Y operates on X via p. The semi-direct product
X %, Y of L-algebras is a KL-algebra if and only if X and Y are KL-algebras such that x- p,(x) = 1 holds
forxeXanducY.

Definition 11.11. Let X and Y be KL-algebras. Y operates on X as KL-algebras if Y operates on X via p
as L-algebras and

x'Pu(x) = 1)
holdsforxe X andu €Y.

Definition 11.12. Let X and Y be CKL-algebras. Y operates on X as CKL-algebras if Y operates on X
via p as KL-algebras and

* pupy =pypy forallu,vey.
o pu(x-y)=x-p,(y) forallu €Y and x € X.

Definition 11.13. Let X and Y be CKL-algebras such that Y operates on X via p as CKL-algebras. The
symmetric semi-direct product is the CKL algebra

X »op Y ={(x,u) €X xp Y | pu(x) =x}.
Definition 11.14. Let X and Y be Hilbert algebras. Y operates on X if there is a map p : ¥ — End(X)
such that ¥ operates on X as CKL-algebras and p> = p, forallu € Y.

The example given before still works with the hypothesis of being Hilbert. More precisely, any Hilbert
algebra X operates on itself as a Hilbert algebra through p,(x) = u - x.

Definition 11.15. Let X and Y be Hilbert algebras such that Y operates on X via p. The symmetric
semi-direct product is the Hilbert algebra

X 2o Y ={(x,u) €X xpY | pu(x) =x}.

11.3 Self-similarity of L-algebras

The concept of self-similarity is introduced in [81] where it also proves the existence of the self-similar
closure of any L-algebra.

Definition 11.16. An L-algebra X is self-similar if for every x € X the left multiplication o, induces a
bijection between | x and X.

Definition 11.17. Let X be an L-algebra, the self-similar closure S(X) of X is a self-similar L-algebra
with X as an L-subalgebra which generates S(X) as a monoid.

The construction of the self-similar closure of an L-algebra given in [83] uses the following theorems.

Theorem 11.18. Let (X,-) be an L-algebra, and let M(X) be the free monoid generated by X with unit 1
and multiplication denoted by juxtaposition. Then the L-algebra operation of X admits a unique extension
to M(X) such that

ab-c=a-(b-¢)
a-bc=((c-a)-b)(a-c),
l-a=a,

forall a,b,c € M(X).



94 CHAPTER 11. PRELIMINARIES

Theorem 11.19. Let X be an L-algebra. The self-similar closure of X is defined as the quotient.

where a = b if and only if

Sforall c,d e M(X).

Moreover, L-algebra maps with codomain a self-similar one can be extended to the self-similar clo-
sure of the domain. Hence, we have a functor S that is left adjoint to the inclusion of the category of
self-similar L-algebras in the category of L-algebras.

Proposition 11.20. Let f: X — H be a morphism of L-algebras, where H is self-similar. Then f has a
unique extension to a morphism S(f) : S(X) — H of L-algebras. Moreover, every such extension S(f) is
multiplicative.

Proposition 11.21. Let X be a KL-algebra. Then S(X) is a KL-algebra.

However, if X is a CKL-algebra, S(X) is not necessarily a CKL-algebra, as shown by the following
counterexample.

Example 11.22. Let X = {1,x,y} withx-y =y-x = x. It is easy to prove that X is a CKL-algebra. But,
on the other hand, S(X) is not CKL as x- (y-x?) #y- (x-x?):
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Semidirect product and self-similarity

In this chapter, we investigate the interplay between semidirect products and self-similarity.
The following lemma describes the downsets of elements of semidirect products.

Lemma 12.1. Let X and Y be L-algebras such that Y operates on X via p. Then for every (x,u) € X xpY
we have that

(i) L0xu) ={(y,v) €XxpY |veE Luandy € | pyv(x)}.

(i) L(1,u) = X x L and 611 ) (v,v) = (u-v), for every (y,v) € L(1,u).
(iii) 1(x,1) =Uyey $pv(x) x {v} and o, 1)(y;v) = (pv(x) -y, ), for every (y,v) € L(x,1).
(iv) (1u)- (x,u) = (x,1) and X x, ¥ = {(x,1)(1,u) | x €X,u € Y}.

Proof.
(i) Let (x,u),(y,v) € X x, Y. Then (y,v) < (x,u) if and only if
(L,1) = (v,v) - (x,10) = (Pyu(y) - pu (x), v ).
The last condition is equivalent to v-u = 1 and py.,,(y) - Puv(x) = 1,ie. v-u =1 and y- p(x) = 1.
(ii) Let (x,v) € X X, Y. Then (x,v) < (1,u) if and only if
(L1) = (x,v) - (L) = (Pyae(x) - Py (1), v-u) = (L, 1),

= X x Ju. For every (y,v) < (1,u), we have that v-u = 1 and p,.,(1) = 1. Thus,
( 7”'V)'

(iii) Letevery (y,v) € X xp Y. Then (y,v) < (x,1) if and only if y- p, (x) = 1.

Thus |(1,
O(1.u)(3,v)

u)
(iv) The result is directly calculated. ]

Thanks to Lemma 12.1, we are now able to settle when a semidirect product of two L-algebras is
self-similar and to explicitly compute the monoid operation in this case. Moreover, with an inductive
argument, we can extend any action of L-algebras to their self-similar closures.

95
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Proposition 12.2. Let X and Y be L-algebra such that Y operates on X via p. Then X X, Y is self-similar
if and only if X and Y are self-similar. Moreover, in this case, the monoid operation on X X, Y is given
by

(1) (x,u) = (2p1 (%), 1u0).

Proof. Let’s first assume that X X, Y is self-similar. Then, in particular, for every u € Y, the map
Ot H(1u) = X xpY
is bijective. Hence, by Lemma 12.1 (ii), the map
o, lu—Y

is also bijective. Therefore, Y is self-similar. Let us now consider x € X. Since X %, Y is self-similar, the
map
O(x,1) 1) =X XpY

is bijective. Thus, by Lemma 12.1 (iii), there exists a unique (y,v) € X x, Y such that y € | p,(x) and
(py(x)-y,v) = (z,1). But the v is necessarily equal to 1. Thus we proved that for every z € X there exists
aunique y € X such thaty € |x and x-y = p;(x) -y = z. Hence, the map

oy dx—X

is also bijective.

Suppose now that X and Y are self-similar and let (x,u), (z,¢) € X X, Y. Since Y is self-similar, there
exists a unique v € | u such that u-v = o,(v) =¢. Now, by self-similarity of X, there exists a unique
y € L Puv(x) =1 p;(x) such that 6, () (y) = z. Therefore, by Lemma 12.1 (i), we proved that there exists
a unique (y,v) € J(x,u) such that

G(x,u) (y7 V) = (Pu-v(x) : Pv~u(Y)7 u- V) = (Gp,(x) (y)?t) = (Zat)'
Therefore, we proved that X x,, Y is self-similar. O

Proposition 12.3. Let X and Y be L-algebras such that Y operates on X via p. Then S(Y) operates on
S(X) via a map p such that p,(x) = p,(x) forallx e X andu €Y.

Proof. By Proposition 11.20, the functor S is the left adjoint of the inclusion of the category of self-
similar L-algebras in the category of L-algebras. So for every u € Y we have a map S(p,) € End(S(X))
that extends p,,. So we have amap S(p) : ¥ — End(S(X)). Consider now M(Y) the free monoid generated
by Y (with identity element 1). By Theorem 11.18, the operation - of ¥ extends uniquely to M(Y) such
that

(i) ab-c=a-(b-c),
(i) a-bc=((c-a)-b)(a-c)
@iii) 1-a=a,

for all a,b,c € M(Y). Since M(Y) is the free monoid generated by Y, we can extend the map S(p) to a
map p’: M(Y) — End(S(X)). In this way, we have pj = Id, and we will prove that the second property,

Pab ©Pi = Pha©Phs
holds for all a,b € M(Y).
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First, we show that the identity
Pay © P = Py.q © Py (0.1)
holds for alla € M(Y) and y € Y. We proceed by induction on the length of a.
For the base case a = 1, identity (0.1) becomes
Py 0PI = P10 Py,

which holds trivially since p] = Id.
Assume that (0.1) holds for a word a € M(Y) of length n > 1. Let x € Y. By the extension property
given in Theorem 11.18, we compute:

/ I /
Pxa-y © Pxa = px-(wy) OPx©°Pqg
V] / /
- g<y><xopa-yopa

Hence, (0.1) is verified for xa as well, completing the induction.
Now we proceed to prove the second property

/ /! /! /
Pab ©Pa = Pp.a®Pp

by induction on the length of b. When b has length one, this is just (0.1). Suppose the property holds for
a given b of length n > 1. Letx € Y. Then:

Pa(xb) © Pa = Pl(b-ayx) (ab) ° Pa
= p/b~a)-x ° paltb ° pl;
= Pl.(b‘a) opyopy
= Prpa © Pup>

completing the induction step. Hence, the second property holds for all a,b € M(Y).
We now verify that it can also be defined on S(X) = M(Y)/~. Leta,b € M(Y) such that a ~ b. Then,
in particular a-b =b-a = 1, hence

Pi = P1Pa = PabPa = PhaPh = P1Ph = P

Therefore we have a well-defined map p : S(X) — End(S(X)) that extends p and such that ., Pz = Pp-o P
for all a,b € S(X). O

We are now ready to prove the main result of this section.
Theorem 12.4. Let X and Y be L-algebras such that Y operates on X via p. Then
S(XxpY)=58(X)x5S(Y).

Proof. By Proposition 12.2, we know that S(X) x5 S(Y) is a self-similar L-algebra. Since the natural
maps X — S(X) and Y — S(Y) are injective, the induced map

X xpY — S(X) x5 S(Y)
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is also injective. Moreover, since X generates S(X) as a monoid and Y generates S(Y) as a monoid, for
all (a,b) € S(X) x5 S(Y) there exist elements x1,...,x, € X and uy,...,u, €Y such that

a=x1x2---x, and b=ujur---uy.
Thus, by Proposition 12.2,

(a’b) - (av 1)(1,[9) = (12 - X, 1)(1,u1u2--~um)
= (x1, 1) (e, 1)+ O, D) (Lymy) (1, u2) -+ - (1, 1tgy) -

Since (x;,1),(1,u;) € X xpY forevery 1 <i<nand 1< j <m, we proved that S(X) x5 S(Y) is generated
by X x, Y as a monoid. O

Corollary 12.5. Let X and Y be KL-algebras such that Y operates on X via p as KL-algebras. Then
S(X) x5 S(Y) is also a KL-algebra.

Proof. By Proposition 11.21, S(X x,Y) = S(X) x5 S(Y) is a KL-algebra. O
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Ideals of Semidirect Products of
L-Algebras

This chapter is dedicated to the study of ideals of a semidirect product. Hence, we will consider two
L-algebras X and Y such that ¥ acts on X via p : ¥ — End(X).

13.1 Structures of ideals of semidirect products of L-algebras
Definition 13.1. Let K be an ideal of X x, Y. We define

Ky ={yeY|[(Ly) €K}

Kx ={xeX|(x,1) €eK}.

Similarly, if X and ¥ are CKL-algebras such that ¥ operates on X via p and L is an ideal of X =, Y,
we define

Ly={yeY|[(l,y)eL}
Ly ={xeX|(x1)€L}.
Lemma 13.2. Let K C X X, Y be an ideal. Then Ky is an ideal of Y and Kx is an ideal of X.

Moreover, if X and Y are CKL-algebras such that Y operates on X via p and L C X >p Y is an ideal,
then Ly is an ideal of Y and Ly is an ideal of X.

Proof. Consider the following maps:
[ X = XxpY)/Kx= (D g:¥ = (X xpY)/K; y= [(1y)]k

It is easy to show that they are both L-algebra morphisms. Moreover, ker f = Kx and kerg = Ky. There-
fore, Kx is an ideal of X and Ky is an ideal of Y.

Moreover, since (x,1) and (1,u) are elements of X >, ¥ for every x € X and u € Y, we can apply the
same strategy to prove that Ly is an ideal of X and Ly is an ideal of Y. O

Lemma 13.3. Let K C X %Y be an ideal. Then (x,u) € K if and only if x € Kx and u € Ky.
Moreover, if X and Y are CKL-algebras such that Y operates on X via p and L C X >, Y is an ideal,
then (x,u) € L ifand only if x € Ly and u € Ly.

99
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Proof. Suppose that (x,u) € K. Then, by Lemma 12.1 (iv), (1,u) - (x,u) = (x,1), so (x,1) € K. Moreover,
(x,u) - (1,u) = (1,1) € K, hence (1,u) is also in K. Suppose that (x,1) and (1,u) are in K. Then, by
Lemma 12.1 (iv), (1,u) - (x,u) = (x,1) € K, so (x,u) € K.

The same proof also works for the CKL-algebras case. O

Corollary 13.4. Let K C X X, Y be an ideal. We have that
K= KX ><]P|Ky Ky.
If X andY are CKL-algebra such that Y operates on X via p and L C X >, Y is an ideal, then

L:LX >°p‘LY Ly.

Proof. We need to show that p, € End(Ky) for every u € Ky. So let u € Ky and x € Ky, then (pu (x), 1) =
(1,u) - (x,1) and, since (1,u), (x,1) € K we obtain that (p,(x),1) € K, i.e. p,(x) € Kx. Therefore p, €
End(Kx), so Ky operates on Kx via the restriction of p.

Moreover, by Lemma 13.3, K and Ky x Pl Ky coincide as subsets of X xp Y.

The same proof also works for the CKL-algebras case. U

Note that the converse of Corollary 13.4 is not true, as shown by the following.

Example 13.5. Let X = {1,x,y} as in Example 11.22, i.e. x-y=y-x=x and let Y = {1,u} be the
L-algebra (unique of size 2 up to isomorphism) with logical unit 1. Then End(X) = {id,c}, where G is
the map that sends every element to 1. Moreover X operates on'Y via p : X — End(Y), where p; = id
and py = ©.
X has two ideals:
Il = {1} and12 =X.

Y has only two ideals:
J1 = {l}andJ2 =Y.

But he semidirect product X xp Y has 3 ideals:

Ki={(1,1)} =1 xpJi;
K2 = {(X,l),(y,l),(l,l)} :IZ >4le;
Kis=XxpY =1L xpJ.

So, I) xp Jp is not an ideal. For example

(Lu)- (6, 1) = (Pt (1) - Proa()sa- 1) = (1- pu(x), 1) = (1, 1) € Iy % J
but (x,l) §é {1} ><1p.]2 =1 ><1pJ2.

Now we know that ideals of the semidirect products are semidirect products of ideals in the respective
components. However, as shown in Example 13.5, there exist ideals in the individual components that
cannot be used to form an ideal of the semidirect product.

The following proposition provides an equivalent characterization for when such pairs of ideals give
rise to an ideal of the semidirect product.

Proposition 13.6. Let X and Y be L-algebras such that Y operates on X via p. Let I be an ideal of X,
U be an ideal of Y. Then I x|, U is an ideal of X X, Y if and only if, for eachu € U, x € I, vE€ Y, and
yeX
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Ty p)CI;
(1’2) (xpu(y)) Y,y (xpu(y)) el

Proof. WefixthatucU,x€l,veY,andy € X. And, we denote a condition (I'3) for p as: pu’1 (HCI
forueU.

If I xp), U satisfies (I), (1,v) - (x,1) € I x|, U. Then we have p,(x) € 1, that is (I'1). If p satisfies
(I'1), we have (y,v) - (x,u) = (Pyu(y) - Puv(x),v-u) € I ¥, U. Thus, (I1) for I x|, U is equivalent to
(T'1) for p.

Assume that condition (I’1) holds for p. Let

(,u) - (1, v) = (Puv(x) - pra(y),u-v) €1 Xply U.

Since [ is an ideal, we have p,.,(y) € I. Take v to be 1, p,(y) € I. Thus, (12) for I x,,, U is equivalent to
the condition (I’3).
ForueU,xel,veY,andy € X, we have
(Ce,u) - (3,v) - (35v) = (Pu (%) - Py (¥) - v) - (3, )

= ( (p(u-v)»vpu-v(x) : p(u-v)-vpv%(y)) “Py-(uv) (_)7)7 (u ’ V) ! V) :
A

We denote the first component of ((x,u) - (y,v))- (y,v) as A. Notice that, since (u-v)-v e U, ((x,u) - (y,v))-
(y,v) € I Xy, U if and only if A € I. Now, we suppose A € I and choose x = p,(X'), v= 1, y = p,()
withx’ € I,y € Y. Then A = p,((x"- pu()/)) -y') € I. By (I'3), we have (x'- p,(y')) -y’ € I. Meanwhile,
we have

(yav) ’ ((x7u> ) (y’v» = (yvv) : (pu.v(x) 'pv-u<y>7u'v)
= (pv-(wv (y) : (p(u~v)~vpu-v(x) : p(u-v)-vpv-u(y)) Ve (l/t . v)) :

B

Similgrly, y (¥ pu(y)) € I. Thus, .(1.’2) holds for p, if I x|, U is an ideal of X x, Y. Now, if I 3, U
is an ideal of X x, Y, the three conditions hold.

Let now assume that (I'1), and (I'2) hold for p and for every x € I and u € U. Firstly, we show that
Pyu(Y) * Po(uv) (V) and Py (¥) - Pru(y) € I. Denote the following expressions, respectively, by C, D, E,
and F:

C = Po(un) () - (5~ P(r)ov)- ) Pre(aen) )
D = (X P((uv)v)- () P-(uv) () * Py (V)
E = puu(y) - (X P(uv)v)- vy Pru(¥)) 5
F = (X P((ur)v)- () Pru(¥)) - Puae ()

By (I'1) and (I'2), we have that C,D,E,F € I. Thus, by

and
E('x) ’ (Pvu()’) “Py-(u-v) <y>) =F-D,

we have ., - Py-(u-v) (y) and Py-(u-v) (y) : Pv~u(y) el
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Denote (P(yv)vPur(X) - Pus) wPra(y)) - Pru() by G. Notice that

G-A= (pV~IA ’ (p(u-v)‘vpu-\/(x) 'p(u~v)~vpv-u(y))) ’ (pv'u(y) “Py-(uv) (y)) )
and Py.4(y) - Py.(uv) (¥),G € 1. Thus, A € I.
Denote py.u(y) - (p(u-v)-vpu'v(x) 'p(u~v)~vpV'M(y)) by H. Similarly,
H-B= ((p(u‘v)vpu-\/(x) 'p(u~v)~vpv-u(y)) 'pV-u(y))
' ((p(u-v)-VPV-u(y) 'p(u-v)»vpu-V(x)) ' (p(u-v)-v(pv-(wv) (y) pvu(y)))) :

Since py.(4.p)(¥) - pvu(y) and G € I, we can show that B € 1.
Take x to be 1. From (I'2), we have p,(y) -y € I for all u € U. Thus, if p,(y) € I, then we obtain y € 1.
Therefore, (I2) implies (I'3) for p. and also implies (I2) for / x|, U. O

As a consequence, we obtain an explicit upper bound for the number of ideals of the semidirect
product of two L-algebras.

Corollary 13.7. Let X and Y be L-algebras such that Y operates on X via p. Let U be an ideal of Y.
Then {1} x U is an ideal of X X, Y if and only if p, = 1dx for all u € U. In particular,

[ (X xpY)[ <[ (X)]|7(Y)],
and the equality holds if and only if X xpY =X X Y.

Proof. 1f p, = Idyx for all u € U, then it is easy to check that the conditions (I’1) and (I’2) of Proposi-
tion 13.6 are satisfied.

Vice versa, if {1} x U is an ideal of I ol U, then, by condition (I’2) of Proposition 13.6, we get that
(1-pu(») -,y (1-pu(y)) € {1} forall u € U and y € X. Therefore, forall u € U and y € X

pu(y)-y="1=y-pu(y).

which implies that p,(y) =y forallu € U and y € X.
The second property derives from the fact that if p, # Id, then {1} X, Y is not anideal of X x, Y. [

By Lemma 13.2, Corollary 13.4, Proposition 13.6 and Definition 11.13, we can immediately obtain
the following result.

Theorem 13.8. Let X and Y be L-algebras such that Y operates on X via p. Then K is an ideal of X X, Y
if and only if p induces an operation

p : Y/KY — End(X/Kx)

such that
(X Xp Y)/(KX NP‘KY Ky) = X/KX Xp Y/Ky.

Proof. By Lemma 13.2 and Corollary 13.4, we have
K= KX >4p|KY Ky,

where Ky is an ideal of X and Ky is an ideal of Y.
Next, set I = Ky and U = Ky.
By (I'1) of Proposition 13.6, the map

p!:Y — End(X/I)
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is well-defined. Since / x {1} is an ideal of X X, Y, the quotient
X xpY)/(Ix{1}) =X /IxY
is an L-algebra. By (I’2) of Proposition 13.6, for all u € U and y € X /I, we have
Pu(¥) -y =11 =y-pu(y),
which implies p; = Idy ; for all u € U. Moreover, for all v,w € U,
Py = Py O Py = Py © Py = Pis

so the induced map
p:Y/U—End(X/I)

is well-defined.
Conversely, if p’ is well-defined, then (I'1) holds for p. Since p;, = Idy ;; for all u € U, it follows that

(- pu() -y y-(xpuly) €1
forallx,ye X andu € U. O
We can also directly imply the following corollary.

Corollary 13.9. Let X and Y be L-algebras such that Y operates on X via p. Let I be an ideal of X, U
be an ideal of Y. The following statements are equivalent:

(i) 1 Xp|y U is an ideal of X XpY;
(ii) p can induce an operation p : Y /U — End(X /I) such that

(X xpY)/(Ixp, U)X /Ix5Y JU;

(iii) p induces an operation p' : Y — End(X /I) such that

X /%0, U=X/IxU;

(iv) p can induce an operation p' : Y — End(X /I) such that {[1];} x U is an ideal of X /1 Xp Y.

We now focus on the L-algebra structure of the set of ideals. The next example shows how, in general,
it does not commute with the semidirect product.

Example 13.10. Using the same L-algebras as in Example 13.5, we obtain
(={1} =1, (uy =Y =y, (L,u)) =Kzs=hLxJ, =5 x{u).
Moreover, since K> - K1 = K;, we obtain that
(hxD)-(hxd)=Ky-Ky =K =L xJy #1) xJ, = (I, - 1) x (J - Jy).

However, we can still deduce some structural properties about the product of two ideals of the semidi-
rect product and completely determine it in some specific cases.

Lemma 13.11. Let X andY be L-algebras such that Y operates on X via p. Then the following statements
hold.
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(i) Let (x,u) € X X, Y and let K = ((x,u)) be the ideal generated by (x,u). Then
K = Kx x (u),
and {(x) C K.
(ii) Let I xU and J XV be ideals of X X, Y, and let
L=(IxU)-(JxV).

Then
Lx CI-J and Ly CU-V.

(iii) LetIx U be an ideal of X xp Y. Then
(Xx{1})-(IxU)=1IxV,
where V is the maximal ideal of Y such that I X'V is an ideal of X X1, Y, and where

V =ker(p’: Y — End(X/I)).

Proof.

(i) By Theorem 13.8, X x (u) is an ideal of X x, Y. So, we have K C X x (u). Thus, Ky C (u). In
addition, Ky is an ideal of Y that contains u. We have Ky = (u).

(ii) By definition, (x,u) € L if and only if ((x,u)) N(IxU) CJ xV. By Part 1., this means that
((x,u))x NI CJand (u)NU CV,ie.

L={(xu)e I-J)x(U-V)|{(x,u))x NI J}.
(iii) Let Lbe (X x {1})- (I xU). By Part (2), we have Ly C X -1 = 1. Moreover, [ xU C L. Hence

Lx =T and L is the greatest ideal such that LN (X x {1}) C (I xU), i.e. such that Ly C I. Therefore,
we prove the thesis. O

13.2 p-ideals and p-spectrum
Definition 13.12. Let X and Y be L-algebras such that ¥ operates on X via p.

* Anideal I of X is called p-ideal if I satisfies (I' 1) i.e. p,(I) C I foreveryv €Y.

* A proper p-ideal I of X is called p-prime if for every p-ideals I} and I, of X and such that Iy N, C 1,
then either [y Clorl, C 1.

We denote by p.#(X) the poset of p-ideals of X, and by p-spectrum p Spec(X) the space of p-prime
ideals.

Note that the name is not an accident. Indeed, a proper ideal / is prime if and only if for every ideals
I1 and I of X such that Iy NI, C I, either I C 1 or I, CI. Soif I is prime and satisfies (I'1), it is also
p-prime.
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Lemma 13.13. Let J and I be two p-ideals of X. Let p! : Y — End(X /I) and p’ : Y — End(X /J) be the
maps induced by p. Then the following statements hold:

(i) I xker(p’) (and J x ker(p")) is an ideal of the semi-direct product X x, Y.
(i) If J C I, then ker(p”) C ker(p?).
(iii) IfU C ker(p") is an ideal of Y, then I x U is an ideal of X X, Y.
Proof.

(i) By Proposition 13.6, I x ker(p’) is an ideal of X x, Y if and only if / satisfies (I'2). Let u € ker(p),
x€landy € X, then in X /I we have that

[ pu() -], = (W1 - [pu)]r) - V)
(L-pl(10) - Dl = (- D) - Dl = 1.

Hence (x-py(y)) -y € 1. Similarly,

- (Bl - [u()]1)
M- (1-pa(D)) = Dl (1- D) =1,

ie. y-(x-pu(y)) €1 Thus, we proved that (I'2) is satisfied too, i.e. Ix ker(p’) is an ideal of
XxpY.

[y' (x'pu(y))]I

(ii) Take u € ker(p'), then for every x € X

P (1) = [pu(x)]s =[x,

Hence, p,(x) € [x]; for every x € X. Since J C I, then [x]; C [x]; for every x € X. Therefore
Pu(x) € [x]; for every x € X. So [p,(x)]; = [x]; for every x € X, which means that p] = idy ;, i.e.
u € ker(p’).

(iii) This is clear that I and U satisfy conditions (I'1) and (I'2). O
Corollary 13.14. Let X and Y be L-algebras such that Y operates on X via p. Then

[ FXxpY)|= Y HU<ker(p)|Ue S(¥)}].
Iep 7 (X)

Proposition 13.15. Let X and Y be L-algebras such that Y operates on X via p. Then
pI(X)={le I(X)[Ixp{l} € I (Xx,Y)}.
Moreover, p 7 (X) is a complete sublattice of .7 (X), and is distributive.

Proof. Let I be a p-ideal and U = ker(p’). By Lemma 13.13, therefore, I x, {1} is an ideal of X x, Y.
Vice versa, if I xp {1} is an ideal of X x, Y, I satisfies (I'1). Therefore, p.#(X) = {I | I x, {1} €
F(XxpY)}.

Next, we will show that p.# (X) is a complete sublattice.

Let {Iy | & € Z} be a set of p-ideals and v € Y. Then p,(Ngezly) C Iy, for each o € 2. Thus, the
p-ideals are closed with respect to intersections.

Let I} and I, be p-ideals,y € I} VI, and v € Y. By Theorem 11.6, there exists an element x € I} with
x=y (mod b). Since p,(I;) C I and p,(z) C b, then p,(x) € I and p,(x) = py(y) (mod I»). Then
pv(y) € I N L. Thus, the p-ideals are closed with respect to the joints. Therefore, p.# (X) is a complete
sublattice of .# (X) . O
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Proposition 13.16.

(i) Let U be a prime ideal of Y, then X x U is a prime ideal of X xp Y.

(ii) Let I be a p-prime ideal of X and U =ker(p"). Then I x U is a prime ideal of X x, Y.
Proof.

(i) By Theorem 13.8, (X X, Y)/(X xU) =Y /U. Since U is a prime ideal, Y /U is subdirectly irre-
ducible. Thus X x U is a prime ideal of X x, Y.

(ii) LetI; x Uy and I} x Uy be ideals of X X, Y, such that
(]1 ><]U1)ﬂ([2><1U2) CIxU.

Thus, we have I1 NI, C I. Since I1 and I, satisfy (I'1), then either I; C I or I, C I. By Lemma
13.11 (iii), either [y x Uy CIx U or I, x Uy C I x U. Therefore, I x U is a prime ideal. ]

Theorem 13.17. Let P be an ideal of X and Q be an ideal of Y. P x Q is a prime ideal of X X, Y if and
only if one of the following holds:

(i) P=X and Q is a prime ideal of Y;
(ii) P is a p-prime ideal of X and Q = ker(p").

Moreover, in this case,
Spec(X xp Y) = p Spec(X) LI Spec(Y).

Proof. By Proposition 13.16, we know that in both cases we obtain a prime ideal of X x, Y.
Now suppose that P x Q is a prime ideal. Since X x {1} is an ideal of X x, Y, we must have either

Xx{1} CPxQ or (Xx{1})-(PxQ)CPxU.

In the first case, X x {1} C P x Q, which implies P = X. Moreover, Q is a prime ideal of Y because
Y /P is subdirectly irreducible: indeed, (X x,Y)/(P x Q) is subdirectly irreducible and, by Theorem 13.8,

(XxpY)/(X xP)=Y/P.
In the second case, Px Q D (X x {1})- (P x Q) and by Lemma 13.11 (iii),
(X > {1})- (P Q) = P xker(p"),

where V = ker(p”) is an ideal of ¥ that is maximal such that P x V is an ideal of X x, Y. But inclusion
PxQ D PxV forces Q = ker(p?).

Consider ideals 1 and I, of X that satisfy (I'1) and such that Py NP, C P. Then P, N P, also satisfies
(I'1). By Lemma 13.13, we have

ker(p”) C ker(p"1"?2) = ker(p™') Nker(p?).

Hence,
(P xker(p™)) N (P xker(p™)) C (P xker(p?)).

Since P x ker(pF’) is prime, we must have either
Py xker(pf) C Pxker(p?) or Py xker(p??) C P xker(ph).

Thus either P C P or P, C P. This proves that P is a p-prime ideal. O
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Remark 13.18. The bijection
f:Spec(X xpY) — pSpec(X) LISpec(Y),

defined by
f(X%Q)=Q and f(PxQ)=PforP#X,

is an open map, where the subspace p Spec(X) is endowed with the subspace topology inherited from
Spec(X).

Proof. Let I x U be an ideal of X x, Y with I # X, and let P x Q be a prime ideal of X x, Y. By
Lemma 13.13,
IXUCPxQ <+ ICP

Therefore,
f(wu) = (%0pSpec(X)) Uy,  f(Uxx,v)=pSpec(X)U%, (VeI(Y)),
which shows that f is an open map. O

By Theorem 13.17, we can explicitly describe the prime spectrum of the semidirect product of KL-
algebras as follows.

Proposition 13.19. Let X and Y be KL-algebras such that Y operates on X via p as KL-algebras. Then

In this case,
p Spec(X) = Spec(X) and Spec(X x,Y) = Spec(X)LISpec(Y).

Proof. By Definition 11.11, we have
x-pu(x)=1,
forallx € X and u € Y. It follows that forany u € Y,
x-pu(x) =1¢€ (x).
By condition (I1), we conclude that

pu(x) € (x) forallue?.

Therefore, every ideal of X is automatically a p-ideal. By Theorem 13.17, we obtain the following
characterizations:
pF(X)=7(X), and pSpec(X)= Spec(X). O

Proposition 13.20. Let X and Y be CKL-algebras such that Y acts on X via p as CKL-algebras. Let L
be an ideal of the symmetric semidirect product X >, Y. Define

L=Lxxp), Ly CXxpY.

Then the assignments _
L—L and KN(X x,Y)+—K

establish a bijective correspondence between the ideals of the symmetric semidirect product X >, Y and
those of the semidirect product X X, Y.
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Proof. Let L be an ideal of X >, Y. By Theorem 13.19, every ideal of X is a p-ideal, hence Ly satisfies
condition (I'1).
Letx € Ly, u € Ly, and y € X. By Definition 11.12, we have

y-(x-pu(y)) = pu(y- (x-y)) € Lx.
Moreover, since (x,u) € L, (y,1) € X », Y, and L is an ideal of X >, Y, it follows that
((u)- (1)) - (1) = ((x-pu(y)) -3,1) €L

Hence (x-p,(y)) -y € Ly, showing that condition (I'2) holds for L. Therefore, by Proposition 13.6, L is
an ideal of X X, Y.
Since X >, Y is an L-subalgebra of X x, Y, for any ideal K of X <, Y, the intersection

KN(X 5, Y)

is an ideal of X >, Y. These two constructions are inverses of each other, establishing the claimed
bijective correspondence. O



|Chapter 1 4

Simple linear L-algebras and
CKL-algebras

14.1 Simple linear L-algebras

In [29, Lemma 4.3], Dietzel, Menchén, and Vendramin have shown the following lemma for linear L-
algebras.

Lemma 14.1. Let X be a linear algebra. For any x,y,z € X with x >y > z, one has
Xy > Xx-z.
Moreover, every linear L-algebra is also a KL-algebra, i.e. x-y >y forall x,y € X.

Proposition 14.2. Let X be a linear L-algebra with
X={xo>x; > >x-1},
and suppose that x;1 is an invariant element of X. Let
I="1x:={x;|j<i}.

Then
x-y=y forallxel, yeX\IL

Proof. We show that x;11,...,x,—1 are invariant under the action of /. Proceed by induction. Since x;;
is invariant, the base case holds. Assume that x, is invariant under / for some k > i+ 1. Then by Lemma
14.1,

Xg = XX > X Xgp] 2> Xl
for all x € I. Thus x - x311 = x4+ for all x € I, proving the induction step. O
Using this result, we can give a characterization of ideals and prime ideals of a linear L-algebra.
Theorem 14.3. Let X be a linear L-algebra with

XZ{)C0>X1 >"'>)Cn_1},

109
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and let I C X. Then I is an ideal of X if and only if
I=1x={x;]j<i}
Sfor some i € {0,...,n— 1}, and moreover either i = n— 1 or x;y| is an invariant element.

Proof. Assume first that [ is an ideal of X, and let x; be the minimal element of /. By (I1), I is upward
closed, hence I = 1 x;.

Suppose now that i < n— 1 and choose any y > x;1. Then y € I while x;;| ¢ I, and by (I1) we must
have y-x;y1 € I. Thus y-x;+1 < x;41. On the other hand, by Lemma 14.1,

Xipl Sy Xiyl.

Hence y-x; | = x;4 for all y > x;;1, showing that x; is invariant.
Conversely, suppose that / = 1x; and that x; | is invariant. By Remark 11.4, it suffices to verify (I1)
and (I13).

(I1) Let x € I and suppose x-y € I. By Proposition 14.2, if y ¢ I then x-y =y ¢ I, a contradiction.
Therefore y € 1.

(I3) If x € I and y ¢ I, then by Proposition 14.2,
(x-y)-y=yy=1lel
If x €I and y € I, then since X is a KL-algebra,
(x-y)-y=y=>x,

hence (x-y)-y €l
Therefore, I is an ideal of X. O
Corollary 14.4. Let X = {xo > x; > - > x,_1} be a linear L-algebra, then

J(X)={tx;|i=n—1orxiy is invariant}

and Spec(X) = .7 (X)\ {X}.

Proof. The first claim is exactly what is proven in Theorem 14.3.
Let P be a proper ideal of X. We want to prove that it is prime. By the previous property, P = 1 x; for
some k € {0,...,n— 2} with x; invariant. Consider now any other ideal I = 1 x;, then

I-P={xj | (x)) NI C P} = {x; | {Tx;)NTx; CTax} = {xj | T¥min(j,i) € T2k}

s X ifi <k X ifi<k
= {xj | min(j,i) <k} = : = :
' Tx ifi>k P ifi>k

Therefore, i < kandsol C Pori>kand[-P=P. Hence, P is a prime ideal. O

We now introduce a family of L-algebras {A, },>1 and use the previous theorem to establish that each
of these L-algebras is simple.

Proposition 14.5. Let n > 1 and A, be the set {xo,x1,...,x,—1 } with multiplication defined as x; - x ;=
Xmax(j—i,0)forall i, j € {0,...,n—1}. Then A, is a simple linear CKL-algebra with xo > x| > -+ > Xp_1.
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Proof. 1t is easy to check that
max(max(k —i,0) — max(j —,0)) = max(max(k — j,0) — max(i — j,0))

for every i, j,k > 0, hence (x;-x;)- (x;-xx) = (xj-x;) - (x;-xx) for every x;, xj,x; € A,. Moreover xq - x; = x;
and x; - xp = x; - x; = xo for all x; € A, and if x; - x; = x; - x; = xo, then i < j <1, i.e. x; = x;. Therefore, A,
is an L-algebra with 1 = xp and xp < x] < --- < x,_1.

Moreover,

Xp—j—i ifk>i+j
X (xj-x) = I . =xj-(xi-xx), forevery x;,xj,xx € Ay,
X0 otherwise

so A, is a CKL-algebra.

Finally, to prove that it is simple, using Theorem 14.3, it is enough to show that there are no invariant
elements apart from xy and x;. Note that x;_; > x; for every i > 1 and x;_1 - x; = x] # X;, i.e. X; iS not
invariant for every i > 1. O

Remark 14.6. This construction of A, can be extended in a natural way to countable sets. Consequently,
there also exists a simple linear L-algebra structure A on a countable set.

Lemma 14.7. Letn > 1 and X = {xo > x| > ---Xp—1 > X} be a linear L-algebra. Then Y =X \ {x,} is
an L-subalgebra of X. Moreover, I is an ideal of Y for every proper ideal I C X.

Proof. Let I be a proper ideal of X, then x, ¢ I and, more precisely, by Theorem 14.3, I = 1 x; for some
i <nand x;1 is invariant in X.

Ifi=n—1,then/ =Y, which is an ideal of Y.

Otherwise, i <n—1 and x;41 € Y and x;4 is invariant also in Y. Therefore, by Theorem 14.3, [ is an
ideal of Y. O

The previous lemma allows us to use the inductive construction of linear algebras proved in [29].
More precisely, [29, Proposition 4.4] is the following.

Proposition 14.8. Let X = {xo > x| > +-- > x,_1} be a linear L-algebra and let p € X be the smallest
invariant element of X. Consider now the poset

Ln+1 = {X() > X1 > Xp—1 >)Cn}

and take ¢ € L, 1 such that p - x,_1 > c. Then there exists a unique L-algebra structure X' on Ly such
that X is an L-subalgebra of X' and such that p - x,, = c.

Theorem 14.9. Letn > 1 and X = {xo > x| > -+ > x,_1} be a linear L-algebra. If X is simple, then X
is isomorphic to A,,.

Proof. We prove the thesis by induction. For n = 2, the claim is trivial.

Letn > 1and X = {xop > x; > ---X,—1 > X} be a linear simple L-algebra. Then, by Lemma 14.7,
Y = {xo >x; > -+ >x,_1} is a linear simple L-algebra too. Hence, by inductive hypothesis, x; - x; =
Xmax(j—i0) forall i, j € {0,...,n— 1}. It remains to check that x; - x, = x,—; for all i € {0,...,n— 1}.

Notice that in Y the smallest invariant element is x; and, since x, < x1, by Lemma 14.1, x; - x, <
X1 - Xy—1 = Xp—2. Moreover x; - x;, cannot be x,, otherwise, by Lemma 14.1, x-x, = x, for every x # x,
i.e. x, is invariant, which is against the fact that X is a linear simple L-algebra. Therefore x; - x,, = x,,_|
and, by Proposition 14.8, there is a unique L-algebra structure on X such that Y is a L-subalgebra and
X1 - X, = X,—1, which is precisely Sy+1. O



112 CHAPTER 14. SIMPLE LINEAR L-ALGEBRAS AND CKL-ALGEBRAS

14.2 Tail™ CKL-algebras

In the remaining, we will extend Theorem 14.9 to a subclass of CKL-algebra, namely tail™ CKL-algebras.

Definition 14.10. Let X be an L-algebra, and let z be a minimal element of X. The upset 1z of z is called
a tail if it is a linear subset of X.
A finite L-algebra X is called a tail™ L-algebra if it has a tail or if it contains L-subalgebras

YCYyCX
such that:
(1) Y has a tail,
(ii) the set ¥\ Y = {zo} consists of a single element, which is the smallest element of Y;
(iii) the complement X \ Y is a linear poset.

In particular, any L-algebra X whose Hasse diagram forms a directed tree is an L-algebra with # tails,
where n denotes the number of leaves of the tree.

Proposition 14.11. Let X be a CKL-algebra with a minimal element z € X. If the corresponding upset
I'=1z={xeX|z<x}
is a tail. Then I is an ideal of X.

Proof. Assume that / is a proper subset of X.
We first show that z-y ¢ I for all y ¢ I. Let y ¢ I. There exists a minimal element x such that y < x
and z < x. Then, we have

Since y £ z, it follows that x -y £ x - z. Similarly, since
Z.y — (x.z) . (x.y)’

we also have x-z £ x-y. Hence, since x-z € I and [ is linear, it follows that x -y ¢ I. Moreover, since X is
a CKL-algebra, we obtain

2 (xy)=x-(zy)
Since z £ x -y, it follows that x £ z-y. Note that z-y € Ty. Thus,

zy €ty\ 1,

which implies z-y ¢ I.
Next, we show that each I satisfies property (I1). Suppose x, x-y € I. Since X is a CKL-algebra, we
have
x-(zoy)=z-(xy) =1
Hence z < x < z-y, which means z-y € I. From the first part of this proof, it follows that y € I. Therefore,
I is an ideal of X. O

By Proposition 14.11, we can directly obtain the following result.
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Example 14.12. Let X be a set {1,x,y,z} with the following multiplication table:

\ x y z 1
x| 1 y x 1
yix 1 z 1
z|1 y 1 1
Ijx y z 1
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It can be verified that X is a CKL-algebra with the partial order 1 >y and 1 > x > z. By Proposition 14.11,

we obtain two ideals of X :

L={l,x,z} and bL={l,y}.

Example 14.13. Let X = {1,x1,x2,x3,X4,X5,X¢ } be a set equipped with the following multiplication table:

X1 X2 X3 X4 X5 Xp 1
x| 1 x x3 x4 x5 x¢ |1
x| 1 1 x3 x4 x5 x¢ 1
X3 1 X2 1 X4 X3 X4 1
X4 1 1 X3 1 X5 X3 1
X5 1 X2 X4 1 X4 1
x| 1 1 1 1 x3 1 1

1 | x1 x x3 x4 x5 x¢ 1

It can be verified that X is a CKL-algebra. The corresponding strict partial order on X is represented by

the following Hasse diagram:

X1
X2 X3

X4

X6

1

By Proposition 14.11, the tail Txs = {1,x1,x3,xs5} is an ideal of X. In contrast, the upset 1 x¢ is not an

ideal of X.

Lemma 14.14. Let X be a Glivenko algebra with the smallest element 0 € X. Then Y =X\ {0} is a

CKL-subalgebra. Moreover, I is an ideal of Y if and only if I is an ideal of X or [ =Y.

Proof. To prove that Y is a CKL-subalgebra, it is enough to notice thatif x,y € ¥, then 0 <y < x-y, hence

x-yeY.

Let now / be an ideal of Y that is not an ideal of X. Then there exists x € I such that the negation

x*€l. Weclaimthat /=Y. Lety€ Y, thenx* €/andx-y €Y, but

X (xey)=(0-x)-(0-y) =1

So x-y €I, since [ is an ideal of Y. But now we have x € I, y € Y such thatx-y € I, thus y € I.
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Theorem 14.15. Let n > 1 and let X be a tailt CKL-algebra of size n. If X is simple, then X is linear,
hence it is isomorphic to A,,.

Proof. First, we start with the case when X is a simple CKL-algebra with a tail. By Proposition 14.11, X
has a unique minimal element. Hence, the partial order of X is linear, and X is isomorphic to A,,.

Let X be a tailt CKL-algebra. By Lemma 14.14 and induction, X is also linear and isomorphic to
A, O

Moreover, a CKL simple L-algebra cannot have more than one connected component in the Hasse
diagram of X \ {1} as the following proposition states.

Proposition 14.16. Let X be a CKL-algebra and let C be a connected component of the Hasse diagram
of X\ {1}. Then CLU{1} is an ideal of X.

Proof. Thanks to Remark 11.4, we only need to prove property (I1) of the definition of ideal.

Letx € CU{l} and y € X such thatx-y € CLI{1}. Then either x =1 orx € C.

If x = 1, we have directly y=x-y € CU{1}.

Otherwise, x € C. Since x-y € CU{1}, we have two cases again: eitherx-y=1lorx-yeC. Ifx-y=1,
then x <y. Hence, y is connected to x in the Hasse diagram. Soy =1 ory € C. Assume now thatx-y € C.
Using that X is CKL, hence KL, we get that y < x-y. Thus, y is connected to x in the Hasse diagram. So
y=1loryéeC.Inany case, we proved that y € CLI{1}. O
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Symmetric semidirect products and
Hilbert algebras

In this chapter, we mainly study the ideals, semidirect products of Hilbert algebras, and the structure of
linear Hilbert algebras.

Lemma 15.1. Let X be a Hilbert algebra, and let z € X. Then the upset 1z is the ideal (z) generated by
zZ

Proof. Note that X is also a CKL-algebra, so I C X is an ideal of X if and only if 1 € I and [ satisfies (I1).
(i) Clearly 1 € 1z.
(i) Ifx,x-y € Tz, then
zy=1(y)=(x)- @y =2y =1
ie.y€etz

Then 1z is an ideal of X. Thus, {z) C 1z.
For each x € 1z, we have z-x = 1 € (z). By condition (I1), we conclude that x € (z). Therefore,
(2) =1z O

Proposition 15.2. Let X be a finite Hilbert algebra and let I be an ideal of X. Denote by min(I) the set
of all minimal elements of I. Then
I = U TZ.

zemin(/)

Moreover, let min(X) = {my,...,m,} be the set of all minimal elements of X, and for each 1 <i<n
define
= U 1
memin(X)\{m;}

If P is a proper ideal of X such that the P, C P for some 1 <i <n and X \ P is linear, then P is a prime
ideal of X.

Proof. By Lemma 15.1, we have (z;) = 1z; C I for each z; € min(/). Hence

U Tz C L

zemin(/)

115
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Conversely, let x € I. Since [ is finite, it has minimal elements, and every element of / lies above some
minimal element of /. Thus, there exists z; € min(7) such that z ;i < x,i.e.x € 1z;. Therefore

1¢ | 1=

zemin([)

Combining the two inclusions yields

= |J 1z

zemin([)

as claimed.
Let P be a proper ideal such that P, C P for some 1 <i <n and X \ P is linear. Then

P=P Uz, where m; < z;.
Assume that I Z P. Then there exists a minimal element z € I such that
m; <z<z.
Since I\ P is linear, we have

[-P={xeX|txNICP}
C{xeX|txNnTzCP}
={xeX|txCP}
CP
Thus - P C P for every ideal I with I Z P. Therefore, P is a prime ideal. O
Using Lemma 15.1, it is now easy to show that there is only one simple Hilbert algebra.
Proposition 15.3. Ler X be a Hilbert algebra. X is simple if and only if | X| < 2.

Proof. Letz € X, then, by Lemma 15.1, 1z ={x € X | z < x} is an ideal of X.

Assume now, by contradiction, that X is simple and |X| > 2, then there exist z1,z2 € X \ {1} distinct
elements. But 1Tz; and 1z, are non-trivial ideals, so Tz; = X = 1z, which is a contradiction because we
would have 71 < 22 < 3. O

Proposition 15.4. Let LH, = {xq,x1,...,X,—1 } with multiplication defined by
xo=1, ifi=}],
XiXj=
Xj, ifi<j.
Then LH,, is a linear Hilbert algebra.

Proof. For all x;,x;,x; € LH,, we have

Xy, ifj<kandi<k,
xi-(xj-xg) =

otherwise.

On the other hand,

xp, if j<kandi<k,

(i =) - (i) = (o) - (% x) = {

I, otherwise.
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Hence, the defining identity of a Hilbert algebra,
Xi- (xj -xk) = (x,- ~xj) . (x,' -xk) = (Xj -xi) . (xj -xk),
holds for all x;,x;,x; € LH,. Therefore, LH, is a Hilbert algebra. O

Proposition 15.5. Letn > 1 and X = {xo > x; > --- > x,_1 } be a linear Hilbert algebra. Then X is
isomorphic to LH,,.

Proof. By the definition of L-algebra, xo = 1 is an invariant element.
Let now j € N>. Since X is Hilbert, by Lemma 15.1 1x;_ is an ideal of X. Moreover, since X is
also linear, by Theorem 14.3, x; is an invariant element. Therefore, we proved the thesis. O

Corollary 15.6. Let X be a linear Hilbert algebra of size n, and let I be an ideal of X. Then:

(i) There exists an p such that I operates on X /I via p as Hilbert algebras, and

X 21 %, (X/I).

(ii) Conversely, if there exists a p such that I operates on'Y via p as Hilbert algebras and
X=1xY,
thenY 2 X/I.
Proof. Let I be a proper ideal of X. By Theorem 14.3, we have
I="1x:={xj[j<i},

for some i € {0,...,n—1}.
By Proposition 15.5 and Theorem 14.3, it follows that X /I =2 1LH,_;.. Define p : X /I — End(I) by

pu,(x) =1, forallxel, [ul; € X/I.

Then
I (X/I)= ({1} xX/)U(I x{1})

is a linear Hilbert algebra of size n. By Proposition 15.5, we obtain the isomorphism
X =1, (X/I).
Conversely, by Proposition 13.20 and Proposition 13.19, we have
|Spec(l >, Y)| = |Spec(I x, Y)| = | Spec(I)| + | Spec(Y)].
By Corollary 14.4 and Proposition 15.5, we know that
ILH,,| = |Spec(LH,)|+1.
Hence, |Y| =n—i+ 1. Since Y is isomorphic to a Hilbert subalgebra of X, it follows that
Y=LH, ;1 2X/I O

We now focus on Hilbert algebras that arise as extensions, via symmetric semidirect products, of the
simple Hilbert algebra A, = {1 > 0}.
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Proposition 15.7. Let X be a Hilbert algebra and A, be the simple Hilbert algebra such that A, acts on
X via p as Hilbert algebras. Let Iy = ker pg. Then

| (X p Ag)| = |7 (X)[+[.F (X /D).

Proof. Let Iy = ker pg. By Proposition 13.19, Iy is an p-ideal of X. Thus, we can induce X /I to operate
on A, via p’. Let I be an ideal of X /Iy. For all y € X /I, then

P (PP () y) =P () P () =1

and

I I I I
Poo v Poo ») = poo ) 'poo =1

Since ker pé“ =1, then pé‘) (y)-y=y- péo (y) = 1, which means pé‘) = Idy ;,- Then, we have

(X/IU) NPIO A2 = (X/I()) X A2.
By Proposition 13.20,

|7 (X 22p Ag)| = |7 (X)|+[.7 (X /Io)]- 0
Corollary 15.8. Let X be a Hilbert algebra such that A, operates on X via p as Hilbert algebras. Then
|7 (X 20 Ag)| =[5 (X)|+1

ifand only if X =, Ay = X U{(1,0)} is bounded with smallest element (1,0).
Proof. |7 (X/Iy)| = 1 if and only po(x) for all x € X. O

Example 15.9. Let X = {xo > x| > -+ > x,_1} be a linear Hilbert algebra. For each 0 < k < n, define

a map
p® : Ay — End(X)

by setting pfk) = Idy and defining p(gk) X —>Xas

Xi, l:fi>k7
P =9
1, ifi<k.

It is straightforward to verify that for each 1 < k < n, Ay acts on X via p(k> as Hilbert algebras.

By Proposition 15.5, the quotient X/ kerpék) is isomorphic to the Hilbert chain LH,_. Therefore, by
Proposition 15.7, we obtain
|J(X >°p(k) Az)‘ = 2n —k.
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Appendix
Proof of Proposition 4.11

The purpose of this appendix is to prove Proposition 4.11.
Firstly, let’s introduce some notations we will use in the following proof. For an element

(xlv"wxmxth) S /\zg®®/\zg/\g
N———™——

n—1
with X; = x; Ay;, we write it as an ordered sequence (z1,22, .. .,22n,22n+1), Where
21 = X1, 22 = Y15+, 22k—1 = Xk, 22k = Yks+ -1 Z2n—1 = Xn, 22n = Yn, L2n+1 = Xn+1-
For arbitrary permutation T € Sy, 1, its action on the element (zj,...,z2,+1) is given as
T(zl 3Z25 00t 722n722n+1) = (Zr_] (1)’Z1:—1(2)7 e ’Zt_l(Zn)’Z‘E—] (2n+1))'

Define an operation [i — 1,i,i+ 1]4 from Ng®--- @A gAgto N2 g®--- @ A2gAg as
n—1 n—2

i—1,ii4+ g (21,22, 22n 22001) = (21,220 -+ 2im2, [2im 1,20y Zig1 | g0 Zit2s - - > 22041 ) -

Proposition 4.11 The map ®* : C3..(g,M) — C*_ , (g,M) is a chain map.

RBO%

Proof. Let n > 1. For arbitrary f € C5,;.(g,M) and X; @ X2 ®--- @ Xy AXpy1 € (/)% @ g/ with
X; —x,/\tul <i<n,

(<I>"“6" )(361 xn,xnﬂ)

= (e 1)) (X1 Xt kZZnO)Lan

(TMO(Sn o (1=, 7, 1d(=0 =1 T, -.-,T,1d<2"+1*"k>)) (%1,...,Xn,xn+1)

1<i <ip < <ix <2n+1

119
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= Z (71)jf(T(xl)/\T(yl)7"'7§j7"'7T(xk71)/\T(yk71)7<[T(xj)vT(yj)7T(xk)}g/\T(yk)

1<j<k<n

+T (xx) A [T(xj)7T(yj)7T(Yk)]g) T 1) AT (Vg1), -+ T () A T(yn)7T(xn+1))

+ i]( 1)jf(T(x1)/\T(yl)v"' 721'7"' 1T(xﬂ)/\T(yn)7[T(XJ'%T(Yj)vT(anLl)}g)
£

+il< Do (10, T0)) £ (T AT, R T ) AT ). T (k1))
£

" (T T(ne) ) £ (TCO AT+ Tl ) AT (1), T ) )

1" (T o), T ) ) £ (T AT (1), T 1) AT (1), T ()

2n
—y A y Y (-1)/(Twofol2k—32k=2,2k~1]go

1<ii <y << L2n+11<j<k<n

(2j—1,---2k—2)"201d@=D 7,1d02=0=1 T ... ,T,1d<2"+1"'*>)) (361 ,%n,xn+1)

2n .
Yok y y (—1)J(TMofo[2k—2,2k—1,2k]go
k=0 1<i) <ip << <L2n+11<j<k<n

(2j—1,---2k—1)"201d@=D 7,1d2=0=1 T ... ,T,Id@”“*"k))) (361 ,xn,xm)
2n n .
W Y Z(fl)/(TMofo[anl,2n,2n+l]go
k= 1<ii<iy<-<ix<2n+1 j=1
2j—1, - ,2n) 2o (1d@=D 7, 1d=0=D T ... ,T,Id<2"+‘—ik))) (361 ,X,,,x,H])
n 2n—k < j+1 2
7Z)Ln_ Z Z(il)H’ (TM(pf)O(l,,zj) o
k=0 1<ii<ir<--<ix<2n+1 j=1
(Id(il_])vTvld(iz_il_l)7T7" . 7TaId(2n+l_ik>)) (xlv' o axl’laxn-‘rl)
2n
W y (—1)”+1{TMo(p-f)o((17-~~72n+1)+(1,-~-,2n+1)o(1,~~~72n—1)>o
k=0 1<ii <y << <2n+1
(1@ =Y 7, 1d@ =00 7 ,T,1d<2”“*"k))}(3€1,~~ 7xn7xn+l)
On the other hand, we have
(9”@” (f) (361,...3€n,x,,+1)

= Y (=nie"(y) (:{l,“‘ X X gy jsxid T Ay xe A,y o X, 73€mxn+1>
1< j<k<n

+Z Jq)n (:{17...’j%jj.‘.7j{n7[xj7yj7xn+1}r)

+jil<1>f+1p(T<x,->,T<y,->)<1>"(f)(aewﬁe,-,m,xn,xnﬂ)
= L0 () 3 () (- Ry T
£

,i( 1)jHTM(p(xj,T(yj))<I>"(f)(flw"»ij:"'v%mxnﬂ))

~.
Il



—Zn‘,( 1)+ TM(P(vayj)‘D"(f)(flr"75€j7"'73€n7Xn+1))
j=1
+( 1n+l< (T anrl)) (f)(xh xn 17xn)+p( (anrl),T(xn)) ”( )(%17...,%,1,1,)7”))
n+l <P xn+l)q>n(f)(%15"',%nflrx">+p( (%nt1 ’xﬂ)q:'n( )(‘%1’ "7‘%"*17})"))
7(71)n+lTM<p(yn, (Xnt1 )an(f)(:{la 3 X I,Xn)+P(Xn+l, )CID ( )( ,"'7}:11—17)’11)>
= (1A Tt (p ()@ () (R %) £ (i1 %0) " () (R K 30))

=) (_l)jf(T(xl)/\T()’l)a"'>£j7"'7T(xk—l)/\T()’k—l)a[T(xj)7T(Y.i)>T(xk)]g/\T()’k)
1<j<k<n

AT () AT ()T T TG ) AT Gkern)s ==+ T ) AT () AT (K1 ))

2n .
W y Y (=1)Tyofol2k—1,2k,2k+1]g0
k=0 1<iy <ip < <ip 201 1< j<k<n

(21, 7216)*20 (Id("‘*n,T,Id(iz’i"1>,T,~-- ,T,Id(z”“”"f)) (xh... ’xmxnﬂ)

2i
=Y Ak y Y (=1)/Tyofol2k,2k+1,2k+2]go(2j— 1, ,2k+1)"20
k=0 1< <ip << L2n+1 1< j<k<n

(100, 710 7 712 ) (R X )

121

+ Z ( X)AT (1), X, 7T(xn)/\T(yn)A[T(xj%T(yJ'),T(an)}g)
72/12” y Y (—1)Tuofo[2k2k+1,2k+2]g0 (2j—1,---,2k+1) "o
1<i) <ip << L2n+11<j<k<n
o (1D, 7,1d® 0, 7 TG (2 X )
n
Z DI (T(x)),T(y;)) 'f(T(xl)/\T(yl),-'- X, ~,T(xn)/\T(yn)/\T(xn+1)>
2n n .
—y A r Y (=) o (p - fo(l, -, 2))%
k=0 1< <ip<---<i<2n+1 j=1
(Id(i171>7T7Id<i27i171)7T7" ° ’T7Id(2”+1*ik>) <%17" ° axnaxn+l>
2n
-y At r (=1 Tyo(p- f)o (1,204 1)+ (1, 20+ Do (1, 20— 1) )o
k=0 1< <ip << <2n+1

(Id(i"1>,T,Id(i2’i"l), T, ,T,Id(2”+1*ik)) <xl7 ... 7xmxn+1)
(o (TOn) T () - (T AT+ T 1) AT 1), T(x))
(1" (T (o) 7)) - (T AT (), T (ot AT Gt ) T(0m) ).

So we have 9"®" = 1 §n,
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Proof of Proposition 8.16

Proof. We just to check that {T}%V}i7 >0 satisfies Equation (2.8), that is, we need to check the following
identity:

(D + D) + 1) + @V) =0,

where
M == ¥ no(Teen,en ef e aT,);
i+ +ip+l=m,
Jitetjgthk=n
Psq;1,k=0
m = Y P o (1 el o (T 0 0T, @ldy 0 T, @ 9 T, ) @ 1d5F);
iyt tip+l=m,
JiFe g tk=n,
iy slpsiy g =1
P, 4, 1, k=0;
m = Y COPT o (1 eml o (T 0T, Rl ST, -
i+ tip+Hl+1=m
Jitetjgtk=n
it Jg>0
vl k.p,q=0
MY kY.
- @T, QTN ®le®...®7“jq)®ldff>,
V H V vV
) = Y 0PI o (W em o (T @ T, 9T 9T @

i+ tip+Hl+1=m
Jitetjgth=n
iysdpy iy 1 jq 20
vl k,p,q=0

- @T;, R4 ®Tj,,, ®---qu)®ldffk).

‘We have that:
Term (I):

123
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_ Z (—1)avao<7}l®"'®7} ®T/}Zv®le®"'®qu)(al®"'®am®f®bl®"'®bn)

Pq p
i H=m, !
Jitetjgthk=n
Pq;1 k=0
= L (Preno (18] ©mpgo (T, 00T, 91y 8T, & 9T, ) 915
i+ tip+H=m,

Jitetjgtk=n,
inysdps iy g1
P, 4, 1, k=0;

b1 ® @b, Rdy ®a; ®- - Qan),

Term (II):

MY !y M k
L e (1 em o (T e 0T, Sl e T, - 9T 914
iy tipH=m,
JietJok=n,
it psfiiee g >1
P, 4, 1, k20

(1@ @anQfOb @ ®by)

== Y 0oy (e a0 e T 0T, ) (o
i+ tipH=m,
j1+'--+}q+k:n
Pg,l,k=0

@b, RldyRa; ®--@ap) (b1 @ @by Rldy ®a; Q- Qan),
Term (I1I):

(~DPTY o (15 @ity o (Ty @ 0T, @1 8T, @0 T,@

ir+tip+l+1=m
Jitetjgtk=n
i slps iy 5 Jg =0
vl k.p,qg=0

T OT, @ 0T, ) 915 ) @ @ ©an® f©b @@ by)

= Z (*I)BﬁefOT/}ZO(Id§i®mp,q+lO(Ti1®"'®7},,®Tr},‘;[®Tj1®"'®ij®

ir+etip+l+1=m
Jitetjgtk=n
i lps iy 5 Jg =0
vl k,p,q>0

s ®Tj,,, ®-~-qu> ®Idf\°k)(b1®m®bn®ldM®a1®-~-®am),

Term (IV):

Vv : vV vV
(~DPTY o (147 @mly o (T @ 0T, 0 TH T, @+ O T, I & T, @
ij iy +H4-1=m
Jitetjgth=n
iy sipyJ1ye 5 Jg 20
vl k.p,q=0

T QU ) (@ @ Ran © f @by @ D by)

- Z (*l)ﬁ”efOT,%o(Idffl®mp+1,q0(7}l®"'®TiV®IdA®7}V+,®"'®7}p®Tr{‘t4®TJ‘]®"’
i1ty 1=m
Jibet jgHen
iy sdps iy 5 jg 20
vl k,p,q=0

-~-®qu) ®Id§k) 01 ® - Rb,Rldy ®a; @ Qay),
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where
n

o= la)(). |bx>+|f|<i1|as|+m+n+1>+<m+n+1><n+1>.
s=1 =

s=1

Taking the sum, one can easily see that
(I) + (II) 4 (IID) + (IV) =0,

since {T;"] }; j>0 subjects to Equation (2.8). Thus {Tl{‘fv }i >0 satisfies Equation (2.8). O
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Proof of Lemma 9.7

Before proving Lemma 9.7, we first introduce the following lemma, which will be used extensively in the
proof.

Lemma C.1. Let (A,dy,-) be a dg algebra and (B,1>) a left dg A-module. Then
k:BoBY —AY

is a dg A-bimodule morphism.
Moreover; if (A, B) is an interactive pair, then X is also a right dg B-module morphism.

Proof. Forany b € B, f € BY and ay,a> € A,
K((@mb) @ f)ar) = (~)IeHaDf (0 a)h)

(1)l (b £ (ar - )
(a2 > K(b@f)) (al).

Similarly, we also have

K(b® (f<ap)) = k(b® f) Qaz,dyv (k(b® f)) = x (dg(b) @ f) + (—1) "Ik (b2 dpv (f)).

Thus, k is a dg A-bimodule morphism.
Now, we assume that (A, B) is an interactive pair. For any by,b; € B, f € BY and a € A,

k(i@ f aby)(a) = (=1)PIWHRIel(r qpy) (arby)
(— 1)|b1\(\f\+\h2\+|“|f(b2*(al>b1))
(— 1)|b1\ \f|+\b2\+|“|f((b2 > a>)bp)
(

k(b1 © f) 4ba)(a),

“ 2

where stands for the multiplication on B and “ < ” stands for the induced right action of B on AV,
Thus, K is also a right dg B-module morphism. O

Proof of Lemma 9.7. We proceed to verify that the Stasheff identities for the operations {m,},>1, intro-
duced in Lemma 9.7, hold trivially in every case. We divide it into the following five cases.
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CaseI: For by,...,b,,1 €Band fi,...,f, € BY, by Lemma C.1 , we have

Y, D mip (@ om0ld®) (b osT o o5 i ®©bu)
i+ j+k=2n+1,
' i{k;OA,j;l i

= Z mpiq © (Id®s @mpjy1 ®Id®k) (bl ®S_lf] & ®S_1fn ®bn+l)
i+j=n,
s+k=2i,
i,j,k=0

P 4 _ _ _
= ) (*1)p+zk*‘(‘bk|+‘f*‘)m2i+l(bl®S i@ @by @5 fy@myjit (bps1 @5 fiyj @bysji)
L=
lij?f
i—1>p20

®S_]fp+j+l®“'®bn+l)

P
N Z (_l)p+k)::](\bk\+|fk|)+lbp+1|

i+j=n,
ij>1,
i—1>p=>0

- ®5 fprji1) ®bp+j+2®"'®bn+l)

+ Y (-1

i+j=n,
i,j=1

+ Y (-1

0<p<n-1

+ Y (-1

0<p<n—1

miy1 (bl R 1@ @5 @by @myjir (s 1 @

L IAD -1 s myt (b @5~ f -
My 1 (b1 ®@s T fi®-@b;®s™ fi@myji1(bip1 @8 fiy1 ®-- Q5™ fu_1Qbpy1)

,
p+ X (Ibel+[fiel)+1 _ _ _
k=i m2n+1(b1®s V@ byas  f,0dp(byi1)®s 1fp+l®"'®bn+l)

P
p+ X (1bel+|fe)+Bp | _ _ _
K= ! m2n+1(b1®s @ os ! feb, s ldBV(fp+l)®"‘®bn+l>

—dpmou (bl @s @@, ®bn+l>

n=1+ X (el +12)

+(=1) m2n+1(b1 ®571f1®"'®571fn®d3(bn+1))

= Y (=D"mup (b1 ®s i ®bos  feT] (K(bp+1 & fp+1) @ @ K(bpy; ®fp+j)> Dby ji1
i+j=n;

®571fp+j+1 ®"'®bn+1)

+ Y (71)}/2m2i+1(b1®571f1®"'®571fp®bp+l®s71fp+1<1Tj(K(bp+2®fp+2)®"'
L

li,jj>1n;

i~i2p>0

@ K(bptj+1 ®fp+j+1)) ®5 ™ fprjra®- - ®bn+1>

+ Y (—1)Pmig (bl®571f1®"'®bi®371fi®Tj(K(bi+l®fi+l)®"'®K(bn®fn))‘>bn+l)
i+ j=n,
i,j>1

P
=14+ ¥ (|b|+|fi])+
LY L (bel+1fe)+y

0<psn—1

+ Y (-1

0<p<n—1

T (k(b1 @ f1) @ @ K(dp(bp11) @ fp41) @+ @ K(bn, fu)) >bnt1

)
n=1+ X (|be|+|fe)+v+[bp+1]
" (o1 1) @ Kby 1 @ (f1)© @ K(ba® ) )b

— (= 1)7dp (T (kb1 @ 1) @+ K(bw @ ) by )

n—1+ ¥ (bl +1fi)+7
—1 k=1

T, (K(bl ®f1)® - @K(bn ®fn)) >dp(bn+1)
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= ¥ (k0 f) @0 kb f) @ (T (kb1 @ frn) @+ 0 klbos; @ fi)) )
i+ j=n;

li-,jj>1r§

i—1=2p=>0

@ K(bs+jt1 ®fs+j+1)) ® - @ K(by ®fn)> Dbyt

+ Z yST( b1 ®f1)®@-- ®K(bs®f3)®m( (s+1®fs+1)®7}'(K(bs+2®fs+2)®

i+j=n,
i,j=1
i—1>s>0

- ® K(bs+j+17fs+j+l)>> ®---@K(by ®fn))‘>bn+l

= ¥ (T (kb1 )00 k(b £)) ST (Kbis1 @ firr) @+ @ k(ba @ f1)) ) Bbas

i+j=n,
i,j=1

—(=1)7ds (Tn(K(bl ®f1) @ @K(by ®fn)))|>bn+1

n—1 )i bi|+|fi
e +H(\ |+ A)HTn (K‘(bl ®f1)®"'®dAV(K(bs®fs))®"'®K(bn®fn))‘>bn+l

_(—1)7< y (—1)S+<f—1><"—f)T,-o(1d®~‘®mlo(Tj®Id)®Id®k)
s+k+j+1=n

+ Z (—1)s+<j71)<[7$)(—1)17j7}O(Id®s®mro(ld®Tj)®Id®k)— Z (—1)1+im0(7}®Tj)
s+k+j+1=n i+j=n

+ Y (=1 o (¥ @ dge @ TdF) — dy oT,,) (K(bl ®A) - @ Kby ®fn)>> bpst
s+k+1=n

:i(n—k-f—l”bk"" i("_k)|fk|;

ptJj ptJ

N P+Z el + 1)+ Y, (pHi—k+Dlbel+ Y (p+i—k)Ifl:
k=1 k=p+1 k=p+1

p+1 pFj+l p+j

n=p+ Z(|bk\+\fk|)+ Y (pHj—k+Dlol+ Y, (p+i—Rlfils
= k=p+2 k=p+1

Y3—1+Z (Ibk] + /%) + Z n—k+1)|be| + Z n—k)|fil;

k=1 k=i+1 k=i+1
)4 ptJj ptJj
=p+—0—p)+G=DCY (bl + /D) + Y (n—k+1)be| + Y (n—K)| fil;
k=1 k=1 k=1
s s+j s+j
B=s+(—D(i—s=1)+ G- DY (bl + /) + Y, (n—k+ )b + Y (n— k)| fil:
k=1 k=1 k=1

i n

Yo =i+ 14— 1)) (bl + 1)) + Z n—k+ )b+ Y (n—k)|fel.
=1 k=it 1 k=it1

Case II: For brevity, we omit the detailed calculations, which are analogous to those in Case I. For



130 APPENDIX C. PROOF OF LEMMA 9.7

biy...,byr1 €Band fo,....f, € B,

)y M1 © (Id@s ®@myji1 ®Id®k> s hebhes v @bes f)
R
s+kl:2'i',i,}},k>0

:(1)7s_1f0<<< Y (71)”“_1)("_’)7}0(Id®’®mlo(Tj®Id)®Id®k)
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Since (A, B) is an interactive pair, by Lemma C.1, then
k(b1 @ f)aby = K‘(bl ®SM2(S71f®b2)), Vby,by €B, f € BY. 0.1
Next, we will use Equation (0.1) to verify three cases where the Stasheff identity holds with a nontrivial
my involved.
CaseIIl: Forn > 1, by,...,by» €Band fi,...,f, €BY,
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Thus, the Stasheff identity holding for the element a; @ s~ fi ® --- @5~ f, ® by 1 @ b1 is equivalent
to that 7, is an n-derivation relative to B.
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CaseIV: For by, ...,b,1 €Band fi,...,f, €BY,
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Thus, the Stasheff identity holding for the element
bo®bi @5 fi®bh®s ' @by ®s T f @byt

is equivalent to that 7;, satisfies Equation (1.2) .
Case V:For1 <I<n,bi,....,by.p€Band fi,...,f, €BY,
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So, we can see that for each 1 < I < n the Stasheff identity holding for the element
bRs i@ s i1 @b@b @ i@ @5 f@byin

is equivalent to that 7}, satisfies Equation (1.3) for /.
In conclusion, (d_1B, {my},>1) is an A., algebra. O
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