
Thesis submitted in fulfilment of the requirements for the award of the degree of
Doctor of Sciences

RESEARCH ON ALGEBRAIC
STRUCTURES RELATED TO
SOLUTIONS OF (QUANTUM)
YANG-BAXTER EQUATION

Yufei Qin

June 25, 2026

Promotor: Prof. Leandro Vendramin & Prof. Guodong Zhou
Jury: Prof. Dominique Maes, chairman

Prof. Marcelo Aguiar (Cornell University) ,
Prof. Naihong Hu (East China Normal University)
Prof. Francesca Fedele (University of Leeds)
Prof. Julia Plavnik (VUB & Indiana University)

Faculty of Sciences & Bioengineering Sciences
Department of Mathematics & Data Science



Abstract

The (quantum) Yang–Baxter equation is a fundamental equation in mathematical physics, originating in
quantum and statistical mechanics. This thesis is divided into three parts and presents a concise study of
several algebraic structures related to its solutions, with particular emphasis on Rota–Baxter structures
on 3-Lie algebras and associative algebras, as well as on L-algebras.
The first part concerns 3-Lie algebras, which provide a natural framework for higher-order generaliza-
tions of Lie algebras and have important applications in mathematical physics. Within this setting, so-
lutions to the classical 3-Lie Yang–Baxter equation are closely related to Rota–Baxter structures. We
develop the representation theory, cohomology, and formal deformation theory of Rota–Baxter and
modified Rota–Baxter 3-Lie algebras of arbitrary weight. We also construct two L∞[1]-algebras whose
Maurer–Cartan elements correspond to relative and absolute modified Rota–Baxter 3-Lie algebra struc-
tures of non-zero weight, and compare this framework with the deformation-controlling L∞[1]-algebra
introduced by Hou, Sheng, and Zhou.
The second part is devoted to associative algebras. Skew-symmetric solutions of the associative Yang–
Baxter equation are closely related to double Lie algebras and cyclic Rota–Baxter algebras, especially
for matrix algebras. We extend these correspondences to the homotopy setting by studying pre-Calabi–
Yau algebras and homotopy double Poisson algebras arising from homotopy Rota–Baxter structures.
We introduce cyclic homotopy Rota–Baxter algebras and construct them via cyclic completion. We fur-
ther define interactive pairs of differential graded algebras and show that, under a suitable cyclic homo-
topy Rota–Baxter structure on the acting algebra, the base algebra inherits a pre-Calabi–Yau structure,
hence a homotopy double Poisson structure. In particular, we show that any differential graded mod-
ule over a differential graded algebra endowed with an ultracyclic (resp. cyclic) homotopy Rota–Baxter
structure naturally carries a (resp. cyclic) homotopy double Lie algebra structure.
The third part studies L-algebras, motivated by set-theoretic solutions of the Yang–Baxter equation and
classical logic. We characterize ideals in semidirect products of L-algebras and describe their prime
spectra. We also construct a family of finite simple L-algebras, prove that every simple linear L-algebra
belongs to this family, and apply these results to linear Hilbert algebras and their symmetric semidirect
products.
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Samenvatting

De (kwantum) Yang–Baxter-vergelijking is een fundamentele vergelijking in de mathematische fysica,
met oorsprong in de kwantummechanica en de statistische mechanica. Dit proefschrift bestaat uit drie
delen en behandelt verschillende algebraïsche structuren die verband houden met haar oplossingen, met
bijzondere nadruk op Rota–Baxter-structuren op 3-Lie-algebra’s en associatieve algebra’s, evenals op
L-algebra’s.
Het eerste deel is gewijd aan 3-Lie-algebra’s, die een natuurlijk kader vormen voor hogere-orde veral-
gemeningen van Lie-algebra’s en belangrijke toepassingen hebben in de mathematische fysica. In deze
context zijn oplossingen van de klassieke 3-Lie Yang–Baxter-vergelijking nauw verbonden met Rota–
Baxter-structuren. Wij ontwikkelen de representatietheorie, cohomologietheorie en formele vervorm-
ingstheorie van Rota–Baxter- en gemodificeerde Rota–Baxter-3-Lie-algebra’s van willekeurig gewicht.
Daarnaast construeren wij twee L∞[1]-algebra’s waarvan de Maurer–Cartan-elementen overeenkomen
met relatieve en absolute gemodificeerde Rota–Baxter-3-Lie-structuren van niet-nulgewicht.
Het tweede deel behandelt associatieve algebra’s. Scheefsymmetrische oplossingen van de associatieve
Yang–Baxter-vergelijking zijn nauw verbonden met dubbele Lie-algebra’s en cyclische Rota–Baxter-
algebra’s. Wij breiden deze verbanden uit naar de homotopiecontext via pre-Calabi–Yau-algebra’s en
homotopische dubbele Poisson-algebra’s die voortkomen uit homotopische Rota–Baxter-structuren.
Verder introduceren wij cyclische homotopische Rota–Baxter-algebra’s, interactieve paren van differen-
tiaalgegradeerde algebra’s, en laten wij zien dat de basisalgebra onder geschikte voorwaarden op natu-
urlijke wijze een pre-Calabi–Yau-structuur, en dus ook een homotopische dubbele Poisson-structuur,
erft. In het bijzonder verkrijgt elke differentiaalgegradeerde module over een geschikte algebra een ho-
motopische dubbele Lie-algebrastructuur.
Het derde deel bestudeert L-algebra’s, gemotiveerd door verzamelingstheoretische oplossingen van de Yang–
Baxter vergelijking en de klassieke logica. Wij karakteriseren idealen in semidirecte producten van L-algebra’s
en beschrijven hun priemspectra. Bovendien construeren wij een familie van eindige eenvoudige L-algebra’s,
bewijzen wij dat elke eenvoudige lineaire L-algebra tot deze familie behoort, en passen wij deze resultaten
toe op lineaire Hilbert-algebra’s en hun symmetrische semidirecte producten.
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List of symbols

Below, the list of symbols that has been used throughout this thesis, can be found. This list is made per
chapter to easily find the meaning for each symbol.

General
Symbol Description
N The set of non-negative integers.
N≥1 The set of positive integers.
Z The set of integers.
Homk(W,V ) The space of linear maps from the linear space W to the space V

over a field k.
Endk(V ) The endomorphism algebra of the (graded) vector space V over a

field k.
gl(V ) The Lie algebra of the (graded) vector space V .
End(X) The set of maps from the set X to itself.
Sn The cyclic group of order n.
Sh(i1, i2, . . . , ir) The set of (i1, . . . , ir)-shuffles.
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Part I

Symbol Description
C (g) The center of the 3-Lie algebra g.
C•3-Lie(g,M) The cochain complex of the 3-Lie algebra g with

coefficients in M.
H•3-Lie(g,M) The cohomology of the 3-Lie algebra g with

coefficients in M.
(g, [−,−,−],T ) An absolute Rota–Baxter 3-Lie algebra of weight λ .
((h,{−,−,−}) ,(g, [−,−,−]) ,ρ,ζ ) A relative 3-Lie algebra pair.
((h,{−,−,−}) ,(g, [−,−,−]) ,ρ,ζ ,R) A relative modified Rota–Baxter 3-Lie algebra

of weight λ .
(g, [−,−,−],R) An absolute modified Rota–Baxter 3-Lie algebra

of weight λ .
C•
RBOλ

(g,M) The cochain complex of Rota–Baxter operators
of weight λ on g with coefficients in M.

H•
RBOλ

(g,M) The cohomology of Rota–Baxter operators of weight λ

on g with coefficients in M.
C•
RB3-Lieλ

(g,M) The cochain complex of Rota–Baxter 3-Lie
algebras of weight λ on g with coefficients in M.

H•
RB3-Lieλ

(g,M) The cohomology of Rota–Baxter 3-Lie
algebras of weight λ on g with coefficients in M.

C•
mRB3-Lieλ

(g,M) The cochain complex of modified Rota–Baxter 3-Lie
algebras of weight λ on g with coefficients in M.

H•
mRB3-Lieλ

(g,M) The cohomology of modified Rota–Baxter 3-Lie
algebras of weight λ on g with coefficients in M.

Part II
Symbol Description
Hom(W,V ) The space of graded linear maps from the graded space W to

V .
Endgr(V ) The endomorphism algebra of the graded vector space V .
W ⊗V The tensor product of (graded) spaces W and V .
T(V ) The tensor algebra generated by the (graded) space V .
Sym(V ) The symmetric algebra generated by the (graded) space V .
{{−,−}} A double Lie bracket.
(A,{mn}n⩾1,{Tn}n⩾1) A homotopy Rota–Baxter algebra.
(A,M,{Ti}i⩾1) A homotopy relative Rota–Baxter algebra.
▷ The left action of A on B in an interactive pair (A,B).
▶ The left action of B on A in an interactive pair (A,B).
◀ The right action of B on A∨ induced by “▶”.(
(A,{Tn}n⩾1),B

)
A homotopy Rota–Baxter interactive pair.
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Part III
Symbol Description
↓x The downset {y ∈ X | y≤ x}.
↑x The upset {y ∈ X | y≥ x}.
I (X) The set of ideals of the L-algebra X .
Spec(X) The prime ideals of I (X) form a topological space, denoted by

Spec(X).
X ⋊ρ Y The semidirect product of the L-algebras X and Y via ρ .
X ∝ρ Y The symmetric semidirect product of CKL-algebras X and Y via

ρ .
S(X) The self-similar closure of the L-algebra X .
ρI (X) The set of ρ-ideals of X .
ρ Spec(X) The space of ρ-prime ideals.
An A simple linear L-algebra of size n.
LHn A linear Hilbert algebra of size n.
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Chapter 1
Introduction

1.1 Introduction

1.1.1 Yang–Baxter equation

The (quantum) Yang–Baxter equation , introduced by Yang [96] and Baxter [12], is one of the fundamen-
tal equations in mathematical physics. It appears in various contexts such as integrable systems, statistical
mechanics, quantum groups, and quantum information theory. Let V be a vector space over a field k. A
linear map R : V ⊗V →V ⊗V is called a solution of the (quantum) Yang–Baxter equation if the identity

R12R13R23 = R23R13R12 (1.1)

holds in Endk(V⊗3). Here Ri j denotes the operator on V⊗3 acting as R on the (i, j)-th tensor factors and
as the identity on the remaining factor.

The classical counterpart, the classical Yang–Baxter equation (CYBE), originated from inverse scat-
tering theory in the work of Faddeev and his collaborators [34, 35]. Belavin and Drinfeld [14] later
initiated a systematic study and partial classification of its solutions. For a Lie algebra g, an element
r = ∑i ai⊗bi ∈ g⊗g is said to satisfy the CYBE if

CYBE(r) =
[
r12,r13]+ [r12,r23]+ [r13,r23]= 0, (1.2)

where r12 =∑i ai⊗bi⊗1, r13 =∑i ai⊗1⊗bi, and r23 =∑i 1⊗ai⊗bi. From the viewpoint of quantization,
the matrix CYBE can be viewed as the classical limit of the quantum equation obtained from a quasi-
classical asymptotic expansion, see [13, 32].

Motivated by the CYBE, Aguiar [1] introduced the associative Yang–Baxter equation (AYBE) as an
associative analogue. For an associative algebra A, an element r = ∑i ai⊗bi ∈ A⊗A satisfies the AYBE
if

AYBE(r) = r13r12− r12r23 + r23r13 = 0, (1.3)

where r12 = ∑i ai ⊗ bi ⊗ 1, r13 = ∑i ai ⊗ 1⊗ bi, and r23 = ∑i 1⊗ ai ⊗ bi. A solution r is said to be
skew-symmetric if r =−r21, where r21 = ∑i bi⊗ai. Aguiar [3] further clarified the relationship between
AYBE and CYBE and provided conditions ensuring that an AYBE solution also satisfies the CYBE. In
subsequent work, Schedler [88] extended this theory to the homotopical setting and introduced the notion
of the associative Yang–Baxter-infinity equation (see Definition 10.10). More precisely, let A be a graded

1



2 CHAPTER 1. INTRODUCTION

associative algebra. A solution of the associative Yang–Baxter-infinity equation is a family of elements
{rn ∈ A⊗n}n⩾1 satisfying, for all n ⩾ 1, the identity

∑
i+ j=n+1

(−1)( j+1)i
∑

σ∈Cn

sgn(σ)rσ(1),σ(2),··· ,σ(i)
i rσ(i),σ(i+1),σ(i+2),··· ,σ(n)

j = 0. (1.4)

In a different direction, Drinfeld [31] proposed to study set-theoretic solutions of the Yang–Baxter
equation. Here one considers a non-empty set X and a map r : X × X → X × X satisfying the braid
relation in End(X3), namely

r12r23r12 = r23r12r23,

where r12 = r× IdX and r23 = IdX × r. For n≥ 2 and 1≤ i < j ≤ n, we denote by ri j : Xn→ Xn the map
acting as r on the (i, j)-th components (in this order) and as the identity on the remaining components.
Such an r induces a linear Yang–Baxter solution by extending r linearly on the vector space with basis X .

For a set-theoretic solution (X ,r), write r(x,y) =
(
λx(y),ρy(x)

)
. It is left (resp. right) non-degenerate

if each λx (resp. ρy) is bijective, and non-degenerate if it is both left and right non-degenerate. It is called
unitary if r21r = IdX×X . The solution is finite if X is finite.

Finally, Rump [80] introduced cycle sets, that is, sets X endowed with bijections σx : X → X defined
by σx(y) = x · y and satisfying the cycloid equation

(x · y) · (x · z) = (y · x) · (y · z). (1.5)

Moreover, he proved that left non-degenerate unitary solutions are in bijection with cycle sets via λx(y) :=
σ−1

y (x) and ρy(x) := λx(y) · y.

1.1.2 Rota–Baxter operators
Rota–Baxter operators on associative algebras originate in Baxter’s 1960 work [11] on fluctuation theory
in probability. They were subsequently investigated by Rota [75,77] and Cartier [17]. Later, Guo and his
collaborators [45–47] established a number of foundational results that substantially advanced the subject.
Rota–Baxter algebras have since found applications in combinatorics [78], renormalization in quantum
field theory [21], multiple zeta values [48], operad theory [6], Hopf algebras [21], and the Yang–Baxter
equation [5].

A striking link with Yang–Baxter theory was established by Semenov-Tian-Shansky [89]. Assuming
that (g, [·, ·]) admits a non-degenerate symmetric invariant bilinear form, Semenov-Tian-Shansky proved
that solutions of the CYBE in g give rise to Rota–Baxter operators of weight zero. Equivalently, one
obtains a linear map T : g→ g satisfying

[T (u),T (v)] = T
(
[T (u),v]+ [u,T (v)]

)
, ∀u,v ∈ g.

Kupershmidt [64] later showed that skew-symmetric CYBE solutions yield relative Rota–Baxter opera-
tors. Moreover, Semenov-Tian-Shansky [89] introduced the modified Yang–Baxter equation, which takes
the operator form

[R(u),R(v)] = R
(
[R(u),v]+ [u,R(v)]

)
− [u,v], ∀u,v ∈ g.

This equation has subsequently been applied to the study of non-commutative generalized Lax pairs,
the affine geometry of Lie groups, and O-operators, among other topics, see [7, 15]. Deformation and
homotopy theories of Rota–Baxter structures on Lie algebras have also been studied by Tang, Bai, Guo,
and Sheng [91], as well as by Lazarev, Sheng, and Tang [65].

The notion of an n-Lie algebra, introduced by Filippov [38], generalizes the classical concept of a Lie
algebra and has connections to a broad range of problems in mathematics and mathematical physics. Bai,
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Guo, Li, and Wu [10] introduced Rota–Baxter operators of arbitrary weight on 3-Lie algebras and showed
that such operators can be obtained from Rota–Baxter operators of arbitrary weight on Lie algebras.
Furthermore, Bai, Guo, and Sheng [8] introduced the notion of a relative Rota–Baxter operator (also
called an O-operator) on a 3-Lie algebra with respect to a representation, in connection with the study of
the 3-Lie classical Yang–Baxter equation.

Aguiar [2] obtained an analogue of the Semenov-Tian-Shansky correspondence in the associative
setting. Specifically, for a solution r = ∑i ai⊗bi in an associative algebra (A, ·), the operator T : A→ A,

T (x) := ∑
i

ai · x ·bi

satisfies the weight-zero Rota–Baxter identity

T (u) ·T (v) = T
(
T (u) · v+u ·T (v)

)
, ∀u,v ∈ A.

In Chapter 8, we will simply refer to (A, ·,T ) as a Rota–Baxter algebra, see Definition 8.1 for details. For
instance, on the polynomial algebra, the indefinite integral operator

T ( f )(x) :=
∫ x

0
f (t)dt

is a Rota–Baxter operator of weight zero. Bai [5] then systematically studied operator-form solutions
of the Yang–Baxter equations. More recently, Gubarev [44] and Zhang, Gao, and Zheng [98] indepen-
dently showed that solutions of the associative Yang–Baxter equation in matrix algebras correspond to
Rota–Baxter algebra structures on those algebras. Das and Misha [23] studied deformations of relative
Rota–Baxter associative algebras and introduced the notion of homotopy relative Rota–Baxter algebras.
Building on operadic methods, Wang and Zhou [95] constructed a minimal model of the operad governing
Rota–Baxter associative algebras of arbitrary weight, derived the corresponding L∞-algebra controlling
deformations, and introduced homotopy Rota–Baxter algebras of arbitrary weight. In Part II of this the-
sis, we focus on homotopy Rota–Baxter algebras of weight zero and homotopy relative Rota–Baxter
algebras. More precisely, let (A,{mn}n⩾1) be an A∞-algebra and (M,{mp,q}p,q≥0) an A∞-bimodule over
A. A family of operators {Tn : M⊗n → A}n⩾1 of degree |Tn| = n− 1 is said to define a homotopy rel-
ative Rota–Baxter algebra structure if it satisfies the following identity (see Definition 8.9 for explicit
definitions of the exponents δ resp. η):

∑
l1+···+lk=n,

l1,...,lk⩾1

(−1)δ mk ◦
(

Tl1 ⊗·· ·⊗Tlk

)

= ∑
1⩽ j⩽p

∑
r1+···+rp=n,

r1,...,rp⩾1

(−1)η Tr1 ◦
(

Id⊗i⊗m j−1,p− j ◦ (Tr2 ⊗·· ·⊗Tr j ⊗ Id⊗Tr j+1 ⊗·· ·⊗Trp)⊗ Id⊗k
)
.

In this case, (A,M,{Tn}n⩾1) is called a homotopy relative Rota–Baxter algebra. In particular, when
M = A, the pair (A,{Tn}n⩾1) is called a homotopy Rota–Baxter algebra.

The concept of n-Lie algebras was introduced by Filippov [38] as a natural generalization of Lie alge-
bras and has since found important applications in mathematics and mathematical physics. In particular,
3-Lie algebras play a significant role in the study of supersymmetry and gauge symmetry transformations
in the world-volume theory of multiple coincident M2-branes [53, 73]. Bai, Guo, Li and Wu [10] intro-
duced Rota–Baxter operators of arbitrary weight on n-Lie algebras, in particular on 3-Lie algebras, and
showed that such operators can be induced from Rota–Baxter operators on Lie algebras, pre-Lie algebras,
and associative algebras. Moreover, they established inheritance properties of Rota–Baxter 3-Lie alge-
bras. Concretely, a Rota–Baxter operator of weight λ on a 3-Lie algebra (g, [−,−,−]) is a linear map
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T : g→ g satisfying

[T (u),T (v),T (w)] (1.6)

=T
(
[T (u),T (v),w]+ [u,T (v),T (w)]+ [T (u),v,T (w)]

+λ [T (u),v,w]+λ [u,T (v),w]+λ [u,v,T (w)]+λ
2[u,v,w]

)
,

for all u,v,w ∈ g.
On the other hand, as a generalization of the classical Yang–Baxter equation to the 3-Lie setting,

Bai, Guo and Sheng [8] introduced the 3-Lie classical Yang–Baxter equation together with the notion
of relative Rota–Baxter operators (also called O-operators) of weight zero, and established a correspon-
dence between solutions of the 3-Lie classical Yang–Baxter equation and relative Rota–Baxter operators.
Subsequently, Hou, Sheng and Zhou [55] introduced relative Rota–Baxter operators of arbitrary weight
on 3-Lie algebras, developed their cohomology theory, and constructed an L∞-algebra controlling their
deformations. More precisely, a relative Rota–Baxter operator of weight λ is a linear map R : h→ g
satisfying

[R(u),R(v),R(w)] = R
(

ρ(R(u),R(v))w+ρ(R(v),R(w))u+ρ(R(w),R(u))v+λ{u,v,w}
)
, (1.7)

for all u,v,w ∈ h, where ρ denotes an action of g on h (see Definition 2.5).
It is worth noting that when g = h, the above two notions of Rota–Baxter operators of weight λ on

3-Lie algebras are not equivalent. Understanding the relationship between these two definitions is there-
fore a problem of independent interest. In this direction, for the first definition (1.6) (see also [10]), we
developed a cohomology theory and showed that low-dimensional cohomology groups control formal de-
formations and abelian extensions [50]. For the second definition (1.7) (see [55]), we introduced modified
Rota–Baxter operators of weight λ on 3-Lie algebras, studied their cohomology theory, and constructed
the corresponding L∞-algebra governing deformations [51].

From an operadic viewpoint, it would be desirable to show that the homotopy differential graded op-
erad obtained in this way provides a minimal model of the original operad. However, whether the operad
governing 3-Lie algebras is Koszul remains an open problem. Consequently, the operadic validity of
Rota–Baxter structures on 3-Lie algebras, especially for non-zero weight, remains a challenging problem
for future investigation.

1.1.3 Double Possion and pre-Calabi-Yau algebras
The notion of double Poisson algebras was introduced by Van den Bergh, who used this structure to es-
tablish a foundational framework for noncommutative Poisson geometry [92]. A double Poisson algebra
is an associative algebra A equipped with a double bracket

{{−,−}} : A⊗A→ A⊗A

satisfying double skew-symmetry, the double Jacobi identity, and the double Leibniz rule (see Defini-
tion 8.2 for details). He showed that the representation schemes of such algebras naturally inherit a
classical Poisson structure:

Proposition 1.1 ([92, Proposition 1.2]). Let (A,{{−,−}}) be a double Poisson algebra. Then the coordi-
nate ring

O(Rep(A,n))

carries a Poisson algebra structure with bracket

{ai j,buv}= {{a,b}}′u j {{a,b}}′′iv.

Here, by convention, any element x ∈ A⊗A is written as x′⊗ x′′, omitting the summation sign.
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From this perspective, double Poisson algebras provide a natural and robust framework for describing
noncommutative Poisson geometry, in accordance with the Kontsevich–Rosenberg principle.

Along a different line of development, pre-Calabi–Yau algebras, which can be viewed as extensions
of classical Calabi–Yau algebras to the setting of A∞-algebras, also serve as a framework for noncom-
mutative Poisson geometry. The notion of pre-Calabi–Yau algebras and, more generally, pre-Calabi–Yau
categories was first introduced by Kontsevich and Vlassopoulos in unpublished notes [63], and later fur-
ther developed in joint work with Takeda [62]. More precisely, if the graded space

∂−1A := A⊕ s−1A∨

is endowed with a cyclic A∞-algebra structure containing A as a A∞-subalgebra, then A is called a pre-
Calabi–Yau algebra (see Definition 7.18). Iyudu, Kontsevich, and Vlassopoulos [58] proved that a certain
class of pre-Calabi–Yau algebras induces classical Poisson structures on their representation spaces. More
generally, Yeung [97] showed that the derived moduli stack of a pre-Calabi–Yau algebra carries a shifted
Poisson structure. Therefore, pre-Calabi–Yau algebras also provide a flexible and powerful framework
for noncommutative Poisson geometry.

Since both double Poisson algebras and pre-Calabi–Yau algebras serve as frameworks for noncommu-
tative Poisson geometry, there exists an intrinsic relationship between them. Iyudu and Kontsevich first
established a bijection between double Poisson algebras and a certain class of special pre-Calabi–Yau
algebras in the preprint [57] (later published in [58]). This correspondence was subsequently interpreted
in [56] as a natural consequence of higher cyclic Hochschild cohomology. Fernández and Herscovich
further generalized this bijection to the differential graded (dg) setting and to homotopy double Poisson
algebras [36]. In particular, they proved a bijection between homotopy double Poisson algebras and a
class of special pre-Calabi–Yau algebras, called good manageable special pre-Calabi–Yau algebras (see
Theorem 10.4 for details):

Theorem 1.2. [36, Theorem 6.3] Let A = ⊕n∈ZAn be a finite dimensional graded space. For a good
manageable special pre-Calabi-Yau structure {mn}n⩾1 on A, define a family of maps

{{{−, · · · ,−}}n : A⊗n→ A⊗n}n⩾1

by

( f1⊗·· ·⊗ fn)({{a1, · · · ,an}}n) = sa1,··· ,an
f1,··· , fn ζA

(
m2n−1

(
an,s−1 fn, · · · ,a2,s−1 f2,a1

)
,s−1 f1

)
(1.8)

for all homogeneous elements a1, · · · ,an ∈A and f1, · · · , fn ∈A∨. The family of maps {{{−, · · · ,−}}n}n⩾1,
together with the dg algebra structure on A, defines a homotopy double Poisson algebra structure on the
graded space A.

Moreover, the assignment{
good manageable special pre-Calabi-Yau
algebra structures {mn}n⩾1 on A

}
→
{

homotopy double Poisson algebra
structures {{{−, · · · ,−}}n}n⩾1 on A

}
defined by (1.8) is a bijection.

Moreover, they showed that double quasi-Poisson algebras can also be interpreted as pre-Calabi–Yau
algebras [37]. More recently, Leray and Vallette established an equivalence between curved pre-Calabi–
Yau algebras and curved double Poisson algebras by proving that the differential graded Lie algebras
controlling their deformation theories are quasi-isomorphic [69].

The notions of homotopy double Lie algebras and homotopy double Poisson algebras were introduced
by Schedler [88]. A homotopy double Poisson algebra is a graded associative algebra A equipped with a
family of homogeneous maps {

{{−, · · · ,−}}n : A⊗n→ A⊗n}
n≥1 ,
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which are skew-symmetric and satisfy the double Jacobi∞ identities together with the double Leibniz∞

rules (see Definition 10.3). In the same work, Schedler introduced the infinity associative Yang–Baxter
equation (see Equation (1.4)) and investigated its relation to homotopy double Poisson structures. In
particular, he showed that skew-symmetric solutions of this equation correspond bijectively to homotopy
double Lie algebras, which can be viewed as homotopy double Poisson algebras without the associative
multiplication (see Definition 10.1).

Leray introduced the notion of protoperads, generalizing operads, and proved that the properad gov-
erning double Lie algebras is Koszul [67, 68]. Building on this, he further showed that the properad
governing double Poisson algebras is also Koszul, which leads to a minimal model for the properad of
double Poisson algebras and provides a conceptual extension of Schedler’s homotopy double Poisson
structures.

1.1.4 L-algebras
Rump [81] introduced the notion of L-algebras as a unified algebraic framework arising from the study of
the Yang–Baxter equation [33, 80, 85], lattice-ordered groups [4, 22], and algebraic logic [86]. In partic-
ular, L-algebras generalize various logical algebraic structures, including Brouwerian semilattices [60],
MV-algebras [19, 20, 41], orthomodular lattices [71], Hilbert algebras [27, 28, 54], and Glivenko alge-
bras [83]. These structures collectively capture the algebraic semantics of classical propositional logic,
residuation theory, and major non-classical logics [43].

The notion of L-algebras provides a conceptual bridge between cycle sets, logical algebras, and group
theory. An L-algebra is a set X equipped with a binary operation (x,y) 7→ x · y and a logical unit 1,
satisfying

1 · x = x, x ·1 = x · x = 1, ∀x ∈ X ,

together with the cycloid equation (1.5) and the order condition

x · y = y · x = 1 =⇒ x = y.

If an L-algebra further satisfies the weak commutativity condition

x · (y · z) = y · (x · z), ∀x,y,z ∈ X ,

then it is called a CKL-algebra. If instead it satisfies

x · (y · z) = (x · y) · (x · z), ∀x,y,z ∈ X ,

then X is called a Hilbert algebra (see Definition 11.1). If only the unit and the cycloid condition are
required, then X is called a unital cycloid [81].

Similarly to the theory of set-theoretic solutions of the Yang–Baxter equation [31], L-algebras admit
a structure group theory. The structure group G(X) of an L-algebra X is defined as the quotient of
its self-similar closure S(X) (see Definition 11.17), where S(X) itself is a quotient of the free monoid
M(X) generated by X (see Theorem 11.19). The group G(X) naturally belongs to the class of right ℓ-
groups [84], which are lattice-ordered groups invariant under right multiplication. This class includes,
in particular, Artin braid groups [16, 26] and Garside groups [24, 25]. Moreover, it was shown in [84]
that Noetherian right ℓ-groups with duality correspond precisely to non-degenerate unitary set-theoretic
solutions of the Yang–Baxter equation.

In recent years, significant progress has been made in the study of ideals and structural properties of
L-algebras. Rump [82] introduced the notions of operates and semidirect products of unital cycloids. An
operate of Y on X is given by a map

ρ : Y → End(X)
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satisfying ρ1 = Id and
ρu·v ◦ρu = ρv·u ◦ρv, ∀u,v ∈ Y.

The corresponding semidirect product is denoted by X ⋊ρ Y . Analogous constructions can be defined
for CKL-algebras and Hilbert algebras, where they are referred to as symmetric semidirect products and
denoted by X ∝ρ Y (see Section 11.2).

From the perspective of lattice theory and topology, Rump and Vendramin [87] proved that the lattice
of ideals I (X) of an L-algebra X is distributive and described the prime spectrum of direct products:

Proposition 1.3 ([87, Proposition 7]). Let X and Y be L-algebras. Then

Spec(X×Y )∼= Spec(X)⊔Spec(Y ).

In [29], Dietzel, Menchón, and Vendramin studied finite linear L-algebras and their isomorphism
classes. They showed that for n ≥ 2, the number of isomorphism classes of linear L-algebras with n
elements coincides with the Bell number of order n− 1. Here, linear L-algebras are those satisfying a
linear order condition.

In [74], we systematically investigate semidirect products, ideals, spectra, and simplicity of L-algebras,
finite linear L-algebras, and Hilbert algebras. In particular, we construct a family of simple CKL-algebras
{An}n≥1 and prove that all finite simple linear L-algebras belong to this class. Moreover, we introduce a
class of CKL-algebras and show that they are all linear. In our recent manuscript [30], we further prove
that all finite simple CKL-algebras are linear, and hence are contained in the family {An}n≥1. Conse-
quently, this provides a complete classification of finite simple CKL-algebras.

1.2 Outline

The dissertation is organized into three parts. The first part is devoted to deformation theory and cohomol-
ogy of Rota–Baxter 3-Lie algebras and modified Rota–Baxter 3-Lie algebras. The second part concerns
the relationships among homotopy Rota–Baxter algebras, pre-Calabi-Yau algebras, and homotopy double
Poisson algebras. The third part addresses ideals of semidirect products of L-algebras and describes the
structure of simple L-algebras.

1.2.1 Part I

The first part is organized as follows: In Chapter 2, we recall basic definitions and notation for 3-Lie
algebras and briefly summarize the corresponding cohomology theory.

In Chapter 3, we introduce Rota–Baxter 3-Lie algebras and modified Rota–Baxter 3-Lie algebras,
discuss representative examples, and present several constructions of modified Rota–Baxter operators of
non-zero weight obtained from constructions of 3-Lie algebras. In Chapter 4, we define a cohomology
theory for Rota–Baxter 3-Lie algebras of non-zero weight with coefficients in a suitable representation.

In Chapter 5, we introduce the corresponding cohomology theory for modified Rota–Baxter 3-Lie
algebras of non-zero weight. As an application, we show that these cohomology theories control, respec-
tively, the formal deformations of Rota–Baxter 3-Lie algebras and modified Rota–Baxter 3-Lie algebras
of non-zero weight.

In Chapter 6, we construct an L∞[1]-algebra structure on the cochain complex associated with (relative
and absolute) modified Rota–Baxter 3-Lie algebras. We prove that relative modified Rota–Baxter 3-Lie
algebra structures of weight λ are in one-to-one correspondence with the Maurer–Cartan elements of the
constructed L∞[1]-algebra (see also Theorem 6.2):
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Theorem 1.4. With all the above notations. Suppose there are maps

π ∈ Homk(∧3g,g),

µ ∈ Homk(∧3h,h),

ρ ∈ Homk(∧2g⊗h,h),

ζ ∈ Homk(∧2h⊗g,g),

T ∈ Homk(h,g)

and δ = π +ρ +λ (µ +ζ ) with nonzero λ .
Then

(δ [1],T ) ∈ (VrPair[1]⊕a)0

is a Maurer-Cartan element in L∞[1]-algebra

(VrPair[1]⊕a,{lmRB
k }k≥1)

if and only
((h,π) ,(g,µ) ,ρ,ζ ,T )

is a relative modified Rota–Baxter 3-Lie algebra structure.

This shows that the L∞[1]-algebra we constructed precisely governs the deformation theory of relative
modified Rota–Baxter 3-Lie algebras. Under the twisting procedure, this subalgebra yields the L∞[1]-
algebra constructed by Hou, Sheng, and Zhou, which controls the deformations of relative Rota–Baxter
operators of weight λ on 3-Lie algebras.

1.2.2 Part II
In the second part. These results reveal a deep interplay among Rota–Baxter algebras, double Poisson al-
gebras, and pre-Calabi-Yau algebras. In this part, we explore these connections within a more general ho-
motopical framework. We introduce the notions of cyclic and ultracyclic homotopy relative Rota–Baxter
algebras, in which the homotopy Rota–Baxter structures satisfy certain cyclic invariance conditions (see
Section 8.3). These notions generalize the skew-symmetric Rota–Baxter operators studied by Goncharov
and Kolesnikov in [42]. To investigate the pre-Calabi-Yau and double Poisson structures arising from ho-
motopy Rota–Baxter algebras, we also define the concept of interactive pairs: pairs of differential graded
algebras (A,B), referred to as the acting algebra A and the base algebra B, they are mutually left modules
and act on each other in a compatible way (see Definition 9.1). In particular, we consider interactive
pairs in which the acting algebra A is equipped with a suitable homotopy relative Rota–Baxter structure.
Such pairs will be called homotopy Rota–Baxter interactive pairs. We then show that the base algebra
B of a homotopy Rota–Baxter naturally acquires a pre-Calabi-Yau algebra structure. More precisely, we
establish the following result (see Theorem 9.9):

Theorem 1.5. Let
(
(A,{Tn}n⩾1),B

)
be a homotopy Rota–Baxter interactive pair, where the acting alge-

bra A and the base algebra B are locally finite-dimensional.

(i) If each Tn is cyclic, then B admits a good manageable pre-Calabi–Yau algebra structure.

(ii) If each Tn is ultracyclic, then B admits a good manageable special pre-Calabi–Yau algebra struc-
ture.
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Then, using the correspondence between pre-Calabi-Yau algebras and homotopy double Poisson alge-
bras established by Fernández and Herscovich in [36], we describe the induced homotopy double Poisson
structures on base algebras in terms of homotopy Rota–Baxter algebra structures. This description is
given in an explicit and streamlined form (see Theorem 10.7):

Theorem 1.6. Let
(
(A,{Tn}n⩾1),B

)
be a homotopy Rota–Baxter interactive pair, where the acting alge-

bra A is finite-dimensional and the base algebra B is locally finite-dimensional.
Define a sequence of maps {{{−, . . . ,−}}n : B⊗n→ B⊗n}n⩾1 by setting {{−}}1 = dB, and for all n⩾ 1,

{{−, . . . ,−}}n+1 := Ψ
n(IdA⊗n),

where the map Ψn is the composition:

Ψ
n : End(A⊗n)∼= A⊗n⊗ (A∨)⊗n Id⊗n⊗Tn−−−−−→ A⊗(n+1) Φ⊗(n+1)

−−−−→ End(B)⊗(n+1)→ End(B⊗(n+1)),

and Φ : A→ End(B) denotes the left A-action on B, i.e., Φ(a)(b) := a▷b.
Then,

(i) If each Tn is cyclic, the collection {{{−, . . . ,−}}n}n⩾1 defines a cyclic homotopy double Poisson
algebra structure on B.

(ii) If each Tn is ultracyclic, the collection {{{−, . . . ,−}}n}n⩾1 defines a homotopy double Poisson
algebra structure on B.

The second part is organized as follows:
In Chapter 7, we begin by reviewing homotopy Possion algebras, A∞-algebras and pre-Calabi–Yau

structures.
In Chapter 8, we recall the definitions of Rota–Baxter algebras and double Lie algebras, along with

their known connections. Building on homotopy framework, we introduce cyclic Rota–Baxter algebras,
as well as cyclic and ultracyclic homotopy relative Rota–Baxter algebras. We also present a cyclic com-
pletion construction for homotopy Rota–Baxter algebras.

In Chapter 9, we introduce the notion of interactive pairs. We study homotopy Rota–Baxter structures
on the acting algebra of such pairs under certain compatibility conditions, leading to the construction of
pre-Calabi–Yau structures on the base algebra. This leads to the proof of Theorem 1.5 (see Theorem 9.9).
In particular, we prove that a dg module over a dg algebra equipped with a cyclic (resp. ultracyclic)
homotopy relative Rota–Baxter structure naturally carries a pre-Calabi—Yau (resp. an ultracyclic pre-
Calabi–Yau) algebra structure .

In Chapter 10, we recall the definitions of homotopy double Lie algebras and homotopy double Pois-
son algebras. We generalize the result of Fernández and Herscovich in Theorem 1.2. Using the construc-
tions from Chapter 9, we prove Theorem 1.6 (see Theorem 10.7). As a special case, we show that a dg
module over an ultracyclic homotopy relative Rota–Baxter algebra naturally inherits a homotopy double
Lie algebra structure. Moreover, we prove that the symmetric algebra of a homotopy double Lie algebra
naturally carries a homotopy Poisson algebra structure. This yields a method for constructing homo-
topy Poisson structures from representations of dg homotopy Rota–Baxter algebras. As an application,
we establish an equivalence between skew-symmetric solutions of the associative Yang–Baxter-infinity
equations, ultracyclic homotopy Rota–Baxter algebra structures, a certain class of pre-Calabi—Yau alge-
bras, and homotopy double Lie algebras, thus extending the results of Goncharov and Kolesnikov to the
homotopical realm.



10 CHAPTER 1. INTRODUCTION

1.2.3 Part III
The purpose of the third part is to investigate the ideals of semidirect products of L-algebras, as well as
the structure of simple L-algebras.

This part is organized as follows.
In Chapter 11, we recall the basic definitions and fundamental concepts related to L-algebras.
In Chapter 12, we prove that the self-similar closure is compatible with the semidirect product of

L-algebras (see also Theorem 12.4):

Theorem 1.7. Let X and Y be two L-algebras, and assume that Y acts on X via ρ . Then

S(X ⋊ρ Y ) = S(X)⋊ρ̃ S(Y ).

In Chapter 13, we study ideals and prime ideals of semidirect products of L-algebras, as well as
symmetric semidirect products of CKL-algebras. We establish a decomposition criterion for ideals in
semidirect products (see Theorem 13.8):

Theorem 1.8. Let X and Y be L-algebras such that Y acts on X via ρ . Then K is an ideal of X ⋊ρ Y if
and only if ρ induces an action

ρ̃ : Y/KY −→ End(X/KX ),

such that
(X ⋊ρ Y )

/
(KX ⋊ρ|KY

KY ) ∼= X/KX ⋊ρ̃ Y/KY .

In this context, we introduce the notions of ρ-ideals, ρ-prime ideals, and the ρ-spectrum ρ Spec(X).
A ρ-ideal is an ideal I ⊆ X satisfying

ρv(I)⊆ I, ∀v ∈ Y,

while a ρ-prime ideal is a prime element in the lattice of ρ-ideals. The ρ-spectrum ρ Spec(X) is defined
as the topological space consisting of all ρ-prime ideals (see Definition 13.12).

Furthermore, we prove that the lattice ρI (X) of ρ-ideals is distributive, and that the prime spectrum
of X ⋊ρ Y decomposes as a disjoint union of the ρ-spectrum of X and the spectrum of Y (see Theo-
rem 13.17):

Theorem 1.9. Let P be an ideal of X and Q an ideal of Y . Then P⋊Q is a prime ideal of X ⋊ρ Y if and
only if one of the following holds:

(i) P = X and Q is a prime ideal of Y ;

(ii) P is a ρ-prime ideal of X and Q = ker(ρP).

Moreover,
Spec(X ⋊ρ Y )∼= ρ Spec(X)⊔Spec(Y ).

This result can be regarded as a substantial extension of Proposition 1.3.
As an application, we establish a natural correspondence between ideals of semidirect products and

those of symmetric semidirect products of CKL-algebras (see Proposition 13.20):

Proposition 1.10. Let X and Y be CKL-algebras such that Y acts on X via ρ . Let L be an ideal of the
symmetric semidirect product X ∝ρ Y . Define

L̃ = LX ⋊ρ|LY
LY ⊆ X ⋊ρ Y.

Then the correspondence
L 7−→ L̃ and K∩ (X ∝ρ Y )←−[ K

defines a bijection between ideals of X ∝ρ Y and ideals of X ⋊ρ Y .
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In Chapter 14, we introduce a family of simple CKL-algebras {An}n≥1 (see Proposition 14.5) and
investigate linear L-algebras using ideal-theoretic methods. We prove that every simple linear L-algebra
of size n is isomorphic to An (see Theorem 14.3).

We further introduce the notions of tail and tail+ L-algebras. A tail is defined as the upward closure
of minimal elements in an L-algebra, while a tail+ L-algebra is a finite L-algebra X that either admits a
tail or contains a subalgebra

Y ⊆ Y0 ⊆ X ,

such that Y has a tail, Y0 \Y is a set of a minimal element of Y0, and X \Y forms a partially ordered set
(see Definition 14.10). We then prove that every simple tail+ CKL-algebra is linear (see Theorem 14.15).

In Chapter 15, we study linear Hilbert algebras and their symmetric semidirect products in detail. We
prove that a Hilbert algebra is simple if and only if it has at most two elements (see Proposition 15.3).
Moreover, we construct a family of linear Hilbert algebras LHn and show that every linear Hilbert algebra
belongs to this class (see Proposition 15.5).

As an application of the previous results, we determine the number of ideals in symmetric semidirect
products of Hilbert algebras (see Proposition 15.7). In particular, we compute that the number of ideals
in the symmetric semidirect product of an n-element linear Hilbert algebra with a simple Hilbert algebra
is 2n− k (see Example 15.9).
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Part I

Deformations and cohomology theory
of Rota–Baxter 3-Lie algebras and

modified Rota–Baxter 3-Lie algebras
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Chapter 2
Preliminaries

2.1 3-Lie algebras
In this section, we will recall some basic notions and facts about 3-Lie algebras from [10, 38, 55, 70].

Definition 2.1. A 3-Lie algebra is a vector space g together with a skew-symmetric trilinear map

[−,−,−] : ∧3g→ g

satisfying the fundamental identity

[x,y, [u,v,w]] = [[x,y,u],v,w]+ [u, [x,y,v],w]+ [u,v, [x,y,w]], x,y,u,v,w ∈ g.

Definition 2.2. Let (g, [−,−,−]) be a 3-Lie algebra and M a vector space. A representation of g on M is
a linear map

ρ : ∧2g→ gl(M)

such that for all x1,x2,x3,x4 ∈ g,

[ρ(x1,x2),ρ(x3,x4)] = ρ([x1,x2,x3],x4)+ρ(x3, [x1,x2,x4]), (2.1)
ρ(x1, [x2,x3,x4]) = ρ(x3,x4)ρ(x1,x2)−ρ(x2,x4)ρ(x1,x3)+ρ(x2,x3)ρ(x1,x4). (2.2)

Definition 2.3. Let (g, [−,−,−]) be a 3-Lie algebra. Define

ad : ∧2g→ gl(g), adx,y(z) = [x,y,z].

Then ad is a representation of g on g, called the adjoint representation.

Definition 2.4. Let g be a 3-Lie algebra. The derived algebra is

g1 = [g,g,g],

and the center is
C (g) = {x ∈ g | [x,y,z] = 0, ∀y,z ∈ g}.

Definition 2.5. Let (g, [−,−,−]) and (h,{−,−,−}) be 3-Lie algebras, and ρ : ∧2g→ gl(h) a represen-
tation of g on h. If

ρ(x,y)u ∈ C (h), ρ(x,y){u,v,w}= 0, ∀x,y ∈ g, u,v,w ∈ h,

then ρ is called an action of g on h.

15
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Let (M,ρ) be a representation of a 3-Lie algebra g. We define the cochain complex (C•3-Lie(g,M),d•)
of 3-Lie algebra with coefficients in (M,ρ), that is, let

C0
3-Lie(g,M) = M, Cn

3-Lie(g,M) = Homk
(
(∧2g)⊗(n−1)∧g, M

)
, n≥ 1.

The coboundary operator
∂

n
3-Lie : Cn

3-Lie(g,M)→Cn+1
3-Lie(g,M)

is given, for Xi = xi∧ yi, by

∂
n
3-Lie f (X1, . . . ,Xn,xn+1) = (−1)n+1

ρ(yn,xn+1) f (X1, . . . ,Xn−1,xn)

+(−1)n+1
ρ(xn+1,xn) f (X1, . . . ,Xn−1,yn)

+
n

∑
j=1

(−1) j+1
ρ(x j,y j) f (X1, . . . , X̂ j, . . . ,Xn,xn+1)

+
n

∑
j=1

(−1) j f (X1, . . . , X̂ j, . . . ,Xn, [x j,y j,xn+1])

+ ∑
1≤ j<k≤n

(−1) j f (X1, . . . , X̂ j, . . . ,Xk−1,

[x j,y j,xk]∧ yk + xk ∧ [x j,y j,yk],Xk+1, . . . ,Xn,xn+1).

The corresponding cohomology is denoted by

H•3-Lie(g,M).

When M = g with the adjoint representation, we write

Hn
3-Lie(g) = Hn

3-Lie(g,g), n≥ 1.

2.2 L∞[1]-algebras and V-data
Next, we recall the basic notions on graded vector spaces. A (homologically) graded space is a Z-
indexed family of k-vector spaces V = {Vn}n∈Z. Elements of

⋃
n∈ZVn are called homogeneous, and a

homogeneous element v has degree |v|= n if v ∈Vn.
The suspension of a graded space V is the graded space sV , defined by (sV )n = Vn−1 for all n ∈ Z.

For v ∈Vn−1, we denote the corresponding element in (sV )n by sv. The map s : V → sV , given by v 7→ sv,
is a graded map of degree 1.

Similarly, the desuspension of V , denoted s−1V , is defined by (s−1V )n = Vn+1. For v ∈ Vn+1, the
corresponding element in (s−1V )n is written as s−1v. The map s−1 : V → s−1V , given by v 7→ s−1v, is a
graded map of degree −1.

Let V be a graded vector space. Define the graded symmetric algebra Sym(V ) of V by Sym(V ) =
T(V )/I, where the two-sided ideal I is generated by

x⊗ y− (−1)|x||y|y⊗ x

for all homogeneous elements x,y∈V . For homogeneous elements x1, . . . ,xn ∈V and σ ∈Sn, the Koszul
sign ε(σ ;x1, . . . ,xn) is defined by the identity

x1⊙ x2⊙·· ·⊙ xn = ε(σ ;x1, . . . ,xn)xσ(1)⊙ xσ(2)⊙·· ·⊙ xσ(n) ∈ Sym(V ), (2.3)
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where⊙ denotes the multiplication in Sym(V ). For instance, x⊙y = (−1)|x||y|y⊙x, hence ε((1 2);x,y) =
(−1)|x||y|. We also define

χ(σ ;x1, . . . ,xn) = sgn(σ)ε(σ ;x1, . . . ,xn), (2.4)

where sgn(σ) is the sign of the permutation σ .

Definition 2.6. An L∞[1]-algebra is a pair (L =
⊕

i∈Z Li,{lk}k≥1) consisting of a graded vector space
L =

⊕
i∈Z Li together with a family of degree-1 multilinear maps lk : L⊗k→ L (k ≥ 1) such that:

(i) (graded symmetry) for any k ≥ 1, any homogeneous x1, . . . ,xk ∈ L, and any σ ∈Sk,

lk(xσ(1)⊗·· ·⊗ xσ(k)) = ε(σ ;x1, . . . ,xk) lk(x1⊗·· ·⊗ xk);

(ii) (higher Jacobi identities) for any n≥ 1 and homogeneous x1, . . . ,xn ∈ L,

∑
i+ j=n+1

∑
σ∈Sh(i,n−i)

ε(σ ;x1, . . . ,xn) l j

(
li(xσ(1)⊗·· ·⊗ xσ(i))⊗ xσ(i+1)⊗·· ·⊗ xσ(n)

)
= 0,

where Sh(i,n− i)⊂Sn denotes the set of (i,n− i)-shuffles, i.e., permutations σ ∈Sn such that

σ(1)< · · ·< σ(i) and σ(i+1)< · · ·< σ(n).

Throughout the paper, all L∞[1]-algebras are assumed to be weakly filtered, so that the infinite sums
appearing below are convergent.

Definition 2.7. Let (L,{lk}k≥1) be an L∞[1]-algebra. An element α ∈ L0 is called a Maurer–Cartan
element if it satisfies

∞

∑
k=1

1
k!

lk(α⊗·· ·⊗α) = 0,

whenever the series converges.

Proposition 2.8. [40, Twisting procedure] Let α be a Maurer–Cartan element of an L∞[1]-algebra
(L,{lk}k≥1). The twisted L∞[1]-algebra structure on L is given by multilinear maps lα

n : L⊗n → L de-
fined by

lα
n (x1⊗·· ·⊗ xn) =

∞

∑
i=0

1
i!

ln+i
(
α⊗·· ·⊗α︸ ︷︷ ︸

i times

⊗x1⊗·· ·⊗ xn
)
, ∀x1, . . . ,xn ∈ L,

whenever the infinite sum converges (or terminates in a finite case). In particular, α ∈ L0 induces a
degree-one differential

lα
1 (x) =

∞

∑
i=0

1
i!

li+1
(
α⊗·· ·⊗α︸ ︷︷ ︸

i times

⊗x
)
,

which turns (L, lα
1 ) into a cochain complex. The corresponding cohomology groups are referred to as the

cohomology induced by the Maurer–Cartan element α .

An important class of L∞[1]-algebras arise from V -datas [94]. Recall that a V -data is a quadrupe
(V,a,P,△) in which

(i) V is a graded Lie algebra (with the graded Lie bracket [ , ]);

(ii) a⊂V is an abelian graded Lie subalgebra;

(iii) P : V → a is a projection map with the property that ker(P)⊂V is a graded Lie subalgebra;
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(iv) and△∈ ker(P)1 that satisfies [△,△] = 0.

The construction of L∞-subalgebras using V -data has been studied in [23,39,72]. We summarize this
method in the following simplified theorem.

Theorem 2.1. Let (V,a,P,△) be a V -data. Suppose V ′ ⊂ V is a graded Lie subalgebra that satisfies
[△,V ′]⊂V ′. Then the graded vector space sV ′⊕a carries an L∞[1]-algebra structure with the multilinear
operations

l1(sx⊗a) =
(
− s[△,x], P(x+[△,a])

)
,

l2(sx⊗ sy) = (−1)|x|s[x,y],
lk(sx⊗a1⊗·· ·⊗ak−1) = P [· · · [[x,a1],a2], . . . ,ak−1] , for k ≥ 2,

lk(a1⊗·· ·⊗ak) = P [· · · [[△,a1],a2], . . . ,ak] , for k ≥ 2.

Here x,y are homogeneous elements in V ′ and a1, . . . ,ak are homogeneous elements in a. Up to the
permutations of the above entries, all other multilinear operations vanish.

Moreover, let ι : V ′′ ↪→V ′ be a monomorphism of graded Lie algebras such that [△, ι(V ′′)]⊂ ι(V ′′).
Then the graded vector space sV ′′⊕a also carries an L∞[1]-algebra structure with the multilinear oper-
ations:

l′1(sx⊗a) =
(
− sι

−1[△, ι(x)], P(ι(x)+ [△,a])
)
,

l′2(sx⊗ sy) = (−1)|x|ι−1s[ι(x), ι(y)],

l′k(sx⊗a1⊗·· ·⊗ak−1) = P [· · · [[ι(x),a1],a2], . . . ,ak−1] , for k ≥ 2,
l′k(a1⊗·· ·⊗ak) = P [· · · [[△,a1],a2], . . . ,ak] , for k ≥ 2.

Here x,y are homogeneous elements in V ′′ and a1, . . . ,ak are homogeneous elements in a.
In addition, the map ι induces a monomorphism of L∞[1]-algebras:

ι̃ :
(
V ′′[1]⊕a,{l′k}k≥1

)
−→

(
V ′[1]⊕a,{lk≥1

)
, ( f [1],θ) 7→ (ι( f )[1],θ).



Chapter 3
(Modified) Rota–Baxter 3-Lie algebras

3.1 (Modified) Rota–Baxter operators of weight λ

In this section, we introduce the notions of Rota–Baxter 3-Lie algebras of weight λ and relative (modified)
Rota–Baxter 3-Lie algebras of weight λ , and give some of their basic properties.

Definition 3.1. [10] Let (g, [−,−,−]) be a 3-Lie algebra and let T : g→ g be a linear map. We call T an
(absolute) Rota–Baxter operator of weight λ on g, or equivalently say that (g, [−,−,−],T ) is a (absolute)
Rota–Baxter 3-Lie algebra of weight λ , if for all x,y,z ∈ g,

[T (x),T (y),T (z)] = T
(
[T (x),T (y),z]+ [x,T (y),T (z)]+ [T (x),y,T (z)] (1.1)

+λ [T (x),y,z]+λ [x,T (y),z]+λ [x,y,T (z)]+λ
2[x,y,z]

)
.

Definition 3.2. [55] Let (g, [−,−,−]) and (h,{−,−,−}) be 3-Lie algebras. Let ρ : ∧2g→ gl(h) be an
action of a 3-Lie algebra (g, [−,−,−]) on a 3-Lie algebra (h,{−,−,−}), and ζ : ∧2h→ gl(g) an action
of (h,{−,−,−}) on (g, [−,−,−]). A linear map R : h→ g is called a relative modified Rota–Baxter
operator of weight λ ∈ k from a 3-Lie algebra h to a 3-Lie algebra g with respect to actions ρ and ζ if
∀u,v,w ∈ h,

[R(u),R(v),R(w)] =R
(

ρ(R(u),R(v))w+ρ(R(v),R(w))u+ρ(R(w),R(u))v+λ{u,v,w}
)

(1.2)

−λζ (u,v)R(w)−λζ (v,w)R(u)−λζ (w,u)R(v).

In this case, the quadruple ((h,{−,−,−}) ,(g, [−,−,−]) ,ρ,ζ ) is called a relative 3-Lie algebra pair.
Moreover, the quintuple ((h,{−,−,−}) ,(g, [−,−,−]) ,ρ,ζ ,R) is called a relative modified Rota–Baxter
3-Lie algebra of weight λ .

Moreover, If

• h= g and ρ = ζ = ad, we call (g, [−,−,−],R) an absolute modified Rota–Baxter 3-Lie algebra of
weight λ , or simply a modified Rota–Baxter 3-Lie algebra of weight λ , or a modified Rota–Baxter
3-Lie algebra;

• ζ : ∧2h→ gl(g) vanish, we call the quadruple ((h,{−,−,−}) ,(g, [−,−,−]) ,ρ,R) is called a rel-
ative Rota–Baxter 3-Lie algebra of weight λ .

19



20 CHAPTER 3. (MODIFIED) RB 3-LIE ALGEBRAS

Example 3.3. Let (g, [−,−,−]) be a 3-Lie algebra. The following statements hold simultaneously for
Rota–Baxter operators and modified Rota–Baxter operators (with the corresponding weights).

(i) The identity map Idg is a modified Rota–Baxter operator of weight 1 and a Rota–Baxter operator
of weight −1.

(ii) An operator R is a Rota–Baxter operator if and only if −R is a Rota–Baxter operator. Similarly, R
is a modified Rota–Baxter operator if and only if −R is a modified Rota–Baxter operator.

(iii) Let R be a Rota–Baxter operator (respectively, a modified Rota–Baxter operator) on g and let
ψ ∈ gl(g) be an automorphism of the 3-Lie algebra g. Then the conjugate operator

ψ
−1 ◦R◦ψ

is again a Rota–Baxter operator (respectively, a modified Rota–Baxter operator).

Example 3.4. [55] Let (g, [−,−,−]g) be a 4-dimensional 3-Lie algebra with a basis {e1,e2,e3,e4} and
the nonzero multiplication is given by

[e2,e3,e4] = e1.

The center of g is the subspace generated by {e1}. It is obvious that the adjoint representation
ad : ∧2g→ gl(g) is an action of g on itself. Let h be a subalgebra of g generated by {e3,e4}.

The projection P : g→ g given by


P(e1) = 0,
P(e2) = 0,
P(e3) = e3,
P(e4) = e4,

is a relative Rota–Baxter operator of weight λ

from g to g with respect to the adjoint action ad.

Example 3.5. Let (g, [−,−,−]) be a 3-Lie algebra whose non-zero brackets are given with respect to a
basis {e1,e2,e3} by

[e1,e2,e3] = e1.

Then R =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 is a modified Rota–Baxter operator of weight 1 if and only if

[R(e1),R(e2),R(e3)] = R([R(e1),R(e2),e3]+ [e1,R(e2),R(e3)]+ [R(e1),e2,R(e3)]+ [e1,e2,e3])

− [R(e1),e2,e3]− [e1,R(e2),e3]− [e1,e2,R(e3)].

After calculation, we can obtain

[R(e1),R(e2),R(e3)] = [a11e1,a22e2,a33e3]+ [a11e1,a32e3,a23e2]

+ [a21e2,a12e1,a33e3]+ [a21e2,a32e3,a13e1]

+ [a31e3,a12e1,a23e2]+ [a31e3,a22e2,a13e1]

= (a11a22a33−a11a32a23−a21a12a33 +a21a32a13 +a31a12a23−a31a22a13)e1,
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on the other hand,

R([R(e1),R(e2),e3]+ [e1,R(e2),R(e3)]+ [R(e1),e2,R(e3)]+ [e1,e2,e3])

− [R(e1),e2,e3]− [e1,R(e2),e3]− [e1,e2,R(e3)]

= R([a11e1,a22e2,e3])+R([a21e2,a12e1,e3])+R([a11e1,e2,a33e3])+R([a31e3,e2,a13e1])

+R([e1,a22e2,a33e3])+R([e1,a32e3,a23e2])+R([e1,e2,e3])

− [a11e1,e2,e3]− [e1,a22e2,e3]− [e1,e2,a33e3]

=
(
(a11a22−a21a12 +a11a33−a31a13 +a22a33−a32a23)a11−a22−a33

)
e1

+(a11a22−a21a12 +a11a33−a31a13 +a22a33−a32a23 +1)a21e2

+(a11a22−a21a12 +a11a33−a31a13 +a22a33−a32a23 +1)a31e3.

Thus, R is a modified Rota–Baxter operator of weight 1 if and only if

a11a22a33−a11a32a23−a21a12a33 +a21a32a13 +a31a12a23−a31a22a13

= (a11a22−a21a12 +a11a33−a31a13 +a22a33−a32a23)a11−a22−a33,

and

(a11a22−a21a12 +a11a33−a31a13 +a22a33−a32a23 +1)a21

= (a11a22−a21a12 +a11a33−a31a13 +a22a33−a32a23 +1)a31

= 0.

In particular, R1 =

 1 0 0
0 1 0
0 0 −1

 and R2 =

 1 0 0
0 −1 0
0 0 1

 are modified Rota–Baxter operators

of weight 1.

Example 3.6. Let (g, [−,−,−]) be a 3-Lie algebra whose non-zero brackets are given with respect to a
basis {e1,e2,e3,e4} by

[e2,e3,e4] = e1.

Then R =


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

 is a modified Rota–Baxter operator of weight 1 if and only if

[R(e2),R(e3),R(e4)] = R([R(e2),R(e3),e4]+ [e2,R(e3),R(e4)]+ [R(e2),e3,R(e4)]+ [e2,e3,e4])

− [R(e2),e3,e4]− [e2,R(e3),e4]− [e2,e3,R(e4)].

After calculation, we can obtain

[R(e2),R(e3),R(e4)] = [a22e2,a33e3,a44e4]+ [a22e2,a43e4,a34e3]+ [a32e3,a23e2,a44e4]

+ [a32e3,a43e4,a24e2]+ [a42e4,a23e2,a34e3]+ [a42e4,a33e3,a24e2]

= (a22a33a44−a22a43a34−a32a23a44 +a32a43a24 +a42a23a34−a42a33a24)e1,
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on the other hand,

R([R(e2),R(e3),e4]+ [e2,R(e3),R(e4)]+ [R(e2),e3,R(e4)]+ [e2,e3,e4])

− [R(e2),e3,e4]− [e2,R(e3),e4]− [e2,e3,R(e4)]

= R([a22e2,a33e3,e4])+R([a32e3,a23e2,e4])+R([e2,a33e3,a44e4])

+R([e2,a43e4,a34e3])+R([a22e2,e3,a44e4])+R([a42e4,e3,a24e2])

+R(e1)−a22e1−a33e1−a44e1

= (a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)R(e1)−a22e1−a33e1−a44e1

= ((a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a11−a22−a33−a44)e1

+(a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a21e2

+(a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a31e3

+(a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a41e4.

Thus, R is a modified Rota–Baxter operator of weight 1 if and only if

a22a33a44−a22a43a34−a32a23a44 +a32a43a24 +a42a23a34−a42a33a24

= (a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a11−a22−a33−a44,

and

(a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a21

= (a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a31

= (a22a33−a32a23 +a33a44−a43a34 +a22a44−a42a24 +1)a41 = 0.

In particular, R1 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 and R2 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 are modified Rota–Baxter

operators of weight 1.

Proposition 3.7. Let (g, [−,−,−]) be a 3-Lie algebra. Then R is a Rota–Baxter operator of weight λ if
and only if 2R+λ id is a modified Rota–Baxter operator of weight λ 2.

Proof. For any x,y,z ∈ g, we have

[(2R+λ id)(x),(2R+λ id)(y),(2R+λ id)(z)]

= [2Rx+λx,2Ry+λy,2Rz+λ z]

= 8[Rx,Ry,Rz]+4λ [Rx,Ry,z]+4λ [R(x),y,Rz]+4λ [x,Ry,Rz]

+2λ
2[x,y,Rz]+2λ

2[x,Ry,z]+2λ
2[Rx,y,z]+λ

3[x,y,z]

= 8R
(
[Rx,Ry,z]+ [Rx,y,Rz]+ [x,Ry,Rz]+λ [Rx,y,z]+λ [x,Ry,z]+λ [x,y,Rz]

+λ
2[x,y,z]

)
+4λ [Rx,Ry,z]+4λ [R(x),y,Rz]+4λ [x,Ry,Rz]

+2λ
2[x,y,Rz]+2λ

2[x,Ry,z]+2λ
2[Rx,y,z]+λ

3[x,y,z]

= (2R+λ id)
(
[(2R+λ id)x,(2R+λ id)y,z]+ [x,(2R+λ id)y,(2R+λ id)z]

+ [(2R+λ id)x,y,(2R+λ id)z]+λ
2[x,y,z]

)
−λ

2[(2R+λ id)x,y,z]

−λ
2[x,(2R+λ id)y,z]−λ

2[x,y,(2R+λ id)z].

And the proof is finished.
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3.2 The constructions of modified Rota–Baxter operators of weight
λ

In [10], Bai, Guo, Li, and Wu. constructed Rota–Baxter 3-Lie algebras from Rota–Baxter Lie algebras
and Rota–Baxter pre-Lie algebras. In this section, inspired by these constructions of 3-Lie algebras, we
present several constructions of modified Rota–Baxter operators of weight λ .

Lemma 3.8. ([9]) Let (g, [·, ·]) be a Lie algebra and g∗ be the dual space of g. Suppose that f ∈ g∗

satisfies f ([x,y]) = 0 for all x,y ∈ g. Then there is a 3-Lie algebra structure on g given by

[x,y,z] f = f (x)[y,z]+ f (y)[z,x]+ f (z)[x,y], ∀x,y,z ∈ g.

Definition 3.9. A linear map R : g→ g is called a modified Rota–Baxter operator of weight λ ∈ k, or
simply a modified Rota–Baxter operator on a Lie algebra (g, [·, ·]) if R satisfies the following condition

[R(x),R(y)] = R
(
[R(x),y]+ [x,R(y)]

)
+λ [x,y], ∀x,y ∈ g.

Theorem 3.1. Let R be a modified Rota–Baxter operator of weight λ on a Lie algebra (g, [·, ·]), f ∈ g∗

satisfies f ([x,y]) = 0 for any x,y ∈ g. Then R is a modified Rota–Baxter operator of weight λ on a 3-Lie
algebra (g, [−,−,−] f ) if and only if R satisfies

R
(

f (x)[Ry,Rz]+ f (y)[Rz,Rx]+ f (z)[Rx,Ry]+λ f (x)[y,z]+λ f (y)[z,x]+λ f (z)[x,y]
)

−λ f (x)[Ry,z]−λ f (x)[y,Rz]−λ f (y)[Rz,x]−λ f (y)[z,Rx]−λ f (z)[Rx,y]−λ f (z)[x,Ry]

−2λ f (Ry)[z,x]−2λ f (Ry)[z,x]−2λ f (Rz)[x,y] = 0.

Proof. For any x,y,z ∈ g, we have

[Rx,Ry,Rz] f = f (Rx)[Ry,Rz]+ f (Ry)[Rz,Rx]+ f (Rz)[Rx,Ry]

= R( f (Rx)[Ry,z]+ f (Rx)[y,Rz])+R( f (Ry)[Rz,x]+ f (Ry)[z,Rx])

+R( f (Rz)[Rx,y]+ f (Rz)[Rx,y])+λ f (Rx)[y,z]+λ f (Ry)[z,x]

+λ f (Rz)[x,y].

On the other hand, we have

R([Rx,Ry,z] f +[x,Ry,Rz] f +[Rx,y,Rz] f +λ [x,y,z] f )−λ [Rx,y,z] f −λ [x,Ry,z] f −λ [x,y,Rz] f

= R
(

f (Rx)[Ry,z]+ f (Ry)[z,Rx]+ f (z)[Rx,Ry]+ f (x)[Ry,Rz]+ f (Ry)[Rz,x]+ f (Rz)[x,Ry]

+ f (Rx)[y,Rz]+ f (y)[Rz,Rx]+ f (Rz)[Rx,y]+λ f (x)[y,z]+λ f (y)[z,x]+λ f (z)[x,y]
)

−λ f (Rx)[y,z]−λ f (y)[z,Rx]−λ f (z)[Rx,y]−λ f (x)[Ry,z]−λ f (Ry)[z,x]−λ f (z)[x,Ry]

−λ f (x)[y,Rz]−λ f (y)[Rz,x]−λ f (Rz)[x,y]

= R
(

f (x)[Ry,Rz]+ f (y)[Rz,Rx]+ f (z)[Rx,Ry]+λ f (x)[y,z]+λ f (y)[z,x]+λ f (z)[x,y]
)

−λ f (x)[Ry,z]−λ f (x)[y,Rz]−λ f (y)[Rz,x]−λ f (y)[z,Rx]−λ f (z)[Rx,y]−λ f (z)[x,Ry]

+ [Rx,Ry,Rz] f −2λ f (Ry)[z,x]−2λ f (Rx)[y,z]−2λ f (Rz)[x,y].

Then R is a modified Rota–Baxter operator of weight λ on a 3-Lie algebra (g, [−,−,−] f ) if and only if R
satisfies

R
(

f (x)[Ry,Rz]+ f (y)[Rz,Rx]+ f (z)[Rx,Ry]+λ f (x)[y,z]+λ f (y)[z,x]+λ f (z)[x,y]
)

−λ f (x)[Ry,z]−λ f (x)[y,Rz]−λ f (y)[Rz,x]−λ f (y)[z,Rx]−λ f (z)[Rx,y]−λ f (z)[x,Ry]

−2λ f (Ry)[z,x]−2λ f (Ry)[z,x]−2λ f (Rz)[x,y] = 0.
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Example 3.10. Let (g, [−,−]) be the 3-dimensional Lie algebra given by

[e1,e2] = e2,

where {e1,e2,e3} is a basis of g. By Lemma 3.8, the trace function f ∈ g∗, where


f (e1) = 1,
f (e2) = 0,
f (e3) = 1,

induces

a 3-Lie algebra (g, [−,−,−] f ) defined with the same basis by

[e1,e2,e3] f = e2.

Consider a linear map R : g→ g defined by

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 with respect to the basis {e1,e2,e3}.

Define

Re1 = a11e1 +a21e2 +a31e3, Re2 = a12e1 +a22e2 +a32e3, Re3 = a13e1 +a23e2 +a33e3.

In order to obtain that R is a modified Rota–Baxter operator of weight 1 on the Lie algebra g, we need

[Rei,Re j] = R([Rei,e j]+ [ei,Re j])+ [ei,e j], i, j = 1,2,3.

By a straightforward computation, we conclude that R is a modified Rota–Baxter operator of weight 1 on
the Lie algebra g if and only if

a11 =−a22, a2
22 +a12a21 +1 = 0.

By Theorem 3.1, R is a modified Rota–Baxter operator of weight 1 on the 3-Lie algebra (g, [−,−,−] f ) if
and only if

2a33 +2a22a32a23 +a21a32a13 +a31a12a23−2a22 = 0,

and

a31a13 +a32a23 = 2.

Definition 3.11. [49] A linear map R : g→ g is called a modified Rota–Baxter operator of weight λ on a
pre-Lie algebra (g,∗) if R satisfies the following condition

R(x)∗R(y) = R(R(x)∗ y+ x∗R(y))+λx∗ y, ∀x,y ∈ g,

The following conclusions can be directly verified by definition, so the proof is omitted.

Lemma 3.12. Let R be a modified Rota–Baxter operator of weight λ on a pre-Lie algebra (g,∗). Then R
is a modified Rota–Baxter operator of weight λ on a Lie algebra (g, [·, ·]∗), where [·, ·]∗ is defined by

[x,y]∗ = x∗ y− y∗ x, ∀x,y ∈ g.

Lemma 3.13. Let R be a modified Rota–Baxter operator of weight λ on a commutative associative
algebra (g, ·), D be a derivation with D◦R = R◦D. Then R is a modified Rota–Baxter operator of weight
λ on a pre-Lie algebra (g,∗), where

x∗ y = Dx · y, ∀x,y ∈ g.
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According to Theorem 3.1 and Lemma 3.12, we can know

Theorem 3.2. Let R be a modified Rota–Baxter operator of weight λ on a pre-Lie algebra (g,∗), f ∈ g∗

satisfies f (x∗ y− y∗ x) = 0 for any x,y ∈ g. Define

[x,y,z] f = f (x)(y∗ z− z∗ y)+ f (y)(z∗ x− x∗ z)+ f (z)(x∗ y− y∗ x),∀x,y,z ∈ g,

Then R is a modified Rota–Baxter operator of weight λ on a 3-Lie algebra (g, [−,−,−] f ) if and only if R
satisfies

R
(

f (x)(Ry∗Rz−Rz∗Ry)+ f (y)(Rz∗Rx−Rx∗Rz)+ f (z)(Rx∗Ry−Ry∗Rx)+λ f (x)(y∗ z− z∗ y)

+λ f (y)(z∗ x− x∗ z)+λ f (z)(x∗ y− y∗ x)
)
−λ f (x)(Ry∗ z− z∗Ry)

−λ f (x)(y∗Rz−Rz∗ y)−λ f (y)(Rz∗ x− x∗Rz)−λ f (y)(z∗Rx−Rx∗ z)

−λ f (z)(Rx∗ y− y∗Rx)−λ f (z)(x∗Ry−Ry∗ x)−2λ f (Ry)(z∗ x− x∗ z)

−2λ f (Rx)(y∗ z− z∗ y)−2λ f (Rz)(x∗ y− y∗ x) = 0.

Lemma 3.14. [10] Let (g, ·) be a commutative associative algebra and D be a derivation and f ∈ g∗

satisfies f (D(x) · y) = f (x ·D(y)) for all x,y ∈ g. Then (g,{−,−,−} f ,D) is a 3-Lie algebra, where the
bracket is given

{x,y,z} f ,D =

∣∣∣∣∣∣
f (x) f (y) f (z)
D(x) D(y) D(z)

x y z

∣∣∣∣∣∣ , (2.1)

for any x,y,z ∈ g.

Theorem 3.3. Let (g, ·,R) be a commutative modified Rota–Baxter algebra of weight λ and D be a
derivation with D◦R = R◦D and f ∈ g∗ satisfies f (D(x) · y) = f (x ·D(y)). Then R is a modified Rota–
Baxter operator weight λ on the 3-Lie algebra (g,{−,−,−} f ,D) if and only if R satisfies

R
(

f (x)(DRy ·Rz−DRz ·Ry)+ f (y)(DRz ·Rx−DRx ·Rz)+ f (z)(DRx ·Ry−DRy ·Rx)

+λ f (x)(Dy · z−Dz · y)+λ f (y)(Dz · x−Dx · z)+λ f (z)(Dx · y−Dy · x)
)

−λ f (x)(DRy · z−Dz ·Ry)−λ f (x)(Dy ·Rz−DRz · y)−λ f (y)(DRz · x−Dx ·Rz)

−λ f (y)(Dz ·Rx−DRx · z)−λ f (z)(DRx · y−Dy ·Rx)−λ f (z)(Dx ·Ry−DRy · x)
−2λ f (Ry)(Dz · x−Dx · z)−2λ f (Rx)(Dy · z−Dz · y)−2λ f (Rz)(Dx · y−Dy · x) = 0.

Proof. The result follows directly from Lemma 3.12 and Theorem 3.2.
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Chapter 4
Cohomology and deformations of
Rota–Baxter 3-Lie algebras

4.1 Representations of Rota–Baxter 3-Lie algebras
In this section, we introduce representations of Rota–Baxter 3-Lie algebras of arbitrary weight. We also
provide various examples and new constructions.

Definition 4.1. Let
(g, [−,−,−]g,T ) and (g′, [−,−,−]g′ ,T ′)

be two Rota–Baxter 3-Lie algebras of weight λ . A morphism between them is a 3-Lie algebra homomor-
phism φ : g→ g′ such that φ ◦T = T ′ ◦φ .

Denote by RB3-Lieλ the category of Rota–Baxter 3-Lie algebras of weight λ with morphisms defined
above.

Definition 4.2. Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ and (M,ρ) be a rep-
resentation over the 3-Lie algebra (g, [−,−,−]g). We say that (M,ρ,TM) is a representation over the
Rota–Baxter 3-Lie algebra (g, [−,−,−]g,T ) of weight λ if (M,ρ) is endowed with a linear operator
TM : M→M such that the following equation

ρ
(
T (x),T (y))(TM(m)

)
= TM

(
ρ(T (x),T (y))(m)+ρ(T (x),y)(TM(m))+ρ(x,T (y))(TM(m))

+λρ(T (x),y)(m)+λρ(x,T (y))(m)+λρ(x,y)(TM(m))

+λ
2
ρ(x,y)(m)

)
holds for any x,y ∈ g and m ∈M.

Example 4.3. It is obvious that (g, [−,−,−]g,T ) itself is a representation over the Rota–Baxter 3-Lie
algebra (g, [−,−,−]g,T ) of weight λ , called the regular representation or the adjoint representation.

Example 4.4. Let (g, [−,−,−]g) be a 3-Lie algebra and (M,ρ) be a representation over it. Then the
triple (M,ρ, IdM) is a representation of the Rota–Baxter 3-Lie algebra (g, [−,−,−]g, Idg) of weight −1.

Example 4.5. Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,TM) be a
representation over it. Then for arbitrary scalar µ ∈ k, the triple (M,ρ,µTM) is a representation of the
Rota–Baxter 3-Lie algebra (g, [−,−,−]g,µT ) of weight (µλ ).

27
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Proposition 4.6. Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ and {(Mi,ρi,TMi)}i∈I
be a family of representation of it. Then the triple (⊕i∈IMi,(ρi)i∈I ,⊕i∈ITMi) is a representation of the
Rota–Baxter 3-Lie algebra (g, [−,−,−]g,T ) of weight λ .

Proof. For arbitrary x,y ∈ g and m = (mi)i∈I ∈ ⊕i∈IMi, we have

(ρi)i∈I(T (x),T (y))(⊕i∈ITMi)(mi)i∈I

= (ρi(T (x),T (y))(TMi)(mi))i∈I

=
(
TMi(ρi(T (x),T (y))(m)+ρi(T (x),y)(TM(m))+ρi(x,T (y))(TM(m))

+λ ρi(T (x),y)(m)+λ ρi(x,T (y))(m)+λ ρi(x,y)(TM(m))+λ
2
ρi(x,y)(m))

)
i∈I

= (⊕i∈ITMi)
(
(ρi)i∈I(T (x),T (y))(m)+(ρi)i∈I(T (x),y)(TM(m))+(ρi)i∈I(x,T (y))(TM(m))

+λ (ρi)i∈I(T (x),y)(m)+λ (ρi)i∈I(x,T (y))(m)+λ (ρi)i∈I(x,y)(TM(m))

+λ
2(ρi)i∈I(x,y)(m)

)
.

Hence, (⊕i∈IMi,(ρi)i∈I ,⊕i∈ITMi) is a representation of the Rota–Baxter 3-Lie algebra (g, [−,−,−]g,T )
of weight λ .

In the following, we construct the semidirect product in the context of Rota–Baxter 3-Lie algebras of
weight λ .

Proposition 4.7. Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,TM) be
a representation of it. Then (g⊕M,T ⊕TM) is a Rota–Baxter 3-Lie algebra of weight λ , where the Lie
bracket on g⊕M is given by the semidirect product

[x+u,y+ v,z+w]g⊕M = [x,y,z]g+ρ(x,y)w+ρ(y,z)u+ρ(z,x)v,

for arbitrary x,y,z ∈ g and u,v,w ∈M.

Proof. For arbitrary x,y,z ∈ g and u,v,w ∈M, we have

[(T ⊕TM)(x+u),(T ⊕TM)(y+ v),(T ⊕TM)(z+w)]g⊕M

= [T (x),T (y),T (z)]g+ρ(T (x),T (y))TM(w)+ρ(T (y),T (z))TM(u)+ρ(T (z),T (x))TM(v)

= T
(
[T (x),T (y),z]g+[T (x),y,T (z)]g+[x,T (y),T (z)]g+λ [T (x),y,z]g

+λ [x,T (y),z]g+λ [x,y,T (z)]g+λ
2[x,y,z]g

)
+TM

(
ρ(T (x),T (y))w+ρ(T (x),y)TM(w)+ρ(x,T (y))(TM(w))+λ ρ(T (x),y)(w)

+λ ρ(x,T (y))(w)+λ ρ(x,y)(TM(w))+λ
2
ρ(x,y)(w)

)
+TM

(
ρ(T (y),T (z))(u)+ρ(T (y),z)(TM(u))+ρ(y,T (z))(TM(u))+λ ρ(T (y),z)(u)

+λ ρ(y,T (z))(u)+λ ρ(y,z)(TM(u))+λ
2
ρ(y,z)(u)

)
+TM

(
ρ(T (z),T (x))(v)+ρ(T (z),x)TM(v)+ρ(z,T (x))(TM(v))

+λ ρ(T (z),x)(v)+λ ρ(z,T (x))(v)+λ ρ(z,x)(TM(v))+λ
2
ρ(z,x)(v)

)
= (T ⊕TM)

(
[(T ⊕TM)(x+u),(T ⊕TM)(y+ v),z+w]g⊕M

+[(T ⊕TM)(x+u),y+ v,(T ⊕TM)(z+w)]g⊕M +[x+u,(T ⊕TM)(y+ v),(T ⊕TM)(z+w)]g⊕M

+λ [(T ⊕TM)(x+u),y+ v,z+w]g⊕M +λ [x+u,(T ⊕TM)(y+ v),z+w]g⊕M

+λ [x+u,y+ v,(T ⊕TM)(z+w)]g⊕M +λ
2[x+u,y+ v,z+w]g⊕M

)
.

This shows that T ⊕TM is a Rota–Baxter operator of weight λ on the semidirect product 3-Lie algebra.
Hence the result follows.
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Proposition 4.8. [10] Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ . Define a new
trinary operation as:

[x,y,z]T : = [T (x),T (y),z]g+[T (x),y,T (z)]g+[x,T (y),T (z)]g
+λ [T (x),y,z]g+λ [x,T (y),z]g+λ [x,y,T (z)]g+λ

2[x,y,z]g,

for arbitrary x,y,z ∈ g. Then

(a) (g, [−,−,−]T ) is a new 3-Lie algebra, we denote this 3-Lie algebra by gT ;

(b) the triple (gT , [−,−,−]T ,T ) is a Rota–Baxter 3-Lie algebra of weight λ ;

(c) the map T : (gT , [−,−,−]T ,T )→ (g, [−,−,−]g,T ) is a morphism of Rota–Baxter 3-Lie algebras
of weight λ .

Proof. (a) On can show it directly by a tedious computation;
(b) We observe that

[T (x),T (y),T (z)]T
= [T 2(x),T 2(y),T (z)]g+[T 2(x),T (y),T 2(z)]g+[T (x),T 2(y),T 2(z)]g

+λ [T 2(x),T (y),T (z)]g+λ [T (x),T 2(y),T (z)]g+λ [T (x),T (y),T 2(z)]g+λ
2[T (x),T (y),T (z)]g

= T
(
[T (x),T (y),z]T +[T (x),y,T (z)]T +[x,T (y),T (z)]T

+λ [T (x),y,z]T +λ [x,T (y),z]T +λ [x,y,T (z)]T +λ
2[x,y,z]T

)
,

which shows that T is a Rota–Baxter operator of weight λ on the 3-Lie algebra gT .
(c) Since T is a Rota–Baxter operator of weight λ on g, it follows from Equation (1.1) that

T ([x,y,z]T ) = [T (x),T (y),T (z)]g, for x,y,z ∈ g.

This implies that T : (gT , [−,−,−]T ,T )→ (g, [−,−,−]g,T ) is a morphism of Rota–Baxter 3-Lie algebra
of weight λ .

In the following, we will introduce new Rota–Baxter representations that will be useful in the next
section to construct the cohomology of Rota–Baxter 3-Lie algebras of arbitrary weights.

Theorem 4.9. Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,TM) be a
representation of it. Define a map ρT : ∧2g→ End(M) by

ρT (x,y)m := ρ
(
T (x),T (y)

)
m−TM

(
ρ(T (x),y)m+ρ(x,T (y))m+λρ(x,y)m

)
,

for arbitrary x,y ∈ g,m ∈M. Then ρT defines a representation of the 3-Lie algebra (gT , [−,−,−]T ) on
M. Moreover, (M,ρT ,TM) is a representation of the Rota–Baxter 3-Lie algebra (gT , [−,−,−]T ,T ) of
weight λ .

Proof. One can show that ρT defines a representation of the 3-Lie algebra (gT , [−,−,−]T ) on M directly
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by a tedious computation. Moreover, we have

ρT (T (x),T (y))TM(m)

= ρ(T 2(x),T 2(y))TM(m)−TM(ρ(T 2(x),T (y))TM(m)+ρ(T (x),T 2(y))TM(m)

+λρ(T (x),T (y))TM(m))

= TM
(
ρ(T 2(x),T 2(y))m+ρ(T 2(x),T (y))TM(m)+ρ(T (x),T 2(y))TM(m)

+λ ρ(T 2(x),T (y))m+λ ρ(T (x),T 2(y))m+λ ρ(T (x),T (y))TM(m)+λ
2
ρ(T (x),T (y))m

)
−T 2

M
(
ρ(T 2(x),T (y))m+ρ(T 2(x),y)TM(m)+ρ(T (x),T (y))TM(m)+λ ρ(T 2(x),y)m

+λ ρ(T (x),T (y))m+λ ρ(T (x),y)TM(m)+λ
2
ρ(T (x),y)m+ρ(T (x),T 2(y))m

+ρ(T (x),T (y))TM(m)+ρ(x,T 2(y))TM(m)+λ ρ(T (x),T (y))m+λ ρ(x,T 2(y))m

+λ ρ(x,T (y))TM(m)+λ
2
ρ(x,T (y))m+λρ(T (x),T (y))m+λρ(T (x),y)TM(m)

+λρ(x,T (y))TM(m)+λ
2
ρ(T (x),y)m+λ

2
ρ(x,T (y))m+λ

2
ρ(x,y)TM(m)+λ

3
ρ(x,y)m

)
= TM

(
ρT (T (x),T (y))m+ρT (T (x),y)TM(m)+ρT (x,T (y))TM(m)

+λ ρT (T (x),y)m+λ ρT (x,T (y))m+λ ρT (x,y)TM(m)+λ
2
ρT (x,y)m

)
,

which shows (M,ρT ,TM) is a representation of the Rota–Baxter 3-Lie algebra (gT , [−,−,−]T ,T ) of
weight λ .

4.2 Cohomology of Rota–Baxter operators

Firstly, let’s introduce the cohomology of Rota–Baxter operators of arbitrary weights.

Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,TM) be a representation
over it. Recall that Proposition 4.8 and Proposition 4.9 give a new 3-Lie algebra gT and a new represen-
tation M over gT . Consider the cochain complex of gT with coefficients in M:

C•3-Lie(gT ,M) =
∞⊕

n=0

Cn
3-Lie(gT ,M).

More precisely, for n ⩾ 1, Cn
3-Lie(gT ,M) = Homk(∧2g⊗·· ·⊗∧2g︸ ︷︷ ︸

n−1

∧g,M) and its differential

∂
n : Cn

3-Lie(gT , M)→ Cn+1
3-Lie(gT ,M)
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is defined as:

(∂ n f )(X1, ...Xn,xn+1)

= ∑
1≤ j<k≤n

(−1) j f
(
X1, · · · , X̂ j, · · · ,Xk−1, [x j,y j,xk]T ∧ yk + xk ∧ [x j,y j,yk]T ,Xk+1, · · · ,Xn,xn+1

)
+

n

∑
j=1

(−1) j f
(
X1, · · · , X̂ j, · · · ,Xn, [x j,y j,xn+1]T

)
+

n

∑
j=1

(−1) j+1
ρT (x j,y j) f

(
X1, · · · , X̂ j, · · · ,Xn,xn+1

)
+(−1)n+1

(
ρT (yn,xn+1) f

(
X1, · · · ,Xn−1,xn

)
+ρT (xn+1,xn) f

(
X1, · · · ,Xn−1,yn

))
,

= ∑
1≤ j<k≤n

(−1) j f (X1, · · · , X̂ j, · · · ,Xk−1, [x j,y j,xk]T ∧ yk + xk ∧ [x j,y j,yk]T ,Xk+1, · · · ,Xn,xn+1)

+
n

∑
j=1

(−1) j f (X1, · · · , X̂ j, · · · ,Xn, [x j,y j,xn+1]T )+
n

∑
j=1

(−1) j+1
ρ(T (x j),T (y j)) f (X1, · · · , X̂ j, · · · ,Xn,xn+1)

−
n

∑
j=1

(−1) j+1TM
(
ρ(T (x j),y j) f (X1, · · · , X̂ j, · · · ,Xn,xn+1)

)
−

n

∑
j=1

(−1) j+1TM
(
ρ(x j,T (y j)) f (X1, · · · , X̂ j, · · · ,Xn,xn+1)

)
−

n

∑
j=1

(−1) j+1
λ TM

(
ρ(x j,y j) f (X1, · · · , X̂ j, · · · ,Xn,xn+1)

)
+(−1)n+1 (ρ(T (yn),T (xn+1)) f (X1, · · · ,Xn−1,xn)+ρ(T (xn+1),T (xn)) f (X1, · · · ,Xn−1,yn))

−(−1)n+1TM (ρ(T (yn),xn+1) f (X1, · · · ,Xn−1,xn)+ρ(T (xn+1),xn) f (X1, · · · ,Xn−1,yn))

−(−1)n+1TM (ρ(yn,T (xn+1)) f (X1, · · · ,Xn−1,xn)+ρ(xn+1,T (xn)) f (X1, · · · ,Xn−1,yn))

−(−1)n+1
λ TM (ρ(yn,xn+1) f (X1, · · · ,Xn−1,xn)+ρ(xn+1,xn) f (X1, · · · ,Xn−1,yn))

for Xi = xi∧ yi ∈ ∧2g, i = 1,2 · · ·n and xn+1 ∈ g.

Definition 4.10. Let (g, [−,−,−]g,T ) be a Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,TM) be
a representation over it. Then the cochain complex (C•3-Lie(gT ,M),∂ ) is called the cochain complex of
Rota–Baxter operator T of weight λ with coefficients in (M,ρT ,TM), denoted by C•

RBOλ
(g,M). The co-

homology of C•
RBOλ

(g,M), denoted by H•
RBOλ

(g,M), are called the cohomology of Rota–Baxter operator
T of weight λ with coefficients in (M,ρT ,TM).

When (M,ρ,TM) is the regular representation

(g, [−,−,−]g,T ),

we denote C•
RBOλ

(g,g) by C•
RBOλ

(g) and call it the cochain complex of Rota–Baxter operator of weight
λ , and denote H•

RBOλ
(g,g) by H•

RBOλ
(g) and call it the cohomology of Rota–Baxter operator T of weight

λ .

4.3 Cohomology of Rota–Baxter 3-Lie algebras

In this section, we will combine the cohomology of 3-Lie algebras and the cohomology of Rota–
Baxter operators of arbitrary weights to define a cohomology theory for Rota–Baxter 3-Lie algebras of
arbitrary weights.

Let M = (M,ρ,TM) be a representation over a Rota–Baxter 3-Lie algebra g= (g,µ = [−,−,−]g,T )
of weight λ . Now, let’s construct a chain map

Φ
• : C•3-Lie(g,M)→C•

RBOλ (g,M),
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i.e., the following commutative diagram:

C0
3-Lie(g,M)

δ 0
//

Φ0

��

C1
3-Lie(g,M)

Φ1

��

Cn
3-Lie(g,M)

δ n
//

Φn

��

Cn+1
3-Lie(g,M)

Φn+1

��
C0
RBOλ

(g,M)
∂ 0
// C1

RBOλ
(g,M) Cn

RBOλ
(g,M)

∂ n
// Cn+1

RBOλ
(g,M) .

Define Φ0 = IdHomk(k,M) = IdM , Φ1 = f ◦ T − TM ◦ f and for n ⩾ 2 and f ∈ Cn
3-Lie(g,M), define

Φn( f ) ∈ Cn
RBOλ

(g,M) as:

Φ
n( f ) = f ◦ (T, · · · ,T,T )◦

(
(Id∧ Id)⊗n−2⊗ Id∧3)

−
2n−2

∑
k=0

λ
2n−k−2

∑
1⩽i1<i2<···<ik−1⩽2n−1

TM ◦ f ◦ (Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n−1−ik−1))◦
(
(Id∧ Id)⊗n−2⊗ Id∧3) ,

where the operators
Id(i1−1), T, Id(i2−i1−1), T, . . . , T, Id(2n−1−ik)

act successively on the elements
x1, y1, . . . , xn, yn, xn+1.

Proposition 4.11. The map Φ• : C•3-Lie(g,M)→ C•
RBOλ

(g,M) is a chain map.

We leave the long proof of this result to Appendix A.

Definition 4.12. Let M = (M,ρ,TM) be a representation over a Rota–Baxter 3-Lie algebra g = (g,µ =
[−,−,−]g,T ) of weight λ . We define the cochain complex (C•

RB3-Lieλ
(g,M),d•) of Rota–Baxter 3-Lie

algebra (g,µ,T ) of weight λ with coefficients in (M,ρ,TM) to the negative shift of the mapping cone of
Φ•, that is, let

C0
RB3-Lieλ (g,M) = C0

3-Lie(g,M) and Cn
RB3-Lieλ (g,M) = Cn

3-Lie(g,M)⊕Cn−1
RBOλ

(g,M),∀n ⩾ 1,

and the differential dn : Cn
RB3-Lieλ

(g,M)→ Cn+1
RB3-Lieλ

(g,M) is given by

dn( f ,g) = (δ n( f ),−∂
n−1(g)−Φ

n( f ))

for arbitrary f ∈ Cn
3-Lie(g,M) and g ∈ Cn−1

RBOλ
(g,M). The cohomology of (C•

RB3-Lieλ
(g,M),d•), denoted

by H•
RB3-Lieλ

(g,M), is called the cohomology of the Rota–Baxter 3-Lie algebra (g,µ,T ) of weight λ with
coefficients in (M,ρ,TM). When (M,ρ,TM) = (g,µ,T ), we just denote C•

RB3-Lieλ
(g,g),

H•
RB3-Lieλ

(g,g) by C•
RB3-Lieλ

(g), H•
RB3-Lieλ

(g) respectively, and call them the cochain complex, the coho-
mology of Rota–Baxter 3-Lie algebra (g,µ,T ) of weight λ respectively.

There is an obvious short exact sequence of complexes:

0→ s−1C•
RBOλ (g,M)→ C•

RB3-Lieλ (g,M)→ C•3-Lie(g,M)→ 0,

which induces a long exact sequence of cohomology groups

0→ H0
RB3-Lieλ (g,M)→ H0

3−Lie(g,M)→ H0
RBOλ (g,M)→ H1

RB3-Lieλ (g,M)→ H1
3−Lie(g,M)→ ···

· · · → Hp
3−Lie(g,M)→ Hp

RBOλ
(g,M)→ Hp+1

RB3-Lieλ
(g,M)→ Hp+1

3−Lie(g,M)→ ·· ·
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4.4 Formal deformations of Rota–Baxter 3-Lie algebras

In this section, we will study formal deformations of Rota–Baxter 3-Lie algebras of arbitrary weights and
interpret them via lower degree cohomology groups of Rota–Baxter 3-Lie algebras defined in last section.

4.4.1 Formal deformations of Rota–Baxter operator with 3-Lie bracket fixed

Let (g,µ,T ) be a Rota–Baxter 3-Lie algebra of weight λ . Let us consider the case where we only
deform the Rota–Baxter operator with the 3-Lie bracket fixed. In this case, g[[t]] = {∑∞

i=0 ait i | ai ∈ g,∀i⩾
0} is endowed with the 3-Lie bracket induced from that of g, say,

µ

( ∞

∑
i=0

ait i,
∞

∑
j=0

b jt j,
∞

∑
k=0

cktk
)
=

∞

∑
n=0

(
∑

i+ j+k=n
i, j,k⩾0

µ(ai,b j,ck)
)

tn.

Then g[[t]] becomes a 3-Lie algebra over k[[t]], whose 3-Lie bracket is still denoted by µ .
Consider a 1-parameterized family:

Tt =
∞

∑
i=0

Tit i, Ti ∈ C1
RBOλ (g).

Definition 4.13. A 1-parameter formal deformation of the Rota–Baxter operator T on a 3-Lie algebra
(g,µ) is a family Tt which is a k[[t]]-linear Rota–Baxter operator on the 3-Lie algebra g[[t]] such that
T0 = T . The operator T1 is called the infinitesimal of the 1-parameter formal deformation (g[[t]],Tt) of
Rota–Baxter operators on the 3-Lie algebra (g,µ).

Power series Tt determine a 1-parameter formal deformation of the Rota–Baxter operator T on a 3-Lie
algebra (g,µ) if and only if the following equation holds:

µ(Tt(x1),Tt(x2),Tt(x3))
= Tt(µ(Tt(x1),Tt(x2),x3)+µ(Tt(x1),x2,Tt(x3))+µ(x1,Tt(x2),Tt(x3))

+λ µ(Tt(x1),x2,x3)+λ µ(x1,Tt(x2),x3)+λ µ(x1,x2,Tt(x3))+λ 2µ(x1,x2,x3)
)
,

for arbitrary x1,x2,x3,x4,x5 ∈ g. Expanding this equation and comparing the coefficient of tn, we obtain
that {Ti}i⩾0 have to satisfy: for arbitrary n ⩾ 0,

∑
i+ j+k=n
i, j,k⩾0

µ(Ti(x1),Tj(x2),Tk(x3))

= ∑
i+ j+k=n
i, j,k⩾0

(Ti(µ(x1,Tj(x2),Tk(x3)))+Ti(µ(Tj(x1),x2,Tk(x3)))+Tk(µ(Ti(x1),Tj(x2),x3)))

+λ ∑
i+ j=n
i, j⩾0

(Ti(µ(Tj(x1),x2,x3))+Ti(µ(x1,Tj(x2),x3))+Ti(µ(x1,x2,Tj(x3))))

+λ
2Tn(µ(x1,x2,x3)).

(4.1)

When n = 0, Equation (4.1) reduces to the defining identity of a Rota–Baxter operator, namely that
for T = T0.
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When n = 1, Equation (4.1) has the form

µ (T1(x1),T (x2),T (x3))+µ (T (x1),T1(x2),T (x3))+µ (T (x1),T (x2),T1(x3))

= T (µ(x1,T1(x2),T (x3))+µ(x1,T (x2),T1(x3)))

+T (µ(T1(x1),x2,T (x3))+µ(T (x1),x2,T1(x3)))

+T (µ(T1(x1),T (x2),x3)+µ(T (x1),T1(x2),x3))

+T1 (µ(x1,T (x2),T (x3))+µ(T (x1),x2,T (x3))+µ(T (x1),T (x2),x3))

+λT (µ(T1(x1),x2,x3)+µ(x1,T (x2),x3)+µ(x1,x2,T1(x3)))

+λT1 (µ(x1,T (x2),x3)+µ(T (x1),x2,x3)+µ(x1,x2,T (x3)))

+λ
2T1(µ(x1,x2,x3))

(4.2)

which says exactly that ∂ 1(T1) = 0 ∈ C•
RBOλ

(g). This proves the following result:

Proposition 4.14. Let Tt be a 1-parameter formal deformation of Rota–Baxter operator T of weight λ .
Then T1 is a 1-cocycle in the cochain complex C•

RBOλ
(g).

Remark 4.15. The above result shows that the cochain complex C•
RBOλ

(g) controls formal deformations
of Rota–Baxter operators, which justifies the name “cochain complex of Rota–Baxter operators”. In fact,
we were inspired by Equation (4.2) while defining C•

RBOλ
(g).

4.4.2 Formal deformations of Rota–Baxter 3-Lie algebras
Let (g,µ,T ) be a Rota–Baxter 3-Lie algebra of weight λ . Consider a 1-parameterized family:

µt =
∞

∑
i=0

µit i, µi ∈ C2
3-Lie(g), Tt =

∞

∑
i=0

Tit i, Ti ∈ C1
RBOλ (g).

Definition 4.16. A 1-parameter formal deformation of Rota–Baxter 3-Lie algebra (g,µ,T ) of weight
λ is a pair (µt ,Tt) which endows the flat k[[t]]-module g[[t]] with a Rota–Baxter 3-Lie algebra structure
of weight λ over k[[t]] such that (µ0,T0) = (µ,T ). The pair (µ1,T1) is called the infinitesimal of the
1-parameter formal deformation (g[[t]],µt ,Tt) of Rota–Baxter 3-Lie algebra (g,µ,T ) of weight λ .

Power series µt and Tt determine a 1-parameter formal deformation of Rota–Baxter 3-Lie algebra
(g,µ,T ) of weight λ if and only if for arbitrary x1,x2,x3,x4,x5 ∈ g, the following equations hold :

µt(x1,x2,µt(x3,x4,x5))

= µt(µt(x1,x2,x3),x4,x5)+µt(x3,µt(x1,x2,x4),x5)+µt(x3,x4,µt(x1,x2,x5))

µt(Tt(x1),Tt(x2),Tt(x3))

= Tt(µt(Tt(x1),Tt(x2),x3)+µt(Tt(x1),x2,Tt(x3))+µt(x1,Tt(x2),Tt(x3))

+λ µt(Tt(x1),x2,x3)+λ µt(x1,Tt(x2),x3)+λ µt(x1,x2,Tt(x3))

+λ
2
µt(x1,x2,x3)

)
.

By expanding these equations and comparing the coefficient of tn, we obtain that {µi}i⩾0 and {Ti}i⩾0
have to satisfy: for arbitrary n ⩾ 0,

∑
i+ j=n

µi(x1,x2,µ j(x3,x4,x5))

= ∑
i+ j=n

µi(µ j(x1,x2,x3),x4,x5)+µi(x3,µ j(x1,x2,x4),x5)+µi(x3,x4,µ j(x1,x2,x5)), (4.3)
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∑
i+ j+k+l=n

µi(Tj(x1),Tk(x2),Tl(x3))

= ∑
i+ j+k+l=n

Ti
(
µ j(Tk(x1),Tl(x2),x3)+µ j(Tk(x1),x2,Tl(x3))+µ j(x1,Tk(x2),Tl(x3))

)
(4.4)

+λ ∑
i+ j+k=n

Ti
(
µ j(Tk(x1),x2,x3)+µ j(x1,Tk(x2),x3)+µ j(x1,x2,Tk(x3))

)
+λ

2
∑

i+ j=n
Ti
(
µ j(x1,x2,x3)

)
.

When n = 0, the above conditions reduce precisely to the original 3-Lie bracket µ = µ0 together with
the defining equation of a Rota–Baxter operator T = T0 of weight λ on (g,µ0).

Proposition 4.17. Let (g[[t]],µt ,Tt) be a 1-parameter formal deformation of Rota–Baxter 3-Lie algebra
(g,µ,T ) of weight λ . Then (µ1,T1) is a 2-cocycle in the cochain complex C•

RB3-Lieλ
(g).

Proof. When n = 1, Equations (4.3) and (4.4) become

[x1,x2,µ1(x3,x4,x5)]g+µ1(x1,x2, [x3,x4,x5]g)

= [µ1(x1,x2,x3),x4,x5]g+[x3,µ1(x1,x2,x4),x5]g+[x3,x4,µ1(x1,x2,x5)]g

+µ1([x1,x2,x3]g,x4,x5)+µ1(x3, [x1,x2,x4]g,x5)+µ1(x3,x4, [x1,x2,x5]g)

and

(4.5)
µ1(T (x1),T (x2),T (x3))−T

(
µ1(T (x1),T (x2),x3)−µ1(T (x1),x2,T (x3))−µ1(x1,T (x2),T (x3))

)
−λ T

(
µ1(T (x1),x2,x3)+µ1(x1,T (x2),x3)+µ1(x1,x2,T (x3))

)
−λ

2T
(
µ1(x1,x2,x3)

)
= T1

(
[T (x1),T (x2),x3]g+[T (x1),x2,T (x3)]g+[x1,T (x2),T (x3)]g

)
+λ T1

(
[T (x1),x2,x3]g+[x1,T (x2),x3]g+[x1,x2,T (x3)]g

)
+λ

2T1
(
[x1,x2,x3]g

)
−[T1(x1),T (x2),T (x3)]g− [T (x1),T1(x2),T (x3)]g− [T (x1),T (x2),T1(x3)]g

+T
(
[T1(x1),T (x2),x3]g+[T1(x1),x2,T (x3)]g+[x1,T1(x2),T (x3)]g

)
+T
(
[T (x1),T1(x2),x3]g+[T (x1),x2,T1(x3)]g+[x1,T (x2),T1(x3)]g

)
+λ T

(
[T1(x1),x2,x3]g+[x1,T1(x2),x3]g+[x1,x2,T1(x3)]g

)
.

Note that the first equation is exactly δ 2(µ1) = 0 ∈ C•3-Lie(g) and that second equation is exactly to

Φ
2(µ1) =−∂

1(T1) ∈ C•
RBOλ (g).

So (µ1,T1) is a 2-cocycle in C•
RB3-Lieλ

(g).

Remark 4.18. Equation (4.5) inspired us to introduce the chain map Φ• : C•3-Lie(g,M)→C•
RBOλ

(g,M)

as well the cochain complex C•
RB3-Lieλ

(g,M).

Definition 4.19. Let (g[[t]],µt ,Tt) and (g[[t]],µ ′t ,T
′

t ) be two 1-parameter formal deformations of Rota–
Baxter 3-Lie algebra (g,µ,T ) of weight λ . A formal isomorphism from (g[[t]],µ ′t ,T

′
t ) to (g[[t]],µt ,Tt) is

a power series ψt = ∑i=0 ψit i : g[[t]]→ g[[t]], where ψi : g→ g are linear maps with ψ0 = Idg, such that:

ψt ◦µ
′
t = µt ◦ (ψt ⊗ψt ⊗ψt), (4.6)

ψt ◦T ′t = Tt ◦ψt . (4.7)

In this case, we say that the two 1-parameter formal deformations (g[[t]],µt ,Tt) and (g[[t]],µ ′t ,T
′

t ) are
equivalent.
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Given a Rota–Baxter 3-Lie algebra (g,µ,T ) of weight λ , the power series µt ,Tt with µi = δi,0µ,Ti =
δi,0T makes (g[[t]],µt ,Tt) into a 1-parameter formal deformation of (g,µ,T ). Formal deformations is
said to be trivial if it is equivalent to (g,µ,T ).

Theorem 4.20. The infinitesimals of two equivalent 1-parameter formal deformations of (g,µ,T ) are in
the same cohomology class in H•

RB3-Lieλ
(g).

Proof. Let ψt : (g[[t]],µ ′t ,T
′

t )→ (g[[t]],µt ,Tt) be a formal isomorphism. Expanding the identities and
collecting coefficients of t, we get from Equations (4.6) and (4.7):

µ
′
1 = µ1 +µ ◦ (Id⊗ Id⊗ψ1)−ψ1 ◦µ +µ ◦ (ψ1⊗ Id⊗ Id)+µ ◦ (Id⊗ψ1⊗ Id),

T ′1 = T1 +T ◦ψ1−ψ1 ◦T,

that is, we have

(µ ′1,T
′

1)− (µ1,T1) = (δ 1(ψ1),−Φ
1(ψ1)) = d1(ψ1,0) ∈ C•

RB3-Lieλ (g).

Definition 4.21. A Rota–Baxter 3-Lie algebra (g,µ,T ) of weight λ is said to be rigid if every 1-parameter
formal deformation is trivial.

Theorem 4.22. Let (g,µ,T ) be a Rota–Baxter 3-Lie algebra of weight λ . If H2
RB3-Lieλ

(g) = 0, then
(g,µ,T ) is rigid.

Proof. Let (g[[t]],µt ,Tt) be a 1-parameter formal deformation of (g,µ,T ). By Proposition 4.17, (µ1,T1)
is a 2-cocycle. By H2

RB3-Lieλ
(g) = 0, there exists a 1-cochain

(ψ ′1,x) ∈ C1
RB3-Lieλ (g) = C1

3-Lie(g)⊕Homk(k,g)

such that (µ1,T1) = d1(ψ ′1,x), that is, µ1 = δ 1(ψ ′1) and T1 = −∂ 0(x)−Φ1(ψ ′1). Let ψ1 = ψ ′1 + δ 0(x).
Then µ1 = δ 1(ψ1) and T1 =−Φ1(ψ1), as it can be readily seen that Φ1(δ 0(x)) = ∂ 0(x).

Setting ψt = Idg−ψ1t, we have a deformation (g[[t]],µ t ,T t), where

µ t = ψ
−1
t ◦µt ◦ (ψt ×ψt ×ψt)

and
T t = ψ

−1
t ◦Tt ◦ψt .

It is easy to verify that µ1 = 0,T 1 = 0. Then

µ t = µ +µ2t2 + · · · ,
Tt = T +T 2t2 + · · · .

By Equations (4.3) and (4.4), we see that (µ2,T 2) is still a 2-cocycle, so by induction, we can show that
(g[[t]],µt ,Tt) is equivalent to (g[[t]],µ,T ). Thus, (g,µ,T ) is rigid.



Chapter 5
Cohomology and deformations of
modified Rota–Baxter 3-Lie algebras

5.1 Representations of modified Rota–Baxter 3-Lie algebras
In this section, we introduce representations of modified Rota–Baxter 3-Lie algebras of arbitrary weight.
We also provide various examples and new constructions.

Definition 5.1. Let
(g, [−,−,−]g,R) and (g′, [−,−,−]g′ ,R′)

be two Rota–Baxter 3-Lie algebras of weight λ . A morphism between them is a 3-Lie algebra homomor-
phism φ : g→ g′ satisfying φ ◦R = R′ ◦φ .

Denote by mRB3-Lieλ the category of modified Rota–Baxter 3-Lie algebras of weight λ with mor-
phisms defined above.

Definition 5.2. Let (g, [−,−,−]g,R) be a modified Rota–Baxter 3-Lie algebra of weight λ and (M,ρ)
be a representation over the 3-Lie algebra (g, [−,−,−]g). We say that (M,ρ,RM) is a representation over
the modified Rota–Baxter 3-Lie algebra (g, [−,−,−]g,R) of weight λ if (M,ρ) is endowed with a linear
operator RM : M→M such that the following equation

ρ
(
R(x),R(y))(RM(m)

)
= RM

(
ρ(R(x),R(y))(m)+ρ(R(x),y)(RM(m))+ρ(x,R(y))(RM(m))+λρ(x,y)(m)

)
−λρ(R(x),y)(m)−λρ(x,R(y))(m)−λρ(x,y)(RM(m))

holds for any x,y ∈ g and m ∈M.

Similar to the case of representations of Rota–Baxter 3-Lie algebras, we have the following examples
and properties.

Example 5.3. (g, [−,−,−]g,R) itself is a representation over the modified Rota–Baxter 3-Lie algebra
(g, [−,−,−]g,R) of weight λ , called the regular representation or the adjoint representation.

Example 5.4. Let (g, [−,−,−]g) be a 3-Lie algebra and (M,ρ) be a representation over it. Then the
triple (M,ρ, IdM) is a representation of the modified Rota–Baxter 3-Lie algebra (g, [−,−,−]g, Idg) of
weight 1.

37
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Example 5.5. Let (g, [−,−,−]g,R) be a modified Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,RM)
be a representation over it. Then for arbitrary scalar µ ∈ k, the triple (M,ρ,µRM) is a representation of
the modified Rota–Baxter 3-Lie algebra (g, [−,−,−]g,µR) of weight (µ2λ ).

Proposition 5.6. Let
(g, [−,−,−]g,R)

be a modified Rota–Baxter 3-Lie algebra of weight λ and {(Mi,ρi,RMi)}i∈I be a family of representation
of it. Then the triple (⊕i∈IMi,(ρi)i∈I ,⊕i∈IRMi) is a representation of the modified Rota–Baxter 3-Lie
algebra (g, [−,−,−]g,R) of weight λ .

Proposition 5.7. Let
(g, [−,−,−]g,R)

be a modified Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,RM) be a representation of it. Then
(g⊕M,R⊕RM) is a modified Rota–Baxter 3-Lie algebra of weight λ , where the Lie bracket on g⊕M is
given by the semidirect product

[x+u,y+ v,z+w]g⊕M = [x,y,z]g+ρ(x,y)w+ρ(y,z)u+ρ(z,x)v,

for arbitrary x,y,z ∈ g and u,v,w ∈M.

Let (g, [−,−,−]) be a 3-Lie algebra and R be a modified Rota–Baxter operator of weight λ , by [55],
in order to make (g, [−,−,−]R) a 3-Lie algebra, we always assume g1 ⊂ C (g), where

[x,y,z]R = [Rx,Ry,z]+ [x,Ry,Rz]+ [Rx,y,Rz]+λ [x,y,z], ∀x,y,z ∈ g. (1.1)

Proposition 5.8. Let R be a modified Rota–Baxter operator of weight λ on a 3-Lie algebra (g, [−,−,−]).
Then R is a modified Rota–Baxter operator of weight λ on a 3-Lie algebra (g, [−,−,−]R).

Proof. For any x,y,z ∈ g, we have

[R(x),R(y),R(z)]R

= [R2(x),R2(y),R(z)]+ [R(x),R2(y),R2(z)]+ [R2(x),R(y),R2(z)]+λ [R(x),R(y),R(z)]

= R([R2(x),R2(y),z]+ [R(x),R2(y),R(z)]+ [R2(x),R(y),R(z)]+λ [R(x),R(y),z])−λ [R2(x),R(y),z]

−λ [R(x),R2(y),z]−λ [Rx,R(y),R(z)]+R([R(x),R2(y),R(z)]+ [x,R2(y),R2z]+ [R(x),R(y),R2(z)]

+λ [x,R(y),R(z)])−λ [R(x),R(y),R(z)]−λ [x,R2(y),R(z)]−λ [x,R(y),R2(z)]+R([R2(x),R(y),R(z)]

+ [R(x),R(y),R2(z)]+ [R2(x),y,R2(z)]+λ [R(x),y,R(z)])−λ [R2(x),y,R(z)]−λ [R(x),R(y),R(z)]

−λ [R(x),y,R2(z)]+λ [R(x),R(y),R(z)]

= R([R2(x),R2(y),z]+ [R(x),R2(y),R(z)]+ [R2(x),R(y),R(z)]+λ [R(x),R(y),z])−λ [R2(x),R(y),z]

−λ [R(x),R2(y),z]+R([R(x),R2(y),R(z)]+ [x,R2(y),R2z]+ [R(x),R(y),R2(z)]+λ [x,R(y),R(z)])

−λ [R(x),R(y),R(z)]−λ [x,R2(y),R(z)]−λ [x,R(y),R2(z)]+R([R2(x),R(y),R(z)]+ [R(x),R(y),R2(z)]

+ [R2(x),y,R2(z)]+λ [R(x),y,R(z)])−λ [R2(x),y,R(z)]−λ [R(x),R(y),R(z)]−λ [R(x),y,R2(z)]

= R([R(x),R(y),z]R +[x,R(y),R(z)]R +[R(x),y,R(z)]R +λ [x,y,z]R)

−λ [R(x),y,z]R−λ [x,R(y),z]R−λ [x,y,R(z)]R.

Therefore, R is a modified Rota–Baxter operator of weight λ on a 3-Lie algebra (g, [−,−,−]R).

In analogy with Theorem 4.9, we obtain the following result.
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Theorem 5.9. Let R : g→ g be a modified Rota–Baxter operator of weight λ on a 3-Lie algebra (g, [·, ·, ·])
and (M,ρ,RM) be a representation on it. Define ρR : g∧g→ gl(M) by

ρR(x,y)m = ρ(Rx,Ry)m−RM
(
ρ(Rx,y)m+ρ(x,Ry)m

)
+λ ρ(x,y)m, ∀x,y ∈ g, m ∈M. (1.2)

Then (g,ρR) is a representation of the 3-Lie algebra (g, [·, ·, ·]R). Moreover, (M,ρR,RM) is a representa-
tion of the modified Rota–Baxter 3-Lie algebra (gR, [·, ·, ·]R,R) of weight λ .

5.2 Cohomology of modified Rota–Baxter operator on 3-Lie alge-
bras

In this section, we will define the cohomology of modified Rota–Baxter operators of weight λ on 3-Lie
algebras.

Let ∂R : Cn
3-Lie(gR,M)→Cn+1

3-Lie(gR,M) be the corresponding coboundary operator of the 3-Lie algebra
(g, [−,−,−]R) with coefficients in the representation (M,ρ,RM). More precisely,

∂R : Cn
3-Lie(gR,M)→ Cn+1

3-Lie(gR,M)

is given by

(∂R f )(X1, . . . ,Xn,xn+1)

= ∑
1≤ j<k≤n

(−1) j f (X1, . . . , X̂ j, . . . ,Xk−1, [x j,y j,xk]R∧ yk + xk ∧ [x j,y j,yk]R,Xk+1, . . . ,Xn,xn+1)

+
n

∑
j=1

(−1) j−1
ρR(x j,y j) f (X1, . . . , X̂ j, . . . ,Xn,xn+1)

+(−1)n+1(ρR(yn,xn+1) f (X1, . . . ,Xn−1,xn)+ρR(xn+1,xn) f (X1, . . . ,Xn−1,yn)),

for Xi = xi∧ yi ∈ ∧2g, i = 1, · · · ,n and xn+1 ∈ g.
Obviously f ∈C1

3-Lie(g,M) is closed if and only if

ρ(Ry,Rz) f (x)+ρ(Rz,Rx) f (y)+ρ(Rx,Ry) f (z)

= R(ρ(Ry,z) f (x)+ρ(z,Rx) f (y)+ρ(Rz,x) f (y)+ρ(x,Ry) f (z)+ρ(Rx,y) f (z)]+ρ(y,Rz) f (x),)

+ f ([Rx,Ry,z]+ [x,Ry,Rz]+ [Rx,y,Rz]+λ [x,y,z])−λ [ f (x),y,z]−λ [x, f (y),z]−λ [x,y, f (z)].

Definition 5.10. Let
(g, [−,−,−]g,R)

be a modified Rota–Baxter 3-Lie algebra of weight λ and (M,ρ,RM) be a representation over it. Then the
cochain complex (C•3-Lie(gR,M),∂R) is called the cochain complex of modified Rota–Baxter operator T of
weight λ with coefficients in (M,ρR,RM), denoted by C•

mRBOλ
(g,M). The cohomology of C•

mRBOλ
(g,M),

denoted by H•
mRBOλ

(g,M), are called the cohomology of modified Rota–Baxter operator R of weight λ

with coefficients in (M,ρR,RM).
When (M,ρ,RM) is the regular representation

(g, [−,−,−]g,R),

we denote C•
mRBOλ

(g,g) by C•
mRBOλ

(g) and call it the cochain complex of modified Rota–Baxter operator
of weight λ , and denote H•

mRBOλ
(g,g) by H•

mRBOλ
(g) and call it the cohomology of modified Rota–Baxter

operator T of weight λ .
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5.3 Cohomology of modified Rota–Baxter 3-Lie algebras

In this section, we will combine the cohomology of 3-Lie algebras and the cohomology of modified
Rota–Baxter operators of arbitrary weights to define a cohomology theory for modified Rota–Baxter 3-
Lie algebras of arbitrary weights.

Let M = (M,ρ,RM) be a representation over a modified Rota–Baxter 3-Lie algebra g = (g,µ =
[−,−,−]g,R) of weight λ . Now, let’s construct a chain map

Ψ
• : C•3-Lie(g,M)→C•mRBOλ (g,M),

i.e., the following commutative diagram:

C0
3-Lie(g,M)

δ 0
//

Φ0

��

C1
3-Lie(g,M)

Φ1

��

Cn
3-Lie(g,M)

δ n
//

Φn

��

Cn+1
3-Lie(g,M)

Φn+1

��
C0
RBOλ

(g,M)
∂ 0
// C1

RBOλ
(g,M) Cn

RBOλ
(g,M)

∂ n
// Cn+1

RBOλ
(g,M) .

Define Ψ0 = IdHom(k,M) = IdM . For f ∈ C1
3-Lie(g,M), set

Ψ
1( f ) = f ◦R−RM ◦ f .

For n ⩾ 2 and f ∈ Cn
3-Lie(g,M), define Ψn( f ) ∈ Cn

mRBOλ
(g,M) by

Ψ
n( f ) =

n

∑
k=1

(
λ

n−k−1
∑

1⩽i1<i2<···<i2k−1⩽2n−1
f ◦ (Id(i1−1),R, Id(i2−i1−1),R, · · · ,R, Id(2n−1−i2k−1))◦

(
(Id∧ Id)⊗n−2⊗ Id∧3

)
−λ

n−k−1
∑

1⩽i1<i2<···<i2k−2⩽2n−1
RM ◦ f ◦ (Id(i1−1),R, Id(i2−i1−1),R, · · · ,R, Id(2n−1−i2k−2))◦

(
(Id∧ Id)⊗n−2⊗ Id∧3

))
.

Here the operators
Id(i1−1), R, Id(i2−i1−1), T, . . . , R, Id(2n−1−i2k−1)

(or Id(2n−1−i2k−2) in the second summand) act successively on

x1, y1, . . . , xn, yn, xn+1.

Proposition 5.11. The map Ψ• : C•3-Lie(g,M)→ C•
mRBOλ

(g,M) is a chain map.

It can be proved by arguments similar to those in Appendix A; hence we omit the details.
Similarly, we give the definition of cohomology for modified Rota–Baxter algebras.

Definition 5.12. Let M = (M,ρ,RM) be a representation over a modified Rota–Baxter 3-Lie algebra
g= (g,µ = [−,−,−]g,R) of weight λ . We define the cochain complex (C•

RB3-Lieλ
(g,M),d•) of modified

Rota–Baxter 3-Lie algebra (g,µ,R) of weight λ with coefficients in (M,ρ,RM) to the negative shift of
the mapping cone of Ψ•, that is, let

C0
RB3-Lieλ (g,M) = C0

3-Lie(g,M) and Cn
mRB3-Lieλ (g,M) = Cn

3-Lie(g,M)⊕Cn−1
mRBOλ

(g,M),∀n ⩾ 1,
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and the differential dn : Cn
mRB3-Lieλ

(g,M)→ Cn+1
mRB3-Lieλ

(g,M) is given by

dn( f ,g) = (δ n( f ),−∂
n−1(g)−Φ

n( f ))

for arbitrary f ∈Cn
3-Lie(g,M) and g∈Cn−1

mRBOλ
(g,M). The cohomology of (C•

mRB3-Lieλ
(g,M),d•), denoted

by H•
mRB3-Lieλ

(g,M), is called the cohomology of the Rota–Baxter 3-Lie algebra (g,µ,R) of weight λ with
coefficients in (M,ρ,RM). When (M,ρ,RM) = (g,µ,R), we just denote C•

mRB3-Lieλ
(g,g),

H•
mRB3-Lieλ

(g,g) by C•
mRB3-Lieλ

(g), H•
mRB3-Lieλ

(g) respectively, and call them the cochain complex, the
cohomology of modified Rota–Baxter 3-Lie algebra (g,µ,T ) of weight λ respectively.

There is also a natural short exact sequence of cochain complexes

0−→ s−1C•mRBOλ (g,M)−→ C•mRB3-Lieλ (g,M)−→ C•3-Lie(g,M)−→ 0,

which gives rise to the associated long exact sequence in cohomology:

0−→ H0
mRB3-Lieλ (g,M)−→ H0

3-Lie(g,M)−→ H0
mRBOλ (g,M)

−→ H1
mRB3-Lieλ (g,M)−→ H1

3-Lie(g,M)−→ ·· ·

· · · −→ Hp
3-Lie(g,M)−→ Hp

mRBOλ
(g,M)−→ Hp+1

mRB3-Lieλ
(g,M)

−→ Hp+1
3-Lie(g,M)−→ ·· · .

5.4 Formal deformations of modified Rota–Baxter algebras
In this section, we study formal deformations of modified Rota–Baxter 3-Lie algebras of weight λ .

5.4.1 Formal deformations of modified Rota–Baxter operator with 3-Lie bracket
fixed

Let (g,µ,R) be a modified Rota–Baxter 3-Lie algebra of weight λ . Let us consider the case where
we only deform the modified Rota–Baxter operator with the 3-Lie bracket fixed. As in Section 4.4.1, we
consider a one-parameter family of the form

Rt =
∞

∑
i=0

Rit i, Ri ∈ C1
mRBOλ (g).

Definition 5.13. A 1-parameter formal deformation of a modified Rota–Baxter operator R on a 3-Lie
algebra (g,µ) is a formal power series Rt ∈ Endk[[t]](g[[t]]) such that:

• Rt is a k[[t]]-linear modified Rota–Baxter operator on the 3-Lie algebra g[[t]];

• Rt reduces to R at t = 0, i.e. R0 = R.

The coefficient R1 is called the infinitesimal of the deformation.

Power series Rt determine a 1-parameter formal deformation of the modified Rota–Baxter operator R
on a 3-Lie algebra (g,µ) if and only if the following equation holds:

µ(Rt(x1),Rt(x2),Rt(x3))
= Rt(µ(Rt(x1),Rt(x2),x3)+µ(Rt(x1),x2,Rt(x3))+µ(x1,Rt(x2),Rt(x3))+λ µ(x1,x2,x3)

)
−λ µ(Rt(x1),x2,x3)−λ µ(x1,Rt(x2),x3)−λ µ(x1,x2,Rt(x3)),
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for arbitrary x1,x2,x3,x4,x5 ∈ g. Expanding this equation and comparing the coefficient of tn, we obtain
that {Ti}i⩾0 have to satisfy: for arbitrary n ⩾ 0,

∑
i+ j+k=n
i, j,k⩾0

µ(Ri(x1),R j(x2),Rk(x3))

= ∑
i+ j+k=n
i, j,k⩾0

(
Ri(µ(x1,R j(x2),Rk(x3)))+Ri(µ(R j(x1),x2,Rk(x3)))+Rk(µ(Ri(x1),R j(x2),x3))

)
−λ ∑

i+ j=n
i, j⩾0

(
Ri(µ(R j(x1),x2,x3))+Ri(µ(x1,R j(x2),x3))+Ri(µ(x1,x2,R j(x3)))

)
+λRnµ(x1,x2,x3).

(4.3)

Obviously, when n= 0, Equation (4.3) becomes exactly Equation (1.2) defining modified Rota–Baxter
operator T = T0.

When n = 1, Equation (4.3) has the form

µ (R1(x1),R(x2),R(x3))+µ (R(x1),R1(x2),R(x3))+µ (R(x1),R(x2),R1(x3))

= R(µ(x1,R1(x2),R(x3))+µ(x1,R(x2),R1(x3)))

+R(µ(R1(x1),x2,R(x3))+µ(R(x1),x2,R1(x3)))

+R(µ(R1(x1),R(x2),x3)+µ(R(x1),R1(x2),x3))

+R1 (µ(x1,R(x2),R(x3))+µ(R(x1),x2,R(x3))+µ(R(x1),R(x2),x3))

−λ (µ(R1(x1),x2,x3)+µ(x1,R(x2),x3)+µ(x1,x2,R1(x3)))

−λ (µ(x1,R(x2),x3)+µ(R(x1),x2,x3)+µ(x1,x2,R(x3)))

+λR1µ(x1,x2,x3)

(4.4)

which says exactly that ∂ 1(R1) = 0 ∈ C•
RBOλ

(g). This proves the following result:

Proposition 5.14. Let Rt be a 1-parameter formal deformation of modified Rota–Baxter operator R of
weight λ . Then T1 is a 1-cocycle in the cochain complex C•

mRBOλ
(g).

Remark 5.15. The above result implies that C•
mRBOλ

(g) controls the formal deformation theory of Rota–
Baxter operators.

5.4.2 Formal deformations of modified Rota–Baxter 3-Lie algebras
Let (g,µ,R) be a modified Rota–Baxter 3-Lie algebra of weight λ . Consider a 1-parameterized

family:

µt =
∞

∑
i=0

µit i, µi ∈ C2
3-Lie(g), Rt =

∞

∑
i=0

Rit i, Ri ∈ C1
mRBOλ (g).

Definition 5.16. A 1-parameter formal deformation of a modified Rota–Baxter 3-Lie algebra (g,µ,R)
of weight λ is a pair (µt ,Rt) such that the flat k[[t]]-module g[[t]] becomes a modified Rota–Baxter 3-Lie
algebra of weight λ over k[[t]], and such that (µ0,R0)= (µ,R). The pair (µ1,R1) is called the infinitesimal
of the deformation.

Power series µt and Rt determine a 1-parameter formal deformation of Rota–Baxter 3-Lie algebra
(g,µ,R) of weight λ if and only if for arbitrary x1,x2,x3,x4,x5 ∈ g, the following equations hold :

µt(x1,x2,µt(x3,x4,x5))

= µt(µt(x1,x2,x3),x4,x5)+µt(x3,µt(x1,x2,x4),x5)+µt(x3,x4,µt(x1,x2,x5))

µt(Rt(x1),Rt(x2),Rt(x3))

= Rt(µt(Rt(x1),Rt(x2),x3)+µt(Rt(x1),x2,Rt(x3))+µt(x1,Rt(x2),Rt(x3))+λ µt(x1,x2,x3)
)

−λ µt(Rt(x1),x2,x3)−λ µt(x1,Rt(x2),x3)−λ µt(x1,x2,Rt(x3)).
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By expanding these equations and comparing the coefficient of tn, we obtain that {µi}i⩾0 and {Ti}i⩾0
have to satisfy: for arbitrary n ⩾ 0,

∑
i+ j=n

µi(x1,x2,µ j(x3,x4,x5))

= ∑
i+ j=n

µi(µ j(x1,x2,x3),x4,x5)+µi(x3,µ j(x1,x2,x4),x5)+µi(x3,x4,µ j(x1,x2,x5)), (4.5)

∑
i+ j+k+l=n

µi(R j(x1),Rk(x2),Rl(x3))

= ∑
i+ j+k+l=n

Ti
(
µ j(Rk(x1),Rl(x2),x3)+µ j(Rk(x1),x2,Rl(x3))+µ j(x1,Rk(x2),Rl(x3))

)
(4.6)

−λ ∑
j+k=n

(
µ j(Rk(x1),x2,x3)+µ j(x1,Rk(x2),x3)+µ j(x1,x2,Rk(x3))

)
+λ ∑

i+ j=n
Ri
(
µ j(x1,x2,x3)

)
.

Obviously, when n = 0, the above conditions are exactly the 3-Lie bracket µ = µ0 and Equation (1.2)
which is the defining relation of modified Rota–Baxter operator R = R0 of weight λ .

Proposition 5.17. Let (g[[t]],µt ,Tt) be a 1-parameter formal deformation of modified Rota–Baxter 3-Lie
algebra (g,µ,T ) of weight λ . Then (µ1,T1) is a 2-cocycle in the cochain complex C•

mRB3-Lieλ
(g).

Proof. When n = 1, Equations (4.6) become

µ1(R(x1),R(x2),R(x3))−R
(
µ1(R(x1),R(x2),x3)−µ1(R(x1),x2,R(x3))−µ1(x1,R(x2),R(x3))

)
+λ
(
µ1(R(x1),x2,x3)+µ1(x1,R(x2),x3)+µ1(x1,x2,R(x3))

)
−λR

(
µ1(x1,x2,x3)

)
= R1

(
[R(x1),R(x2),x3]g+[R(x1),x2,R(x3)]g+[x1,R(x2),R(x3)]g+λ [x1,x2,x3]g

)
−[R1(x1),R(x2),R(x3)]g− [R(x1),R1(x2),R(x3)]g− [R(x1),R(x2),R1(x3)]g

+R
(
[R1(x1),R(x2),x3]g+[R1(x1),x2,R(x3)]g+[x1,R1(x2),R(x3)]g

)
+R
(
[R(x1),R1(x2),x3]g+[R(x1),x2,R1(x3)]g+[x1,R(x2),R1(x3)]g

)
−λ
(
[R1(x1),x2,x3]g+[x1,R1(x2),x3]g+[x1,x2,R1(x3)]g

)
. (4.7)

As in the proof of Proposition 4.17, we have

δ
2(µ1) = 0 ∈ C•3-Lie(g),

and Equation 4.7 is equivalent to

Φ
2(µ1) =−∂

1(R1) ∈ C•mRBOλ (g).

So (µ1,R1) is a 2-cocycle in C•
mRB3-Lieλ

(g).

Remark 5.18. Equation (4.7) inspired us to introduce the chain map Φ• : C•3-Lie(g,M)→C•
mRBOλ

(g,M)

as well the cochain complex C•
mRB3-Lieλ

(g,M).

Definition 5.19. Let (g[[t]],µt ,Rt) and (g[[t]],µ ′t ,R
′
t) be two 1-parameter formal deformations of the

modified Rota–Baxter 3-Lie algebra (g,µ,R) of weight λ . A formal isomorphism from (g[[t]],µ ′t ,R
′
t)

to (g[[t]],µt ,Rt) is a power series ψt = ∑i=0 ψit i : g[[t]]→ g[[t]], where ψi : g→ g are linear maps with
ψ0 = Idg, such that:

ψt ◦µ
′
t = µt ◦ (ψt ⊗ψt ⊗ψt), (4.8)

ψt ◦R′t = Rt ◦ψt . (4.9)
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Given a modified Rota–Baxter 3-Lie algebra (g,µ,R) of weight λ , the power series µt ,Rt with
µi = δi,0µ,Ri = δi,0T makes (g[[t]],µt ,Rt) into a 1-parameter formal deformation of (g,µ,R). Formal
deformations is said to be trivial if it is equivalent to (g,µ,R).

Definition 5.20. A modified Rota–Baxter 3-Lie algebra (g,µ,T ) of weight λ is said to be rigid if every
1-parameter formal deformation is trivial.

Arguing as in Section 4.4.2, we can establish the following theorems. We omit the proofs, since they
follow the same pattern.

Theorem 5.21. The infinitesimals of two equivalent 1-parameter formal deformations of (g,µ,R) are in
the same cohomology class in H•

mRB3-Lieλ
(g).

Theorem 5.22. Let (g,µ,R) be a modified Rota–Baxter 3-Lie algebra of weight λ . If H2
mRB3-Lieλ

(g) = 0,
then (g,µ,R) is rigid.



Chapter 6
L∞[1]-structure for (relative and
absolute) modified Rota–Baxter 3-Lie
algebras

6.1 L∞[1]-structure for relative modified Rota–Baxter 3-Lie alge-
bras

In this section, by using the derived bracket technique, we construct an L∞[1]-algebra whose Maurer-
Cartan elements are in bijection with the set of structures of relative modified Rota–Baxter 3-Lie algebras
of weight λ .

Theorem 6.1. [79] The graded vector space C•3-Lie(g,g) equipped with the graded commutator bracket

[P,Q]R = P◦Q− (−1)pqQ◦P, ∀P ∈ Cp
3-Lie(g,g),Q ∈ Cq

3-Lie(g,g),

is a graded Lie algebra, where P◦Q ∈ Cp+q
3-Lie(g,g) is defined by

(P◦Q)
(
X1, · · · ,Xp+q,x

)
=

p

∑
k=1

(−1)(k−1)q
∑

σ∈S(k−1,q)
(−1)σ P

(
Xσ(1), · · · ,Xσ(k−1),

Q
(
Xσ(k), · · · ,Xσ(k+q−1),xk+q

)
∧ yk+q,Xk+q+1, · · · ,Xp+q,x

)
+

p

∑
k=1

(−1)(k−1)q
∑

σ∈S(k−1,q)
(−1)σ P

(
Xσ(1), · · · ,Xσ(k−1),

xk+q∧Q
(
Xσ(k), · · · ,Xσ(k+q−1),yk+q

)
,Xk+q+1, · · · ,Xp+q,x

)
+ ∑

σ∈S(p,q)
(−1)pq(−1)σ P

(
Xσ(1), · · · ,Xσ(p),

Q
(
Xσ(p+1), · · · ,Xσ(p+q−1),Xσ(p+q),x

))
,

for all Xi = xi∧ yi ∈ ∧2g, i = 1,2, · · · , p+q and x ∈ g. Moreover, µ : ∧3g−→ g is a 3-Lie bracket if and
only if µ ∈ C2

3-Lie(g,g) such that [µ,µ]R = 0.

45
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Proposition 6.1. Denote the graded vector space C•3Lie−act(h,g) by

⊕
n≥0

⊕
i1,...,in∈{0,1}

(
Homk

(
Vi1 ⊗·· ·⊗Vin ⊗

(
∧3 g⊕ (∧2h⊗g)

)
, g
)

⊕ Homk
(
Vi1 ⊗·· ·⊗Vin ⊗

(
∧3 h⊕ (∧2g⊗h)

)
, h
))

where V0 =∧2h and V1 =∧2g. Then VrPair :=C•3Lie−act(h,g) is a subalgebra of the graded Lie algebra

(C•3-Lie(g⊕h,g⊕h), [·, ·]R) .

Moreover, a quadruple
((h,µ) ,(g,π) ,ρ,ζ )

forms a relative 3-Lie algebra pair if and only if δ := π +ρ +µ +ζ ∈ (VrPair)
1 satisfies

[δ ,δ ]R = 0,

where

π ∈ Homk(∧3g,g), µ ∈ Homk(∧3h,h), ρ ∈ Homk(∧2g⊗h,h), ζ ∈ Homk(∧2h⊗g,g).

Proof. Denote ⊕
n≥0

⊕
i1,...,in∈{0,1}

(
Homk(Vi1 ⊗·· ·⊗Vin ⊗

(
(∧3g)⊕ (∧2h⊗g)

)
,g)
)

by Vg and ⊕
n≥0

⊕
i1,...,in∈{0,1}

(
Homk(Vi1 ⊗·· ·⊗Vin ⊗

(
(∧3h)⊕ (∧2g⊗h)

)
,h)
)

by Vh, respectively. For each P ∈Vg, Q ∈Vh and R ∈VrPair, we can show that P◦R ∈Vg and Q◦R ∈Vh.
Thus, VrPair is a subalgebra of C•3Lie−act(g⊕h,g⊕h).

For all δ ∈ (VrPair)
1, can decompose δ as δ = π +ρ +µ +ζ , where

π ∈ Homk(∧3g,g),

µ ∈ Homk(∧3h,h),

ρ ∈ Homk(∧2g⊗h,h)

and ζ ∈ Homk(∧2h⊗g,g). Since [δ ,δ ]R = 0, we have

[µ,µ]R = 0, [π,π]R = 0, ρ ◦ρ = ρ ◦π and ζ ◦ζ = ζ ◦µ.

By Theorem 6.1, µ and π define 3-Lie brackets on h and g, respectively. ρ ◦ρ = ρ ◦π is equivalent to
that ρ and π satisfy the Equations (2.1)(2.2). Therefore, ρ : ∧2g⊗ h→ h is action of (g,π) on (h,µ).
Similarly, µ : ∧2h⊗g→ g is action of (h,µ) on (g,π).

Vice versa.

By Theorem 2.1 and Proposition 6.1, we can construct the following L∞[1]-algebra.

Proposition 6.2. Let g and h are two vector space. Then we have a V -data (V,a,P,∆) as follows:

(a) the graded Lie algebra (V, [−,−]) is given by
(
C∗3-Lie(g⊕h,g⊕h), [·, ·]R

)
;
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(b) the abelian graded Lie subalgebra a is given by

a= C•3-Lie(h,g) =⊕n≥0Cn
3-Lie(h,g) =

⊕
n≥0

Homk

∧2h⊗·· ·⊗∧2h︸ ︷︷ ︸
n times

∧h,g

 ;

(c) P : L→ L is the projection onto the subspace a;

(d) ∆ = 0 ∈ ker(P)1.

We obtain an L∞-algebra (VrPair[1]⊕a,{lk}k≥1), where

lmRB
2 (s f ⊗ sg) = s[ f ,g]R

lmRB
k (s f ⊗θ1⊗ . . .⊗θk−1) = P

[
· · · [[ f ,θ1]R ,θ2]R , . . . ,θk−1

]
R , for k ≥ 2

for all θ1, . . . ,θk−1 ∈ a and f ,g ∈VrPair.

Theorem 6.2. With all the above notations. Suppose there are maps

π ∈ Homk(∧3g,g),

µ ∈ Homk(∧3h,h),

ρ ∈ Homk(∧2g⊗h,h),

ζ ∈ Homk(∧2h⊗g,g),

T ∈ Homk(h,g)

and δ = π +ρ +λ (µ +ζ ) with nonzero λ .
Then

(δ [1],T ) ∈ (VrPair[1]⊕a)0

is a Maurer-Cartan element in L∞[1]-algebra

(VrPair[1]⊕a,{lmRB
k }k≥1)

if and only
((h,π) ,(g,µ) ,ρ,ζ ,T )

is a relative modified Rota–Baxter 3-Lie algebra structure.

Proof. Let (δ [1],T ) ∈ (VrPair)
0. Then δ can be decomposed as δ = π +ρ +λ (µ +ζ ) and we have that

lmRB
2

(
(δ [1],T )⊗ (δ [1],T )

)
= ([δ ,δ ]R[1],2P[δ ,T ]R) ,

lmRB
4

(
(δ [1],T )⊗ (δ [1],T )⊗δ [1],T )⊗ (δ [1],T )

)
= (0,24P[[[δ ,T ]R,T ]R,T ]R) ,

where for all (u,v,w) ∈ ∧2h

P[δ ,T ]R(u,v,w)

=−λT µ(u,v,w)+λ (ζ (u,v)Tw+ζ (v,w)Tu+ζ (w,u)T v) ,

P[[[δ ,T ]R,T ]R,T ]R(u,v,w)

= π(Tu,T v,Tw)−T (ρ(Tu,T v)w+ρ(T v,Tw)u+ρ(Tw,Tu)v) .
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Then, the element (δ [1],T )∈ (VrPair)
0 is a Maurer-Cartan element in (VrPair[1]⊕a,{lmRB

k }k≥1), if and
only if

∞

∑
k=1

1
k!

lmRB
k

(
(δ [1],T )⊗·· ·⊗ (δ [1],T )

)
=

1
2!

lmRB
2

(
(δ [1],T )⊗ (δ [1]⊗T )+

1
4!

lmRB
4

(
(δ [1],T )⊗ (δ [1],T )⊗ (δ [1],T ),(δ [1],T )

)
= 0,

that is, ( 1
2!
[δ ,δ ]R[1],

1
2!

P[δ ,T ]R +
1
4!

P[[[δ ,T ]R,T ]R,T ]R
)
= 0. (1.1)

By the first component of Equation 1.1, we have

[δ ,δ ]R = 0.

Thus, by Proposition 6.1, this implies that the quadruple ((h,µ) ,(g,π) ,ρ,ζ ) defines a relative 3-Lie
algebra pair structure.

From the second component, we obtain

π(Tu,T v,Tw) =T (ρ(Tu,T v)w+ρ(T v,Tw)u+ρ(Tw,Tu)v)

λ (−ζ (u,v)Tw−ζ (v,w)Tu−ζ (w,u)T v+T µ(u,v,w)) ,

which shows that T is a relative modified Rota–Baxter operator of weight λ on the relative 3-Lie algebra
pair ((h,µ) ,(g,π) ,ρ,ζ ).

Therefore, the element (δ [1],T ) ∈ (VrPair)
0 is a Maurer-Cartan element if and only if ((h,π) ,(g,µ) ,

ρ,ζ ,T ) is defines a relative modified Rota–Baxter 3-Lie algebra structure.

6.2 L∞[1]-structure for (absolute) modified Rota–Baxter 3-Lie alge-
bras

In this subsection, we will construct an L∞[1]-structure whose Maurer-Cartan elements are in bijection
with the set of structures of modified Rota–Baxter 3-Lie algebras of weight λ . The cohomology induced
by the Maurer-Cartan element of this L∞[1]-algebra constructed via the twisting procedure in Proposi-
tion 2.8 coincide with the cohomologies associated to the modified Rota–Baxter algebras, as described in
Definition 5.12.

Let g be a vector space. Consider another copy of g, denoted by g′, and set h := g′. Define the
following cochain complexes:

L := C•3-Lie(g⊕g′, g⊕g′), VrPair := C•3-Lie(g
′, g),

a := C•3-Lie(g
′, g) =

⊕
n≥0

Homk

∧2g′⊗·· ·⊗∧2g′︸ ︷︷ ︸
n times

∧g′, g

 .

As shown in Section 6.1, the graded vector space

VrPair[1]⊕a
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admits an L∞[1]-algebra structure, with higher operations denoted by {lmRB
k }k≥1. More precisely, we have

the decomposition
VrPair =V1⊕V2⊕V3⊕V4,

where:

V1 =
⊕
n≥0

V1(n), V1(n+1) =
⊕

i1,...,in∈{0,1}
Homk

(
Vi1 ⊗·· ·⊗Vin ⊗∧3g, g

)
,

V2 =
⊕
n≥0

V2(n), V2(n+1) =
⊕

i1,...,in∈{0,1}
Homk

(
Vi1 ⊗·· ·⊗Vin ⊗∧2g′⊗g, g

)
,

V3 =
⊕
n≥0

V3(n), V3(n+1) =
⊕

i1,...,in∈{0,1}
Homk

(
Vi1 ⊗·· ·⊗Vin ⊗∧3g′, g′

)
,

V4 =
⊕
n≥0

V4(n), V4(n+1) =
⊕

i1,...,in∈{0,1}
Homk

(
Vi1 ⊗·· ·⊗Vin ⊗∧2g⊗g′, g′

)
,

with V0 := ∧2g′ and V1 := ∧2g.
Denote

VPair :=
⊕
n≥0

VPair(n) and VPair(n) := Homk

∧2g⊗·· ·⊗∧2g︸ ︷︷ ︸
n times

∧g,g

 .

Consider the embedding map of graded spaces, defined for each n≥ 1 by

ν : VPair(n)−→VrPair(n) =V1(n)⊕V2(n)⊕V3(n)⊕V4(n),

f 7−→ ∑
i1,...,in−1,in, j∈{0,1}

f j
i1,...,in−1,in

,

where the components are defined as follows:
For x1∧ y1 ∈Vi1 , . . . ,xn−1∧ yn−1 ∈Vin−1 and:

(i) x,y,z ∈ g, define f 1
i1,...,in−1,1 ∈V1(n) by

f 1
i1,...,in−1,1(x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y∧ z) := f (x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y∧ z),

(ii) x,y ∈ g′ and z ∈ g, define f 1
i1,...,in−1,0 ∈V2(n) by

f 1
i1,...,in−1,0(x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y⊗ z) := f (x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y∧ z),

(iii) x,y,z ∈ g′, define f 0
i1,...,in−1,0

∈V3(n) by

f 0
i1,...,in−1,0(x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y∧ z) := f (x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y∧ z),

(iv) x,y ∈ g and z ∈ g′, define f 0
i1,...,in−1,1

∈V4(n) by

f 0
i1,...,in−1,1(x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y⊗ z) := f (x1∧ y1⊗·· ·⊗ xn∧ yn⊗ x∧ y∧ z).

Proposition 6.3. The embedding map ν : VPair→VrPair is a monomorphism of graded Lie algebra.
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Proof. For f ∈VPair(n) and g ∈VPair(m), we compute:

[ν( f ),ν(g)]R =

[
∑

i1,...,in, i∈{0,1}
f i
i1,...,in , ∑

j1,..., jm, j∈{0,1}
g j

j1,..., jm

]
R

= ∑
i1,...,im+n, i, j∈{0,1}

(
f i
i1,...,in ◦g j

in+1,...,im+n
− (−1)mngi

i1,...,im ◦ f j
im+1,...,im+n

)
,

where, for each i1, . . . , im+n−1 ∈ {0,1}, the components lie in the following spaces:

∑
i∈{0,1}

(
f i
i1,...,in ◦g1

in+1,...,im+n−1,1− (−1)mngi
i1,...,im ◦ f 1

im+1,...,im+n−1,1

)
∈ Homk

(
Vi1 ⊗·· ·⊗Vim+n−1 ⊗∧

3g, g
)
,

∑
i∈{0,1}

(
f i
i1,...,in ◦g1

in+1,...,im+n−1,0− (−1)mngi
i1,...,im ◦ f 1

im+1,...,im+n−1,0

)
∈ Homk

(
Vi1 ⊗·· ·⊗Vim+n−1 ⊗∧

2g′⊗g, g
)
,

∑
i∈{0,1}

(
f i
i1,...,in ◦g0

in+1,...,im+n−1,0− (−1)mngi
i1,...,im ◦ f 0

im+1,...,im+n−1,0

)
∈ Homk

(
Vi1 ⊗·· ·⊗Vim+n−1 ⊗∧

3g′, g′
)
,

∑
i∈{0,1}

(
f i
i1,...,in ◦g0

in+1,...,im+n−1,1− (−1)mngi
i1,...,im ◦ f 0

im+1,...,im+n−1,1

)
∈ Homk

(
Vi1 ⊗·· ·⊗Vim+n−1 ⊗∧

2g⊗g′, g′
)
.

Thus, we have
[ν( f ),ν(g)]R = ν ( f ◦g− (−1)mng◦ f ) [1] = ν ([ f ,g]R) ,

that is,
ν : VPair→VrPair

is a monomorphism of graded Lie algebras.

By Theorem 2.1 and Proposition 6.3, we have the following Proposition:

Proposition 6.4. (
sVPair⊕a,{lab

k }k≥1

)
is an L∞[1]-algebra with operations

lab
2 (s f ⊗ sg) = sν

−1[ν( f ),ν(g)]R,

lab
k (s f ⊗θ1⊗·· ·⊗θk−1) = P

[
· · · [[ν( f ),θ1]R ,θ2]R , . . . ,θk−1

]
R , for k ≥ 2,

for all θ1, . . . ,θk−1 ∈ a and f ,g ∈VPair.
Moreover, ν induces a monomorphism of L∞[1]-algebras:

ν̃ :
(

sVPair⊕a,{lab
k }k≥1

)
−→

(
sVrPair⊕a,{lmRB

k }k≥1
)
,

(s f ,θ) 7−→ (sν( f ),θ).

Theorem 6.3. With all the above notations. Suppose there are maps π ∈Homk(∧3g,g), T ∈Homk(g,g)
and λ is non-zero square.

Then (sπ,λ−1/2T )∈ (VPair[1]⊕a)0 is a Maurer-Cartan element in L∞[1]-algebra (sVPair⊕a,{lab
k }k≥1)

if and only ((g,π) ,ρ,ζ ,T ) is a modified Rota–Baxter 3-Lie algebra structure.

Proof. Let (sπ,λ−1/2T ) ∈ (VrPair)
0. Then we have

lab
2
(
(sπ,λ−1/2T )⊗ (sπ,λ−1/2T )

)
=
(

ν
−1s[ν(π),ν(π)]R, 2λ

−1/2P[ν(π),T ]R
)
,

lab
4
(
(sν(π),λ−1/2T )⊗·· ·⊗ (sν(π),λ−1/2T )

)
=
(

0, 24λ
−3/2P[[[ν(π),T ]R,T ]R,T ]R

)
.
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For all (u,v,w) ∈ ∧2h, we compute:

P[ν(π),T ]R(u,v,w) =−T π(u,v,w)+(π(u,v,Tw)+π(v,w,Tu)+π(w,u,T v)) ,

P[[[ν(π),T ]R,T ]R,T ]R(u,v,w) = π(Tu,T v,Tw)−T (π(Tu,T v,w)+π(T v,Tw,u)+π(Tw,Tu,v)) .

Therefore, the element (sπ,λ−1/2T ) ∈ (VrPair)
0 is a Maurer-Cartan element in the L∞[1]-algebra

(VPair[1]⊕a,{lab
k }k≥1) if and only if

∞

∑
k=1

1
k!

lab
k

(
(sπ,λ−1/2T )⊗k

)
=

1
2

lab
2

(
(sπ,λ−1/2T )⊗2

)
+

1
24

lab
4

(
(π[1],λ−1/2T )⊗4

)
= 0.

That is,
[π,π]R = 0,

and

π(Tu,T v,Tw) = T (π(Tu,T v,w)+π(T v,Tw,u)+π(Tw,Tu,v))

+λ (−π(u,v,Tw)−π(v,w,Tu)−π(w,u,T v)+T π(u,v,w)) .

Hence, the element (sπ,λ−1/2T ) ∈ (VrPair)
0 is a Maurer-Cartan element if and only if the triple

(g,π,T ) defines a modified Rota–Baxter 3-Lie algebra structure.

Remark 6.5. Let R be a modified Rota–Baxter operator of weight λ on a 3-Lie algebra (g,π). Then the
element

α := (sπ, λ
−1/2T )

is a Maurer–Cartan element in the L∞[1]-algebra (sVPair⊕a,{lab
k }k≥1). Moreover, the cohomology of the

cochain complex induced by α via the twisting procedure described in Proposition 2.8 coincides with the
cohomology of the shifted cochain complex sC•

mRB3-Lieλ
(g) defined in Definition 5.12.

6.3 Comparison of the Controlling L∞[1]-structures
for relative Modified Rota–Baxter and relative Rota–Baxter 3-
Lie Algebras

Hou, Sheng, and Zhou [55] constructed the controlling L∞[1]-algebra structure for relative Rota–Baxter
operators of weight λ on 3-Lie algebras. In this subsection, we will construct a controlling L∞-subalgebra
of the L∞[1]-algebra introduced in Section 6.1, which controls the deformation of relative modified Rota–
Baxter 3-Lie algebras. This subalgebra simultaneously controls the deformations of both the relative
Rota–Baxter operators and the underlying 3-Lie algebra structures.

Proposition 6.6. Let Vh be a subspace of VrPair, and let ι : Vh ↪→VrPair be the natural embedding. Then ι

induces an L∞-subalgebra structure {lRB
k }k≥1 on Vh[1]⊕a, as well as an L∞-morphism

ι̃ :
(
sVh⊕a,{lRB

k }k≥1
)
−→

(
sVrPair⊕a,{lmRB

k }k≥1
)

(s f ,θ)−→ (sι( f ),θ),

where

lRB
2 (s f ⊗ sg) = sι

−1[ι( f ), ι(g)]R

lRB
k ( f [1]⊗θ1⊗ . . .⊗θk−1) = P

[
· · · [[ι( f ),θ1]R ,θ2]R , . . . ,θk−1

]
R , for k ≥ 2

for all θ1, . . . ,θk−1 ∈ a and f ,g ∈Vh.
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Proof. By the proof of Proposition 6.1, we have that Vh is also a subalgebra of the graded Lie algebra
VrPair. Thus, by Theorem 2.1, the bracket ι−1[ι(−), ι(−)] is well-defined, and the map

ι̃ :
(
sVh⊕a, {lRB

k }k≥1
)
−→

(
sVrPair⊕a, {lmRB

k }k≥1
)

is an L∞-morphism.

Theorem 6.4. With all the above notations. Suppose there are maps

π ∈ Homk(∧3g,g),

µ ∈ Homk(∧3h,h),

ρ ∈ Homk(∧2g⊗h,h),

T ∈ Homk(h,g)

and δ = π +ρ +λ µ with nonzero weight λ .
Then

(sδ ,T ) ∈ (sVh⊕a)0

is a Maurer-Cartan element in L∞[1]-algebra

(sVh⊕a,{lRB
k }k≥1)

if and only
((h,π) ,(g,µ) ,ρ,T )

is a relative Rota–Baxter 3-Lie algebra structure.

Proof. As in the proof of Theorem 6.2, we omit the details here.

Remark 6.7. Let α = ((h,π) ,(g,µ) ,ρ,T ) be a relative Rota–Baxter 3-Lie algebra with trivial T . By
Theorem 6.4, α is also a Maurer-Cartan element in the L∞[1]-algebra (sVh⊕a,{lRB

k }k≥1).
By Proposition 2.8, we obtain the twisted L∞[1]-algebra structure {(lRB)α

k }k≥1 on sVh⊕a induced by
the Maurer-Cartan element α . In fact, the subalgebra a of the twisted L∞[1]-algebra

(sVh⊕a,{(lRB)α
k }k≥1)

coincides with the L∞[1]-algebra introduced in Section 4 of [55] by Hou, Sheng, and Zhou. This L∞[1]-
algebra controls the deformation theory of relative Rota–Baxter operators of weight λ on 3-Lie algebras
(h,π), (g,µ) together with the action ρ .



Part II

From homotopy Rota–Baxter algebras
to pre-Calabi-Yau and homotopy

double Poisson algebras
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Chapter 7
Preliminaries

7.1 Notations
Let k be a field of characteristic 0. A (homologically) graded space is a Z-indexed family of k-vector
spaces V = {Vn}n∈Z. Elements of

⋃
n∈ZVn are called homogeneous and have a degree |v|= n if v ∈Vn.

Given two graded spaces V and W , a graded map of degree r is a linear map f : V →W such that
f (Vn)⊆Wn+r for all n, and we denote the degree of f by | f |= r. Define

Hom(V,W )r = ∏
p∈Z

Homk(Vp,Wp+r)

as the space of graded maps of degree r. The graded space Hom(V,W ) is then given by {Hom(V,W )r}r∈Z.
The tensor product V ⊗W of two graded spaces V and W is defined by

(V ⊗W )n =
⊕

p+q=n
Vp⊗Wq.

We adopt Sweedler’s notation for elements in tensor products of graded spaces. Let V 1⊗·· ·⊗V n be the
tensor product of graded spaces V 1, · · · ,V n. An element r in this tensor product can be expressed as

r = ∑
i1,··· ,in

r[1]i1
⊗·· ·⊗ r[n]in ,

where r[k]ik
∈V k. For simplicity, we omit the subscripts ik and write:

r = ∑r[1]⊗·· ·⊗ r[n].

If V is a finite-dimensional graded space, there is an isomorphism of graded spaces:

Hom(V,W )∼=W ⊗V∨.

Moreover, if both V and W are finite-dimensional graded spaces, we have the isomorphism:

Endgr(V ⊗W )∼=V ⊗W ⊗W∨⊗V∨.

The suspension of a graded space V is the graded space sV , defined by (sV )n = Vn−1 for all n ∈ Z.
For any v ∈Vn−1, we denote the corresponding element in (sV )n by sv. The map s : V → sV , defined by
v 7→ sv, is a graded map of degree 1.
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Similarly, the desuspension of V , denoted s−1V , is defined by (s−1V )n = Vn+1. For v ∈ Vn+1, the
corresponding element in (s−1V )n is written as s−1v. The map s−1 : V → s−1V , given by v 7→ s−1v, is a
graded map of degree −1.

Let V be a graded vector space. Define the graded symmetric algebra Sym(V ) of V to be T(V )/I
where the two-sided ideal I is generated by x⊗ y− (−1)|x||y|y⊗ x for all homogeneous elements x,y ∈V .
For homogeneous elements x1, . . . ,xn ∈V and σ ∈Sn, the Koszul sign ε(σ ;x1, . . . ,xn) is defined by

x1⊙ x2⊙·· ·⊙ xn = ε(σ ;x1, . . . ,xn)xσ(1)⊙ xσ(2)⊙·· ·⊙ xσ(n) ∈ Sym(V ), (1.1)

where ⊙ is the multiplication in Sym(V ); For instance, x · y = (−1)|x||y|y · x, so ε((1 2),x,y) = (−1)|x||y|.
we also define

χ(σ ;x1, . . . ,xn) = sgn(σ)ε(σ ;x1, . . . ,xn), (1.2)

where sgn(σ) is the sign of the permutation σ .
Let Sn denote the symmetric group on n elements, and let V be a graded space. The left action of Sn

on V⊗n is defined as follows: for σ ∈Sn and any r = ∑r[1]⊗·· ·⊗ r[n] ∈V⊗n,

σ · r = ∑ε(σ ;r[1], . . . ,r[n])r[σ
−1(1)]⊗·· ·⊗ r[σ

−1(n)],

where ε(σ ;r[1], . . . ,r[n]) is the Koszul sign obtained from permuting the graded elements r[1], . . . ,r[n]. We
write σ−1 · r as rσ(1),...,σ(n).

For 0 ⩽ i1, . . . , ir ⩽ n with i1 + · · ·+ ir = n, let Sh(i1, i2, . . . , ir) denote the set of (i1, . . . , ir)-shuffles,
i.e., permutations σ ∈Sn such that:

σ(1)< · · ·< σ(i1),σ(i1 +1)< · · ·< σ(i1 + i2), . . . ,σ(i1 + · · ·+ ir−1 +1)< · · ·< σ(n).

The following fact shows that shuffles can be viewed as representatives of left cosets of symmetric
groups by Young subgroups:

Lemma 7.1. Let n ⩾ 1,1 ⩽ i ⩽ n− 1. Then for any δ ∈ Sn, there exists a unique triple (τ,σ ,π) with
σ ∈ Sh(i,n− i),τ ∈Si,π ∈Sn−i such that δ (l) = στ(l) for 1 ⩽ l ⩽ i, and δ (i+m) = σ(i+π(m)) for
1 ⩽ m ⩽ n− i.

7.2 L∞-algebras and homotopy Possion algebras

7.2.1 Differential graded Lie algebras
Now, let’s recall some basics on differential graded Lie algebras.

Definition 7.2. Let L =⊕i∈ZLi be a graded space. A differential graded (dg) Lie algebra structure on L
consists of two operations

τ1 : L→ L τ2 : L⊗L→ L

with |τ1|=−1, |τ2|= 0 satisfying the following conditions.

(i) τ1 ◦ τ1 = 0.

(ii) τ1 ◦ τ2 = τ2(τ1⊗ Id+ Id⊗ τ1).

(iii) τ2(x⊗ y)+(−1)|x||y|τ2(y⊗ x) = 0.

(iv) τ2(τ2(x⊗ y)⊗ z)+(−1)|x|(|y|+|z|)τ2(τ2(y⊗ z)⊗ x)+(−1)|z|(|x|+|y|)τ2(τ2(z⊗ x)⊗ y).
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Definition 7.3. Let (L,τ1,τ2) be a dg Lie algebra. An element α ∈ L−1 is called a Maurer-Cartan element
if α satisfies

τ1(α)− 1
2

τ2(α⊗α) = 0.

Lemma 7.4. Let (L,τ1,τ2) be a dg Lie algebra and α be a Maurer-Cartan element. Define operations

τ
α
1 (x) = τ1(x)− τ2(α⊗ x), τ

α
2 :=−τ2.

Then (L,τα
1 ,τ

α
2 ) is a dg Lie algebra.

7.2.2 L∞-algebras and Maurer-Cartan elements

Now, let’s recall some basics on L∞-algebras.

Definition 7.5. Let L =
⊕
i∈Z

Li be a graded space over k. Assume that L is endowed with a family of

graded linear operators ln : L⊗n → L,n ⩾ 1 with |ln| = n− 2 subject to the following conditions: for
arbitrary n ⩾ 1, σ ∈Sn and x1, . . . ,xn ∈ L,

• (skew-symmetry)

ln(xσ(1)⊗·· ·⊗ xσ(n)) = χ(σ ;x1, . . . ,xn) ln(x1⊗·· ·⊗ xn);

• (generalised Jacobi identity)

n

∑
i=1

∑
σ∈Sh(i,n−i)

χ(σ ;x1, . . . ,xn)(−1)i(n−i)ln−i+1(li(xσ(1)⊗·· ·⊗ xσ(i))⊗ xσ(i+1)⊗·· ·⊗ xσ(n)) = 0,

where Sh(i,n− i) is the set of (i,n− i) shuffles, that is, permutations σ ∈Sn such that

σ(1)< · · ·< σ(i) and σ(i+1)< · · ·< σ(n).

Then (L,{ln}n⩾1) is called an L∞-algebra.

Remark 7.6. Let us consider the generalised Jacobi identity for n ⩽ 3 with the assumption of generalised
skew-symmetry.

(i) n = 1, l1 ◦ l1 = 0, that is, l1 is a differential,

(ii) n = 2, l1 ◦ l2 = l2 ◦ (l1⊗ Id+ Id⊗ l1), that is l1 is a derivation for l2,

(iii) n = 3, for homogeneous elements x1,x2,x3 ∈ L

l2(l2(x1⊗ x2)⊗ x3)+(−1)|x1|(|x2|+|x3|)l2(l2(x2⊗ x3)⊗ x1)

+(−1)|x3|(|x1|+|x2|)l2(l2(x3⊗ x1)⊗ x2)

= −
(

l1(l3(x1⊗ x2⊗ x3))+ l3(l1(x1)⊗ x2⊗ x3)+(−1)|x1|l3(x1⊗ l1(x2)⊗ x3)

+(−1)|x1|+|x2|l3(x1⊗ x2⊗ l1(x3))
)
,

that is, l2 satisfies the Jacobi identity up to homotopy.

In particular, if all ln = 0 with n ⩾ 3, then (L, l1, l2) is just a dg Lie algebra.
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One can also define Maurer-Cartan elements in L∞-algebras.

Definition 7.7. Let (L,{ln}n⩾1) be an L∞-algebra. An element α ∈ L−1 is called a Maurer-Cartan
element if it satisfies the Maurer-Cartan equation:

∞

∑
n=1

1
n!
(−1)

n(n−1)
2 ln(α⊗n) = 0, (2.3)

whenever this infinite sum exists.

Proposition 7.8 (Twisting procedure). Given a Maurer-Cartan element α in L∞-algebra L, one can
introduce a new L∞-structure {lα

n }n⩾1 on graded space L, where lα
n : L⊗n→ L is defined as :

lα
n (x1⊗·· ·⊗ xn) =

∞

∑
i=0

1
i!
(−1)in+ i(i−1)

2 ln+i(α
⊗i⊗ x1⊗·· ·⊗ xn), ∀x1, . . . ,xn ∈ L, (2.4)

whenever these infinite sums exist. The new L∞-algebra (L,{lα
n }n⩾1) is called the twisted L∞-algebra (by

the Maurer-Cartan element α).

Definition 7.9. A homotopy Poisson algebra (also called a derived Poisson algebra) is a graded vector
space L equipped with both an L∞-algebra structure {ln}n⩾1 and a graded commutative associative algebra
structure, such that the following Leibniz∞ rule holds: for all n ⩾ 1 and x1, . . . ,xn−1,x′n,x

′′
n ∈ L,

ln(x1⊗·· ·⊗ x′n · x′′n) = ln(x1⊗·· ·⊗ x′n) · x′′n +(−1)|x
′
n|(∑n−1

i=1 |xi|+n−2)x′n · ln(x1⊗·· ·⊗ xn−1⊗ x′′n).

Proposition 7.10. Let (L,{ln}n⩾1) be an L∞-algebra. Define a family of operations {l̃n}n⩾1on the graded
symmetric algebra Sym(L) as follows: for all homogeneous elements x1

1, · · · ,x1
k1
, · · · ,xn

1, · · · ,xn
kn
∈ L

l̃n(x1
1 · · ·x1

k1
⊗·· ·⊗ xn

1 · · ·xn
kn
) := ∑

1⩽q1⩽k1,···1⩽qn⩽kn

(−1)

n
∑

s=1

(
s−1
∑

t=1
(
qt−1

∑
j=1
|x j |+

kt
∑

j=qt+1
|x j |)+

qs−1
∑

j=1
|x j |

)
|xqs |

ln(x1
q1
⊗·· ·⊗un

qn) · x
1
1 · · · x̂1

q1
· · ·x1

k1
· · ·xn

1 · · · x̂n
qn · · ·x

n
kn
.

Then
(

Sym(L),{ln}n⩾1

)
defines a homotopy Poisson algebra.

7.3 A∞-algebras and Pre-Calabi-Yau algebras

7.3.1 A∞-algebras and A∞-bimodules
We first recall some basics on A∞-algebras and A∞-bimodules, following [59, 61].

Definition 7.11. Let A = ⊕n∈ZAn be a graded vector space. If A is equipped with a family of homoge-
neous linear maps {mn : A⊗n→ A}n⩾1, with |mn|= n−2 satisfying the Stasheff identity: for all n ⩾ 1,

∑
i+ j+k=n,
i,k⩾0, j⩾1

(−1)i+ jkmi+1+k ◦
(

Id⊗i⊗m j⊗ Id⊗k
)
= 0, (3.5)

then (A,{mn}n⩾1) is called an A∞-algebra.

Remark 7.12. For small n, one can write down Equation (3.5) explicitly as follows:
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(i) n = 1, m1 ◦m1 = 0, that is, m1 is a differential,;

(ii) n = 2, m1 ◦m2 = m2 ◦ (m1⊗ Id+ Id⊗m1) , that is m1 is a derivation for l2,

(iii) n = 3

m2 ◦ (Id⊗m2−m2⊗ Id) = m1 ◦m3 +m3 ◦ (m1⊗ Id⊗ Id+ Id⊗m1⊗ Id+ Id⊗ Id⊗m1) ,

that is, operation m2 is associative up to homotopy and the obstruction of associativity is provided
by m3.

In particular, if all mn = 0 with n ⩾ 3, then (A,m1,m2) is just a dg algebra.

Definition 7.13. Let (A,{mn}n⩾1) be an A∞-algebra. An A∞-bimodule over A is a graded space M =⊕
n∈Z

Mn equipped with a family of homogeneous maps {mp,q : A⊗p⊗M⊗A⊗q→M}p,q≥0 with |mp,q| =

p+q−1 satisfying: for all p,q ⩾ 0,

∑
1⩽ j⩽p

0⩽i⩽p− j

(−1)i+ j(p−i− j+1+q)mp− j+1,q ◦
(

Id⊗i⊗m j⊗ Id⊗p−i− j⊗ IdM⊗ Id⊗q
)

(3.6)

+ ∑
i+r=p,
s+k=q,
i,r,s,k⩾0

(−1)i+(r+s−1)k+1mi+1,k+1 ◦
(

Id⊗i⊗mr,s⊗ Id⊗k
)

+ ∑
1⩽ j⩽q

0⩽i⩽q− j

(−1)p+i+1+ j(q−i− j)mp,q− j+1 ◦
(

Id⊗p⊗ IdM⊗ Id⊗i⊗m j⊗ Id⊗q−i− j
)

= 0.

7.3.2 Cyclic A∞-algebras and their cyclic complements
Definition 7.14. Let d be an integer and let A be a graded space. Suppose that A is endowed with a
graded symmetric bilinear form of degree −d: γ : A×A→ k, that is, γ is a homogeneous bilinear map
of degree −d satisfying γ(a,b) = (−1)|a||b|γ(b,a) for all homogeneous elements a,b ∈ A. An operation
mn : A⊗n→ A is called d-cyclic with respect to γ if it satisfies

γ (mn (a1⊗·· ·⊗an) ,a0) = (−1)
n+|a0|(

n
∑

i=1
|ai|)

γ (mn (a0⊗·· ·⊗an−1) ,an) ,

for all homogeneous elements a0, . . . ,an ∈ A.

Definition 7.15. Let d ∈Z. A d-cyclic A∞-algebra is an A∞-algebra (A,{mn}n⩾1) equipped with a graded
symmetric, nondegenerate bilinear form γ : A×A→ k, such that each mn is d-cyclic with respect to γ .

Let d ∈ Z. Set
∂dA = A⊕ sdA∨.

There is a natural bilinear form
ζA : ∂dA×∂dA→ k

of degree −d on ∂dA defined as follows:

ζA(sd f ,a) = (−1)|a|(| f |+d)
ζA(a,sd f ) = f (a), ζA(a,b) = ζA(sd f ,sdg) = 0,

for all homogeneous a,b ∈ A and f ,g ∈ A∨. Note that ζA has degree −d.
A 0-cyclic A∞-algebra will be simply called a cyclic A∞-algebra.
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Remark 7.16. Let A be a d-cyclic A∞-algebra. Then the canonical map

ϕ : A−→ sdA∨, a 7→ sd
γ(a,−) ∈ sdA∨,

is an isomorphism of A∞-bimodules over A. For further details, see [52, Lemma 3.1].

If A is an A∞-algebra, then ∂0A carries a natural A∞-algebra structure, namely the trivial extension
A∞-algebra. We refer to ∂0A as the cyclic completion of the A∞-algebra A:

Proposition 7.17. Let A be a locally finite-dimensional A∞-algebra. Then ∂0A is a cyclic A∞-algebra
with respect to the bilinear form ζA. Precisely, the A∞-operator {m̃n : ∂dA⊗n→ ∂dA}n⩾1 is given by the
following formulas: for homogeneous elements (a1, f1), · · · ,(an, fn) ∈ ∂0A = A⊕A∨,

m̃n : (∂0A)⊗n −→ ∂0A

m̃n ((a1, f1)⊗·· ·⊗ (an, fn)) =

(
mn(a1⊗·· ·⊗an),

n

∑
j=1

(−1)ξ
mn
j f j ◦mn(a j+1⊗·· ·⊗an⊗−⊗a1⊗·· ·⊗a j−1)

)
,

where

ξ
mn
j = jn+ |mn|| f j|+(

j−1

∑
k=1

(|ak|))(| f j|+
n

∑
k= j+1

(|ak|)).

7.3.3 Pre-Calabi–Yau algebras
Definition 7.18. [62] Let d ∈ Z. A d-pre-Calabi–Yau structure on a graded space A =⊕n∈ZAn consists
of a (d− 1)-cyclic A∞-algebra structure {mn}n⩾1 on ∂d−1A = A⊕ sd−1A∨ with respect to the natural
bilinear form ζA : ∂d−1A⊗∂d−1A→ k such that mn(A⊗n) ⊂ A for all n ⩾ 1; that is, ∂d−1A contains A as
an A∞-subalgebra.

A 0-pre-Calabi-Yau algebra will be simply called a pre-Calabi–Yau algebra.

Remark 7.19. In the original work of Kontsevich and Vlassopoulos [63] (see also [62]), a pre-Calabi-
Yau algebra is defined as a vector space endowed with a family of operations with multiple inputs and
outputs, subject to certain compatibility conditions. They showed that, on a finite-dimensional vector
space, a pre-Calabi-Yau structure in this sense is equivalent to the one described above.

Example 7.20. [62] Let M be a compact oriented manifold of dimension d with compact boundary ∂M
then the cohomology H•(M) of M has the structure of a pre-Calabi-Yau algebra of dimension d.

We now introduce certain pre-Calabi-–Yau algebras satisfying specific desirable properties, following
primarily [36].

Definition 7.21. Let A be a pre-Calabi-Yau algebra. We say that A is

• good if the A∞-algebra structure {mn}n⩾1 on ∂−1A = A⊕ s−1A∨ satisfies:

– for all i > 1, m2i = 0;

– for all i ⩾ 1,

m2i−1(A⊗ s−1A∨⊗·· ·⊗ s−1A∨⊗A)⊆ A,

m2i−1(s−1A∨⊗A⊗·· ·⊗A⊗ s−1A∨)⊆ s−1A∨,

and m2i−1 vanishes in all other cases;
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• fine if it is good and m2 also vanishes.

• manageable if m2 restricted to A is an associative multiplication, denoted by “ · ”, and for all

(a,s−1 f ),(b,s−1g) ∈ ∂−1A,

we have:
m2((a,s−1 f )⊗ (b,s−1g) = (a ·b,(−1)|a|s−1a▷g+ s−1 f◁b);

where the symbols “▷ ” and “◁ ” denote the natural left and right actions of A on A∨ respectively,
induce by the multiplication on A.

• special if the A∞-algebra structure {mn}n⩾1 on ∂−1A = A⊕ s−1A∨ satisfies: for all n > 1 m2n−1 is
ultracyclic, that is, v1, · · ·v2n ∈ ∂−1A, and σ ∈Sn,

ζA(m2n−1(v1⊗·· ·⊗ v2n−1),v2n)

=ε(σ̃ ;v1,v2, . . . ,v2n−1,v2n)ζA(m2n−1(vσ̃(1)⊗·· ·⊗ vσ̃(2n−1)),vσ̃(2n)),

where σ̃ ∈S2n is defined as σ̃(2i) = 2σ(i), σ̃(2i−1) = 2σ(i)−1 for all 1 ⩽ i ⩽ n.
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Chapter 8
Rota–Baxter algebras and homotopy
Rota–Baxter algebras

8.1 Rota–Baxter algebras, double Lie algebras,
and Yang-Baxter equations

In this section, we will first recall some basic notions on Rota–Baxter algebras, double Lie algebras
and associative Yang-Baxter equations. Then we will recall the connections among these three objects
introduced by Schedler [88], Goncharov and Kolesnikov [42].

Definition 8.1. Let (A,µ = ·) be an associative algebra over a field k, and let M be a bimodule over A.
A linear operator T : M→ A is called a relative Rota–Baxter operator on M if it satisfies the following
relation:

T (a) ·T (b) = T
(
a ·T (b)+T (a) ·b

)
, (1.1)

for all a,b ∈ A. In this case, the triple (A,M,T ) is called a relative Rota–Baxter algebra.
In particular, if we take M = A, then T is simply called a Rota–Baxter operator, and (A, ·,T ) is called

a Rota–Baxter algebra.

Definition 8.2. [88, 92] A double Lie algebra is a linear space V equipped with a linear map

{{−,−}} : V ⊗V →V ⊗V

satisfying the following identities for all a,b,c ∈V

• Skew-symmetry:
{{a,b}}=−σ(12){{b,a}}; (1.2)

• Double Jacobi identity:

{{−,{{−,−}}}}L +σ(123){{−,{{−,−}}}}Lσ
−1
(123)+σ

2
(123){{−,{{−,−}}}}Lσ

−2
(123) = 0. (1.3)

where {{−,−}}L(x1⊗ x2⊗ x3) := {{x1,x2}}⊗ x3.
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Definition 8.3. [92] A double Poisson algebra is an associative algebra (A, ·) equipped with a double Lie
algebra structure {{−,−}} satisfying the Leibniz rule: for all a,b,c ∈ A

{{a,b · c}}= {{a,b}} · c+b · {{a,c}}, (1.4)

where
{{a,b}} · c = {{a,b}}[1]⊗ ({{a,b}}[2] · c),
b · {{a,c}}= (b · {{a,c}}[1])⊗{{a,c}}[2].

Goncharov and Kolesnikov [42] proved that double Lie algebra structures on a finite-dimensional
vector space V are equivalent to cyclic Rota–Baxter operators (referred to as a skew-symmetric Rota–
Baxter operators in their work) on the associative algebra End(V ). We briefly recall this correspondence
below.

For a finite-dimensional vector space V , there is a natural nondegenerate bilinear form ⟨−,−⟩ on
Endk(V ) which is given as:

⟨ f ,g⟩ := tr( f ◦g),∀ f ,g ∈ Endk(V ).

Thus we have an isomorphism
Endk(V )∼= Endk(V )∨,

which induces the following isomorphisms:

Endk(V ⊗V )∼= Endk(V )⊗Endk(V )∼= Endk(V )⊗Endk(V )∨ ∼= Endk(Endk(V )).

In this way, any double bracket
{{−,−}} : V ⊗V →V ⊗V

can be uniquely determined by a linear operator

T : Endk(V )→ Endk(V ).

Conversely, given a linear operator T on Endk(V ), the corresponding bracket {{−,−}} : V ⊗V →V ⊗V
can be expressed in terms of T as follows:

{{a,b}}=
N

∑
i=1

T∨(ei)(a)⊗ ei(b) =
N

∑
i=1

ei(a)⊗T (ei)(b), a,b ∈V, (1.5)

where {e1, · · · ,eN} is a basis of Endk(V ), and {e1, · · · ,eN} is the corresponding dual basis with respect
to the trace form, i.e., ⟨ei,e j⟩= δ i

j. Here, T∨ denotes the adjoint (or conjugate) operator of T on Endk(V )
with respect to the trace form.

Goncharov and Kolesnikov proved that the bracket {{−,−}} defines a double Lie algebra structure
if and only if the operator T is a cyclic Rota–Baxter operator on Endk(V ), that is, T is a Rota–Baxter
operator satisfying T =−T∨.

On the other hand, Schedler [88] established a correspondence between skew-symmetric solutions of
the associative Yang-Baxter equation (AYBE) in Endk(V ) and double Lie algebra structures on V .

Now let A = Endk(V ) for a vector space V . Then there is a canonical isomorphism

Endk(V )⊗Endk(V )∼= Endk(V ⊗V ),

under which each element r = ∑i ai⊗bi corresponds to a unique bilinear operation

{{−,−}} : V ⊗V →V ⊗V.

Schedler proved that an element r ∈ Endk(V )⊗Endk(V ) is a skew-symmetric solution of the associative
Yang-Baxter equation in Endk(V ) if and only if the associated double bracket {{−,−}} defines a double
Lie algebra structure on V .

In summary, we have the following equivalence:
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Theorem 8.4. [42, 88] Let V be a finite-dimensional vector space over k. The following data are equiv-
alent:

(i) A double Lie algebra structure {{−,−}} on V .

(ii) A linear operator T : Endk(V )→ Endk(V ) that is a Rota–Baxter operator with respect to compo-
sition (i.e., on (Endk(V ),◦)), and is cyclic, meaning T∨ =−T .

(iii) A skew-symmetric solution r ∈ Endk(V ⊗V ) of the associative Yang-Baxter equation, i.e., r =−r21

and AYBE(r) = 0.

In [92], Van den Bergh proved that for a double Poisson algebra (A, ·,{{−,−}}), there exists a Lie
algebra structure {−,−} on the 0-th Hochschild homology of A: HH0(A) = A/[A,A]. The Lie bracket
{−,−} is defined as follows: for a,b ∈ A,

{a,b} := {{a,b}}[1] · {{a,b}}[2].

Inspired by this construction, we have the following result.

Lemma 8.5. Let (A, ·,{{−,−}}) be a double Poisson algebra. Define a bracket {−,−} on the quotient
algebra A/⟨[A,A]⟩ as follows:

{ā, b̄}= {{a,b}}[1] · {{a,b}}[2].

Then (A/⟨[A,A]⟩,{−,−}) is a Poisson algebra.

Proof. Since {{−,−}} is skew-symmetric, so is {−,−}. For a,b,c,d,e ∈ A,

{ā,bcde−bdce}

={{a,b}}[1] · {{a,b}}[2]cde+{{a,c}}[1] · {{a,c}}[2]bde+{{a,d}}[1] · {{a,d}}[2]bce

+{{a,e}}[1] · {{a,e}}[2]bcd−{{a,b}}[1] · {{a,b}}[2]cde+{{a,d}}[1] · {{a,d}}[2]bce

+{{a,c}}[1] · {{a,c}}[2]bde+{{a,e}}[1] · {{a,e}}[2]bcd

=0.

Thus, {−,−} is well-defined on A/⟨[A,A]⟩.
For the Jacobi identity,

{−,{−,−}}+{−,{−,−}}σ−1
(123)+{−,{−,−}}σ

−2
(123)

=µ ◦
(
{{−,{{−,−}}}}L +σ(123){{−,{{−,−}}}}Lσ

−1
(123)+σ

2
(123){{−,{{−,−}}

r}}Lσ
−2
(123)

)
+µ ◦

(
{{−,{{−,−}}}}L +σ(123){{−,{{−,−}}}}Lσ

−1
(123)+σ

2
(123){{−,{{−,−}}

r}}Lσ
−2
(123)

)
σ
−1
(23)

=0,

where µ is the multiplication of A/⟨[A,A]⟩.
Finally, it is easy to verify that {−,−} satisfy the Leibniz rule.

It is well-known that the symmetric algebra of a Lie algebra has a Poisson algebra structure. For
double Lie algebra, we have the following adapted construction.
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Proposition 8.6. Let (V,{{−,−}}) be a double Lie algebra. Define a double bracket operation {{−,−}} :
T(V )⊗T(V )→ T(V )⊗T(V ), where T(V ) is the tensor algebra generated by V , as follows. For m,n≥ 1
and u1, . . . ,um,v1, . . . ,vn ∈V , set

{{u1 · · ·um,v1 · · ·vn}}= ∑
p,q

v1 · · ·vq−1 {{up,vq}}[1] up+1 · · ·um⊗u1 · · ·up−1 {{up,vq}}[2] vq+1 · · ·vn. (1.6)

Then T(V ) is a double Poisson algebra with respect to this double bracket.

Proof. We denote the multiplication of T(V ) by ·. Define a double bracket

{{−,−}} : T(V )⊗T(V )−→ T(V )⊗T(V )

as follows. For m,n≥ 1 and u1, . . . ,um,v1, . . . ,vn ∈V , set

{{u1 · · ·um, v1 · · ·vn}} := ∑
p,q

v1 · · ·vq−1 · {{up,vq}}[1] ·up+1 · · ·um⊗u1 · · ·up−1 · {{up,vq}}[2] · vq+1 · · ·vn.

By construction, {{−,−}} satisfies the double Leibniz rule. Since the double bracket is double skew-
symmetric on V , it is also double skew-symmetric on T(V ).

It remains to verify the double Jacobi identity. Let m,n,k≥ 1 and ui,v j,zt ∈V . Consider the Jacobiator

{{u1 · · ·um,{{v1 · · ·vn,z1 · · ·zk}}}}L

+σ(123){{z1 · · ·zk,{{u1 · · ·um,v1 · · ·vn}}}}L

+σ
2
(123){{v1 · · ·vn,{{z1 · · ·zk,u1 · · ·um}}}}L.

Expanding each term using the defining formula and the double Leibniz rule, one obtains a finite sum
indexed by the positions of the generators. After regrouping terms, all summands cancel pairwise by the
double Jacobi identity on V . Hence the above expression vanishes.

Therefore, {{−,−}} defines a double Poisson algebra structure on T(V ). It is straightforward to check
that the induced bracket {−,−} is well defined on Sym(V ), and that (Sym(V ),{−,−}) is a Poisson
algebra.

Corollary 8.7. Let (V,{{−,−}}) be a double Lie algebra. Then Sym(V ) is a Poisson algebra.

Remark 8.8. The above corollary suggests that the dual space of a double Lie algebra can be regarded
as a formal Poisson manifold.

8.2 Homotopy Rota–Baxter algebras and homotopy Rota–Baxter
modules

In this section, we review the notions of homotopy Rota–Baxter algebras and relative Rota–Baxter alge-
bras. We then introduce the concepts of homotopy Rota–Baxter modules, along with a trivial extension
construction that produces homotopy Rota–Baxter algebras from such modules.

Definition 8.9. [95] Let (A,{mn}n⩾1) be an A∞-algebra. A homotopy Rota–Baxter operator consists of
a family of operators {Tn : A⊗n → A}n⩾1 with |Tn| = n− 1 subjecting to the following identities for all
n ⩾ 1:

∑
l1+···+lk=n,

l1,...,lk⩾1

(−1)δ mk ◦
(

Tl1 ⊗·· ·⊗Tlk

)
(2.7)

= ∑
1⩽ j⩽p

∑
r1+···+rp=n,

r1,...,rp⩾1

(−1)η Tr1 ◦
(

Id⊗i⊗mp ◦ (Tr2 ⊗·· ·⊗Tr j ⊗ Id⊗Tr j+1 ⊗·· ·⊗Trp)⊗ Id⊗k
)
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where

δ =
k(k−1)

2
+

k

∑
j=1

(k− j)l j, η = i+(p+
p

∑
j=2

(r j−1))k+
j

∑
t=2

(rt −1)+
p

∑
t=2

(rt −1)(p− t).

The triple (A,{mn}n⩾1,{Tn}⩾1) is called a homotopy Rota–Baxter algebra.

We also need the concepts of modules over homotopy Rota–Baxter algebras.

Definition 8.10. Let (A,{mn}n⩾1,{Tn}n⩾1) be a homotopy Rota–Baxter algebras. A Rota–Baxter mod-
ule over A is an A∞-bimodule (M,{mi, j}i, j⩾0) over A which is endowed with a family of graded maps
{T M

i, j : A⊗i ⊗M ⊗ A⊗ j → M}i, j⩾0, with |T M
i, j | = i + j, such that the following identities hold for any

m,n ⩾ 0:

∑
i1+···+ip+l=m
j1+···+ jq+k=n

p,q,l,k⩾0

(−1)α mp,q ◦
(

Ti1 ⊗·· ·⊗Tip ⊗T M
l,k ⊗Tj1 ⊗·· ·⊗Tjq

)
(2.8)

= ∑
i1+···+ip+l=m,
j1+···+ jq+k=n,

i1,··· ,ip, j1,··· , jq⩾1
p, q, l, k⩾0;

(−1)β1 T M
l,k ◦

(
Id⊗l

A ⊗mp,q ◦ (Ti1 ⊗·· ·⊗Tip ⊗ IdM⊗Tj1 ⊗·· ·⊗Tjq)⊗ Id⊗k
A

)

+ ∑
i1+···+ip+l+r+1=m

j1+···+ jq+k+t=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β2 T M
l,k ◦

(
Id⊗l

A ⊗mp+1,q ◦ (Ti1 ⊗·· ·⊗Tiv ⊗ IdA⊗Tiv+1 · · ·

· · ·⊗Tip ⊗T M
r,t ⊗Tj1 ⊗·· ·⊗Tjq)⊗ Id⊗k

A

)
+ ∑

i1+···+ip+l+r=m
j1+···+ jq+k+t+1=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β3 T M
l,k ◦

(
Id⊗l

A ⊗mp,q+1 ◦ (Ti1 ⊗·· ·⊗Tip ⊗T M
r,t ⊗Tj1 ⊗·· ·

· · ·⊗Tjv ⊗ IdA⊗Tjv+1 ⊗·· ·Tjq)⊗ Id⊗k
A

)
,

where

α =
(p+q)(p+q+1)

2
+q(l + k)+

q

∑
t=1

(q− t) jt +
p

∑
t=1

(p+q+1− t)it ,

β1 =l + k(m+n− l)+
p

∑
t=1

(it −1)+
p

∑
t=1

(it −1)(p+q− t)+
q

∑
t=1

( jt −1)(q− t),

β2 =l + k(m+n− l)+
v

∑
s=1

(is−1)+(r+ t)q+
p

∑
s=1

(is−1)(p+q+1− t)+
q

∑
s=1

( js−1)(q− t),

β3 =l + k(m+n− l)+
p

∑
s=1

(is−1)+
v

∑
s=1

( js−1)+(r+ t)(q−1)+
p

∑
s=1

(is−1)(p+q+1− t)+
q

∑
s=1

( js−1)(q− t).

Definition 8.11. [23] Let (A,{mi}i⩾1) be an A∞-algebra and (M,{mp,q}p,q≥0) an A∞-bimodule over A.
A homotopy relative Rota–Baxter operator on M is a family of operators {Tn : M⊗n→ A}n⩾1 of degree
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|Tn|= n−1 satisfying the following identity for all n ⩾ 1:

∑
l1+···+lk=n,

l1,...,lk⩾1

(−1)δ mk ◦
(

Tl1 ⊗·· ·⊗Tlk

)
(2.9)

= ∑
1⩽ j⩽p

∑
r1+···+rp=n,

r1,...,rp⩾1

(−1)η Tr1 ◦
(

Id⊗i⊗m j−1,p− j ◦ (Tr2 ⊗·· ·⊗Tr j ⊗ Id⊗Tr j+1 ⊗·· ·⊗Trp)⊗ Id⊗k
)
,

where the signs δ and η are as defined in Definition 8.9. The triple (A,M,{Ti}i⩾1) is called a homotopy
relative Rota–Baxter algebra.

In particular, when the underlying A∞-algebra and A∞-bimodule of a homotopy relative Rota–Baxter
algebra are simply a differential graded (dg) algebra and a dg bimodule over the dg algebra, respectively,
the notion simplifies as follows. This special case will be used in later sections.

Definition 8.12. Let (A,d,m) be a dg algebra, and let (M,dM,ml ,mr) be a dg A-bimodule, where ml and
mr denote the left and right actions of A, respectively. A homotopy relative Rota–Baxter operator on M
is a family of operations {Tn : M⊗n→ A}n⩾1 with |Tn|= n−1 satisfying the identity

d ◦Tn− ∑
s+k+1=n

(−1)n−1Tn ◦ (Id⊗s⊗dM⊗ Id⊗k) (2.10)

=− ∑
i+ j=n

(−1)1+i m◦ (Ti⊗Tj)

+ ∑
i+ j+k+1=n

(−1)i+( j−1)(k+1)Ti+k+1 ◦ (Id⊗i⊗ml ◦ (Tj⊗ Id)⊗ Id⊗k)

+ ∑
i+ j+k+1=n

(−1)i+( j−1)kTi+k+1 ◦ (Id⊗i⊗mr ◦ (Id⊗Tj)⊗ Id⊗k)

for all n ⩾ 1. In this case, the triple (A,M,{Tn}n≥1) is called a dg homotopy relative Rota–Baxter algebra.

Remark 8.13. (i) Given a homotopy Rota–Baxter algebra (A,{mn}n≥1,{Tn}n≥1), the space A itself
naturally forms a homotopy Rota–Baxter module over A. Explicitly, the structure maps are given
by mA

p,q = mp+q+1 and T A
p,q = Tp+q+1.

(ii) In Equation (2.7) of Definition 8.9, if we replace one instance of A in the inputs with a module M,
and correspondingly replace the operations mn and Tn with mp,q and Tp,q to reflect the presence of
M, we recover Equation (2.8). Furthermore, if all instances of A in the inputs are replaced by M,
we obtain Equation (2.9) from the definition of homotopy relative Rota–Baxter algebras.

The above two notions, homotopy Rota–Baxter algebras and homotopy relative Rota–Baxter algebras,
are related by the following construction.

Proposition 8.14. Let A be an A∞-algebra and M an A∞-bimodule over A. Let

{Tn : M⊗n −→ A}n⩾1

be a family of operators. Let A⋉M denote the trivial extension of the A∞-algebra A by the A∞-bimodule
M. Define

T n : (A⋉M)⊗n ↠ M⊗n Tn−→ A ↪→ A⋉M.

Then
(A,M,{Tn}n⩾1)



8.2. HOMOTOPY RB-ALGEBRAS AND HOMOTOPY RB-MODULES 69

is an homotopy relative Rota–Baxter algebra if and only if

(A⋉M,{T n}n⩾1)

is a homotopy Rota–Baxter algebra.

Proof. The claim follows from a direct verification of the defining equations, so we omit the details.

Proposition 8.15. Let
(A,{mn}n⩾1,{Tn}n⩾1)

be a homotopy Rota–Baxter algebra, and let

(M,{mi, j}i, j⩾0,{T M
i, j }i, j⩾0)

be a homotopy Rota–Baxter module over A. Then there exists a canonical homotopy Rota–Baxter algebra
structure (

{m̃n}n⩾1,{T̃n}n⩾1

)
on the graded space A⊕M, where the structure maps

m̃n : (A⊕M)⊗n→ A⊕M and T̃n : (A⊕M)⊗n→ A⊕M

are defined as follows:

(i) On the summand A⊗n ⊂ (A⊕M)⊗n , the maps m̃n, T̃n are given by

m̃n|A⊗n = mn, T̃n|A⊗n = Tn;

(ii) On the summands of the form A⊗i⊗M⊗A⊗ j ⊂ (A⊕M)⊗n with i+ j = n−1 and i, j ⩾ 0, the maps
m̃n, T̃n on the direct summand A⊗i⊗M⊗A⊗ j are given as

m̃n|A⊗i⊗M⊗A⊗ j = mi, j, T̃n|A⊗i⊗M⊗A⊗ j = T M
i, j ;

(iii) On all other summands of (A⊕M)⊗n, the maps m̃n and T̃n vanish.

The resulting homotopy Rota–Baxter algebra, denoted by A⋉M, is called the trivial extension of A by M.

Proof. This is just the analog of classical trivial extension of A∞-algebras by A∞-bimodules. It can be
checked by direct computations, so we omit the details here.

Proposition 8.16. Let (M,{mi, j}i, j⩾0,{Ti, j}i, j⩾0) be a homotopy Rota–Baxter module over homotopy
Rota–Baxter algebras (A,{mn}n⩾1,{Tn}n⩾1). Then M∨ has a canonical homotopy Rota–Baxter module
structure, in which T M∨

i, j ,mM∨
i, j : A⊗i⊗M∨⊗A⊗ j→M∨ are defined as follows:

mM∨
i, j (a1⊗·· ·ai⊗ f ⊗b1⊗·· ·⊗b j)(x)

=(−1)
( j+1)(i+ j+1)+(

i
∑

k=1
|ak|)(| f |+|x|+

j
∑

k=1
|bk|)+| f |(i+ j−1)

f
(
mM

j,i(b1⊗·· ·⊗b j⊗ x⊗a1⊗·· ·⊗ai)
)

T M∨
i, j (a1⊗·· ·ai⊗ f ⊗b1⊗·· ·⊗b j)(x)

=(−1)
( j+1)(i+ j+1)+(

i
∑

k=1
|ak|)(| f |+|x|+

j
∑

k=1
|bk|)+| f |(i+ j)

f
(
T M

j,i (b1⊗·· ·⊗b j⊗ x⊗a1⊗·· ·⊗ai)
)
.

In particular, A∨ is a homotopy Rota–Baxter module over A.

Proof. The proof of this proposition involves extensive computations. For the sake of readability, we
have placed the proof in the Appendix B.
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8.3 Cylic homotopy Rota–Baxter algebras and their cyclic comple-
ments

In this subsection, we present the concept of cyclic homotopy Rota–Baxter algebras—a distinguished
class of homotopy Rota–Baxter algebras endowed with a desirable cyclic invariance property—and pro-
vide a canonical construction of these structures.

Definition 8.17. Let A be a cyclic A∞-algebra with respect to a nondegenerate bilinear form γ : A⊗A→ k.
A homotopy Rota–Baxter operator {Tn}n⩾1 on A is said to be cyclic if each operator Tn : A⊗n→A is cyclic
with respect to the bilinear form γ . Then (A,{Tn}n⩾1) is called a cyclic homotopy (absolute) Rota–Baxter
algebras.

Moreover, we call {Tn}n⩾1 an ultracyclic homotopy Rota–Baxter operator if each operator Tn is both
cyclic and skew-symmetric, i.e., for all σ ∈Sn, the identity

Tn ◦σ = sgn(σ)Tn

holds. In this case, the pair (A,{Tn}n⩾1) is called an ultracyclic homotopy Rota–Baxter algebra.

We give a method to construct the cyclic homotopy Rota–Baxter algebras from homotopy Rota–
Baxter algebras, called the cyclic completion for homotopy Rota–Baxter algebras.

Proposition 8.18. Let (A,{mn}n⩾1,{Tn}n⩾1) be a locally finite-dimensional homotopy Rota–Baxter al-
gebra. Then ∂0A := A⋉A∨ is a cyclic homotopy Rota–Baxter algebra. Precisely, the homotopy Rota–
Baxter operator {T̃n}n⩾1 is given by the following formulas: for homogeneous elements (a1, f1), · · · ,(an, fn)∈
∂0A = A⊕A∨,

T̃n : (∂0A)⊗n −→ ∂0A

T̃n ((a1, f1)⊗·· ·⊗ (an, fn))

=

(
Tn(a1⊗·· ·⊗an),

n

∑
j=1

(−1)ξ
Tn
j f j ◦Tn(a j+1⊗·· ·⊗an⊗−⊗a1⊗·· ·⊗a j−1)

)
,

where

ξ
Tn
j = jn+ |Tn|| f j|+(

j−1

∑
k=1

(|ak|))(| f j|+
n

∑
k= j+1

(|ak|)).

Moreover, if {Tn}n⩾1 is skew-symmetric, then ∂0A is an ultracyclic homotopy Rota–Baxter algebra.

Proof. According to Proposition 8.15 and Proposition 8.16, we have that ∂0A is a homotopy Rota–Baxter
algebra, and it can be seen that this homotopy Rota–Baxter structure on ∂0A is cyclic with respect to the
natural bilinear form on ∂0A. According to the formulas of T̃n presented above, one can see that T̃n is
skew-symmetric if each Tn is skew-symmetric.

We also have the notion of relative cyclic homotopy Rota–Baxter operators.

Definition 8.19. Let A be an A∞-algebra, and let {Tn : (A∨)⊗n → A}n⩾1 be a homotopy relative Rota–
Baxter operator on the dual bimodule A∨. We say that {Tn}n⩾1 is a cyclic homotopy relative Rota–Baxter
operator if, for all n ⩾ 1 and homogeneous elements f0, . . . , fn ∈ A∨, the following identity holds:

⟨Tn( f0⊗·· ·⊗ fn−1), fn⟩= (−1)n+| fn|(∑n−1
j=0 | f j |)⟨Tn( fn⊗ f0⊗·· ·⊗ fn−2), fn−1⟩, (3.11)

where ⟨−,−⟩ : A×A∨→ k denotes the natural pairing. Then (A,A∨,{Tn}n⩾1) is called a cyclic homotopy
relative Rota–Baxter algebra.
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Moreover, we call {Tn}n⩾1 an ultracyclic homotopy relative Rota–Baxter operator if each operator
Tn is cyclic and skew-symmetric, that is , each Tn satisfies

Tn ◦σ = sgn(σ)Tn,

for all σ ∈ Sn. In this case, (A,A∨,{Tn}n⩾1) is called an ultracyclic homotopy relative Rota–Baxter
algebra.

The above two notions, cyclic absolute homotopy Rota–Baxter algebras and cyclic homotopy relative
Rota–Baxter algebras are related by the following construction.

Proposition 8.20. Let A be a locally finite-dimensional A∞-algebra, and let

{Tn : (A∨)⊗n −→ A}n⩾1

be a family of operators. Define

T n : (∂0A)⊗n ↠ (A∨)⊗n Tn−→ A ↪→ ∂0A.

Then
(∂0A,{T n}n⩾1)

is a cyclic (resp. ultracyclic) absolute homotopy Rota–Baxter algebra if and only if

(A,A∨,{Tn}n⩾1)

is a cyclic (resp. ultracyclic) homotopy relative Rota–Baxter algebra.

Proof. This can be proved by direct computations, so we omit the details.

Remark 8.21. Every cyclic homotopy absolute Rota–Baxter algebra (A,{Tn}n⩾1) can naturally be re-
garded as a cyclic homotopy relative Rota–Baxter algebra (A,A∨,{T ′n}n⩾1), where each T ′n is defined as
the composition:

T ′n : (A∨)⊗n (ϕ−1)⊗n

−−−−−→ A⊗n Tn−→ A,

and ϕ−1 : A∨→ A denotes the inverse of the A∞-bimodule isomorphism ϕ : A→ A∨ (see Remark 7.16 )
induced by the non-degenerate bilinear form γ defining the cyclic A∞-structure on A.
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Chapter 9
Pre-Calabi–Yau structures arising
from cyclic homotopy Rota–Baxter
algebras

In this chapter, we construct pre-Calabi–Yau algebras from homotopy Rota–Baxter algebras. We begin by
introducing the notion of interactive pairs, consisting of two dg algebras–referred to as the acting algebra
and base algebra–equipped with mutually interacting module structures that satisfy a key compatibility
condition. We then demonstrate that if the acting algebra of an interactive pair is endowed with a cyclic
homotopy relative Rota–Baxter algebra satisfying certain additional conditions, then the base algebra
naturally inherits a pre-Calabi–Yau algebra structure. In particular, a dg module over a dg algebra which
is endowed with a homotopy relative Rota–Baxter algebra structure naturally inherits a pre-Calabi–Yau
algebra structure.

9.1 Interactive pairs and relative derivatives
Definition 9.1. An interactive pair (A,B) consists of the following data:

• A pair of dg algebras (A,dA, ·) and (B,dB,∗) .

• A left dg B-module structure on the complex (A,dA) and a left dg A-module structure on the com-
plex (B,dB). To distinguish between them, the left action of A on B is denoted by ▷, while the left
action of B on A is denoted by ▶.

• A compatibility condition ensuring that for all a ∈ A,b1,b2 ∈ B, the following identity holds:

(b1▶a)▷b2 = b1 ∗ (a▷b2).

We call A the acting algebra of the interactive pair and B the base algebra of the interactive pair.

Example 9.2.

(i) Let A be a dg algebra. Then (A,A) is a interactive pair.

(ii) Let A be a dg algebra and B a dg A-module. By viewing B as a dg algebra with trivial multiplication
and A as a B-module with trivial action, the pair (A,B) forms an interactive pair.

73
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(iii) Let (B, ·) be a dg algebra. The graded vector space Endgr(B) carries a natural dg algebra structure,
with multiplication given by composition. The algebra B becomes a left dg Endgr(B)-module in the
canonical way. For each element b ∈ B, define lb ∈ Endgr(B) by lb(x) := b · x for all x ∈ B. This
gives rise to a left action of B on Endgr(B) defined by

b ▶ f := lb ◦ f ,

which equips Endgr(B) with the structure of a left dg B-module. Moreover, for all b1,b2 ∈ B and
f ∈ Endgr(B), we have

(lb1 ◦ f )(b2) = b1 · f (b2).

Hence, (Endgr(B),B) forms an interactive pair.

Definition 9.3. Let (A,B) be an interactive pair. An operator Tn : (A∨)⊗n→ A is called

• an n-derivation relative to B, if for all b1,b2 ∈ B, and f1 · · · , fn ∈ A∨:

Tn( f1⊗·· ·⊗ fn)▷(b1 ∗b2) (1.1)
= Tn( f1⊗·· ·⊗ fn ◀ b1)▷b2

+(Tn( f1⊗·· ·⊗ fn)▷b1)∗b2;

• a strong n-derivation relative to B, if Tn is an n-derivation relative to B and for all b1,b2 ∈ B, g∈ B∨,
and f1, · · · , fn−1 ∈ A∨, the following identities hold:

Tn
(
κ(b1 ∗b2⊗ f1)⊗ f2⊗·· ·⊗ fn

)
(1.2)

= (−1)|Tn||b1|
(

b1 ▶
(
Tn
(
κ(b2⊗g)⊗ f1⊗·· ·⊗ fn−1

)))
+Tn

(
κ
(
b1⊗b2 ▶ g

)
⊗ f1⊗·· ·⊗ fn−1

)
;

Tn
(

f1⊗·· ·⊗ fl−1⊗κ(b1 ∗b2⊗g)⊗ fl⊗·· ·⊗ fn−1
)

(1.3)
=Tn( f1⊗·· ·⊗ fl−1 ◀ b1⊗κ(b2⊗g)⊗ fl⊗·· ·⊗ fn−1)

+Tn( f1⊗·· ·⊗ fl−1⊗κ(b1⊗b2 ▶ g)⊗ fl⊗·· ·⊗ fn−1),

for all 1 < l ⩽ n.

Here “◀ ” is the right action of B on A∨ induced by “▶ ” and κ : B⊗B∨→A∨ is defined as κ(b⊗ f )(a) =
(−1)|b|(| f |+|a|) f (a▷b), for any b ∈ B, f ∈ B∨ and a ∈ A.

Remark 9.4. Given an interactive pair (A,B), there is an isomorphism:

ι : A⊗n⊗B∼= Hom((A∨)⊗n,B)

an⊗·· ·⊗a1⊗b→ Q

where Q( f1⊗·· ·⊗ fn) = (−1)(∑
n
j=1 | f j |)|b|+(∑n

j=1 | f j ||a j |) f1(a1) · · · fn(an)b, for all f1, . . . , fn ∈ A∨. Since A
is a left B-module and B is a right B-module, then A⊗n⊗B is a B-bimodule. Therefore, each n-derivation
Tn relative to B gives rise to a usual derivation of B into the B-bimodule A⊗n⊗B : for all b1,b2 ∈ B

ι
−1(Tn(−⊗·· ·⊗−)▷ (b1 ∗b2)

)
=(−1)|b1||Tn|b1 ▶ ι

−1(Tn(−⊗·· ·⊗−)▷b2)

+ ι
−1(Tn(−⊗·· ·⊗−)▷b1)∗b2.
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In particular, if one takes (B,∗) to be a finite dimensional algebra and A = Endgr(B), the above
construction yields a bijection between the space of n-derivation relative to B on A and the space of
derivations from B to A⊗n⊗B.

Proposition 9.5. Let (A,B) be an interactive pair with the acting algebra A being locally finite-dimensional.
Let Tn : (A∨)⊗n→ A be an n-derivation relative to B satisfying Equation (3.11). Then Tn is also a strong
n-derivation relative to B.

Proof. We will check that Tn satisfies Equations (1.2)(1.3) in Definition 9.3. For all b1,b2,b3 ∈ B, g∈ B∨,
and f1, · · · , fn ∈ A∨

⟨Tn(κ(b1 ∗b2⊗g)⊗ f1⊗·· ·⊗ fn−1), fn⟩

− (−1)
|b1|(

n
∑

i=1
| fi|+|g|+|b2|)

⟨Tn(κ(b2⊗g)⊗ f1⊗·· ·⊗ fn−1), fn ◀ b1⟩
−⟨Tn(κ(b1⊗b2 ▶ g), f1, · · · , fn−1), fn⟩

=(−1)
n+(|b1|+|b2|+|g|)(

n
∑

i=1
| fi|)
⟨Tn( f1⊗·· ·⊗ fn)▷ (b1 ∗b2),g⟩

− (−1)
n+(|b1|+|b2|+|g|)(

n
∑

i=1
| fi|)
⟨Tn( f1⊗·· ·⊗ fn ◀ b1)▷b2,g⟩

− (−1)
n+(|b1|+|b2|+|g|)(

n
∑

i=1
| fi|)
⟨(Tn( f1⊗·· ·⊗ fn)▷b1)∗b2,g⟩

=0

Thus we have

Tn
(
κ(b1 ∗b2⊗g)⊗ f1⊗·· ·⊗ fn−1

)
=(−1)|Tn||b1|b1 ∗ (Tn(κ(b2⊗g)⊗ f1⊗·· ·⊗ fn−1)

+Tn(κ(b1⊗b2 ▶ g)⊗ f1⊗·· ·⊗ fn−1),

that is, Tn fulfills Equation (1.2).
Similarly, for any 1 < l ⩽ n, f1, · · · , fn ∈ A∨, g ∈ B∨ and b1,b2 ∈ B,

⟨Tn( f1⊗·· ·⊗ fl−1 ◀ b1⊗κ(b2⊗g)⊗ fl⊗·· ·⊗ fn−1), fn⟩
+ ⟨Tn( f1⊗·· ·⊗ fl−1⊗κ(b1⊗b2 ▶ g)⊗ fl⊗·· ·⊗ fn−1), fn⟩
−⟨Tn( f1⊗·· ·⊗ fl−1⊗κ(b1 ∗b2⊗g)⊗ fl⊗·· ·⊗ fn−1), fn⟩

=(−1)ε⟨Tn( fl⊗·· ·⊗ fn⊗ f1 · · ·⊗ fl−1 ◀ b1),κ(b2⊗g)⟩
+(−1)ε⟨Tn( fl⊗·· ·⊗ fn⊗ f1 · · ·⊗ fl−1),κ(b1⊗b2 ▶ g)⟩
− (−1)ε⟨Tn( fl⊗·· ·⊗ fn⊗ f1 · · ·⊗ fl−1),κ(b1 ∗b2⊗g)⟩

=(−1)ε⟨Tn( fl⊗·· ·⊗ fn⊗ f1 · · ·⊗ fl−1 ◀ b1)▷b2

+(Tn( fl⊗·· ·⊗ fn⊗ f1 · · · , fl−1)▷b1)∗b2

−Tn( fl⊗·· ·⊗ fn⊗ f1 · · ·⊗ fl−1)▷(b1 ∗b2),g⟩
=0,

where (−1)ε is the Koszul sign determined by the cyclic permutation. Thus Tn also satisfies Equation (1.3)
for all 1 < l ⩽ n.

In conclusion, Tn is strong n-derivative relative to B.

In the remainder of the paper, we mainly work with interactive pairs whose acting algebras are dg
homotopy relative Rota–Baxter algebras. Accordingly, we introduce the following concepts.
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Definition 9.6. A homotopy Rota–Baxter interactive pair, denoted by ((A,{Tn}n⩾1),B), is an interac-
tive pair (A,B) where the acting algebra (A,dA, ·) is equipped with a dg homotopy relative Rota–Baxter
structure {Tn : (A∨)⊗n→ A}n⩾1, such that each Tn is an n-derivation relative to B.

If, in addition, each Tn is a strong n-derivation relative to B, then ((A,{Tn}n⩾1),B) is called a strong
homotopy Rota–Baxter interactive pair. If each Tn is cyclic (resp. ultracyclic), then the structure is called
a cyclic (resp. ultracyclic) homotopy Rota–Baxter interactive pair.

9.2 Constructing pre-Calabi–Yau algebras from cyclic homotopy
Rota–Baxter algebras

We begin by constructing an A∞-algebra structure on the space ∂−1B, where B is the base algebra of a
strong homotopy Rota–Baxter interactive pair.

Lemma 9.7. Let
(
(A,{Tn}n⩾1),B

)
be a strong homotopy Rota–Baxter interactive pair. Define a family

of operations {mn}n⩾1 on the space ∂−1B := B⊕ s−1B∨ as follows:

(i) For all b ∈ B and f ∈ B∨,

m1(b,s−1 f ) :=−d∂−1B(b,s
−1 f ) =−

(
dB(b),(−1)| f |s−1 f ◦dB

)
;

(ii) For all b1,b2 ∈ B, f1, f2 ∈ B∨,

m2((b1,s−1 f1)⊗ (b2,s−1 f2))

:=
(

b1 ∗b2, (−1)|b1|s−1(b1 ▶ f2)+ s−1( f1 ◀ b2)
)

;

(iii) For all b1, . . . ,bn+1 ∈ B, f1, . . . , fn ∈ B∨,

m2n+1(b1⊗ s−1 f1⊗b2⊗·· ·⊗ s−1 fn⊗bn+1)

:=(−1)γ Tn (κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn))▷bn+1;

(iv) For all b1, . . . ,bn ∈ B, f0, . . . , fn ∈ B∨,

m2n+1(s−1 f0⊗b1⊗ s−1 f1⊗·· ·⊗bn⊗ s−1 fn)

:=(−1)| f0|+γ s−1 ( f0 ◁Tn (κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn))) ;

(v) mn vanishes in all other cases;

where

γ =
n

∑
k=1

(n− k+1)|bk|+
n

∑
k=1

(n− k)| fk|.

Then
(
∂−1B,{mn}n⩾1

)
forms an A∞-algebra.

Proof. The proof involves a detailed and technical computation. For clarity and conciseness, we defer
the full argument to Appendix C.

Corollary 9.8. Let (A,A∨,{Tn}n⩾1) be a dg homotopy relative Rota–Baxter algebra, and let B be a
differential graded left A-module. Then the family of operations {mn}n⩾1 defined in Lemma 9.7 equips
∂−1B with an A∞-algebra structure in which m2 is trivial.
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We emphasize that the homotopy Rota–Baxter structure plays a central role in constructing the A∞-
algebra structure described above. Even when A is an ordinary (non-homotopy) Rota–Baxter algebra, the
induced A∞-structure on ∂−1B may still be nontrivial. Consider, for instance, a homotopy Rota–Baxter
interactive pair (A,B) in which the acting algebra A is a Rota–Baxter algebra with a Rota–Baxter operator
T and the base algebra B is a finite-dimensional A-module. According to the formulas in Lemma 9.7, the
resulting A∞-structure {mn}n⩾1 on ∂−1B satisfies mn = 0 for all n ̸= 3, and the only nontrivial operation
m3 : (∂−1B)⊗3→ ∂−1B is given by:

m3(b1⊗ s−1 f1⊗b2) = T (κ(b1⊗ f1))▷b2,

m3(s−1 f1⊗b2⊗ s−1 f2) = s−1 f1 ◁T (κ(b2⊗ f2)),

for b1,b2 ∈ B and f1, f2 ∈ B∨, and vanishes in all other cases. Notably, the definition of m3 explicitly
involves the Rota–Baxter operator T .

Furthermore, cyclic homotopy Rota–Baxter operators can produce pre-Calabi–Yau algebra structures.

Theorem 9.9. Let
(
(A,{Tn}n⩾1),B

)
be a homotopy Rota–Baxter interactive pair, where the acting alge-

bra A and the base algebra B are locally finite-dimensional.

(i) If each Tn is cyclic, then B admits a good manageable pre-Calabi–Yau algebra structure.

(ii) If each Tn is ultracyclic, then B admits a good manageable special pre-Calabi–Yau algebra struc-
ture.

Proof. Suppose that each Tn is cyclic and an n-derivation relative to B. Then, by Proposition 9.5, each
Tn is in fact a strong n-derivation relative to B. By Lemma 9.7, this implies that there is an A∞-algebra
structure on ∂−1B.

We now verify that this A∞-algebra is cyclic under the assumption that the homotopy relative Rota–
Baxter structure is cyclic. First, note that m1 is cyclic. For n ⩾ 1, b0, . . . ,bn ∈ B, and f0, . . . , fn ∈ B∨, we
compute:

ζB
(
m2n+1(b1⊗ s−1 f1⊗·· ·⊗bn⊗ s−1 fn⊗b0),s−1 f0

)
= (−1)γ

ζB
(
Tn(κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn))▷b0,s−1 f0

)
= (−1)

γ+(| f0|−1)(n−1+|b0|+
n
∑

k=1
(|bk|+| fk|))

f0
(
Tn(κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn))▷b0

)
= (−1)

2n−1+(| f0|−1)(n+|b0|+
n
∑

k=1
(|bk|+| fk|))

ζB
(
m2n+1(s−1 f0⊗b1⊗·· ·⊗bn⊗ s−1 fn),b0

)
.

By Proposition 8.20, the induced operators {T n}n⩾1 on ∂0A form a cyclic homotopy Rota–Baxter
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operator. Thus,

ζB
(
m2n+1(s−1 f0⊗b1⊗·· ·⊗bn⊗ s−1 fn),b0

)
= (−1)| f0|+γ f0

(
Tn(κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn))▷b0

)
= (−1)

| f0|+γ+| f0|(n−1+|b0|+
n
∑

k=1
(|bk|+| fk|))

⟨Tn(κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)),κ(b0⊗ f0)⟩

= (−1)
| f0|+γ+| f0|(n−1+|b0|+

n
∑

k=1
(|bk|+| fk|))+n+(|b0|+| f0|)

n
∑

k=1
(|bk|+| fk|)

⟨Tn(κ(b0⊗ f0)⊗·· ·⊗κ(bn−1⊗ fn−1)),κ(bn⊗ fn)⟩

= (−1)
2n−1+|b0|(n+1+| f0|+

n
∑

k=1
(|bk|+| fk|))+

n−1
∑

k=0
(n−k+1)|bk|+

n−1
∑

k=0
(n−k)| fk|

ζA
(
Tn(κ(b0⊗ f0)⊗·· ·⊗κ(bn−1⊗ fn−1))▷bn,s−1 fn

)
= (−1)

2n−1+|b0|(n+1+| f0|+
n
∑

k=1
(|bk|+| fk|))

ζB
(
m2n+1(b0⊗ s−1 f0⊗·· ·⊗bn),s−1 fn

)
.

Hence, ∂−1B is a (−1)-cyclic A∞-algebra containing B as an A∞-subalgebra; that is, B is a pre-Calabi–
Yau algebra. By the construction in Lemma 9.7, this pre-Calabi–Yau algebra is good and manageable.

Now assume further that each Tn is skew-symmetric. For each n ⩾ 1, b1, . . . ,bn+1 ∈ B, f1, . . . , fn+1 ∈
B∨, and σ ∈Sn, we have:

ζB
(
m2n+1(b1⊗ s−1 f1⊗·· ·⊗bn⊗ s−1 fn⊗bn+1),s−1 fn+1

)
= (−1)

γ+(| fn+1|−1)(n−1+|bn+1|+
n
∑

k=1
(|bk|+| fk|))

fn+1
(
Tn(κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn))▷bn+1

)
= χ(σ ;b1⊗ f1⊗·· ·⊗bn⊗ fn) fn+1

(
Tn(κ(bσ(1)⊗ fσ(1))⊗·· ·⊗κ(bσ(n)⊗ fσ(n)))▷bn+1

)
= ε(σ ;b1⊗ s−1 f1⊗·· ·⊗bn⊗ s−1 fn)ζB

(
m2n+1(bσ(1)⊗ s−1 fσ(1)⊗·· ·

· · ·⊗bσ(n)⊗ s−1 fσ(n)⊗bn+1),s−1 fn+1
)
.

Similarly,

ζB
(
m2n+1(s−1 f1⊗b1⊗·· ·⊗ s−1 fn⊗bn⊗ s−1 fn+1),bn+1

)
= ε(σ ;s−1 f1⊗b1⊗·· ·⊗ s−1 fn⊗bn)ζB

(
m2n+1(s−1 fσ(1)⊗bσ(1)⊗·· ·

· · ·⊗ s−1 fσ(n)⊗bσ(n)⊗ s−1 fn+1),bn+1
)
.

We already know that m2n+1 is cyclic. Moreover, by the skew-symmetry of Tn, we conclude that
m2n+1 is ultracyclic. Thus, if {Tn}n⩾1 is ultracyclic, then B is a special pre-Calabi–Yau algebra.

Remark 9.10. In fact, the assumption that the acting algebra A is locally finite-dimensional in Theo-
rem 9.9 is not essential. The theorem remains valid even when A is not locally finite-dimensional, and in
such cases, the proof can still be carried out through direct computation.

Corollary 9.11. Let (A,dA, ·,{Tn}n⩾1) be a locally finite-dimensional cyclic dg homotopy Rota–Baxter
algebra, and let B be a locally finite-dimensional dg module over the dg algebra (A,dA, ·). Then B admits
a fine pre-Calabi–Yau algebra structure.

Proof. Since A is a locally finite-dimensional cyclic dg homotopy Rota–Baxter algebra, it is in particular
a dg homotopy relative Rota–Baxter algebra. Let B be a dg A-module. According to Example 9.2(2), the
pair (A,B) always forms an interactive pair and is clearly homotopy Rota–Baxter compatible. The result
then follows directly from Theorem 9.9.
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Corollary 9.12. Let B be a finite dimensional graded space, A the graded algebra Endgr(B) with the
composition being multiplication. Then the following four maps given by Lemma 9.7 are bijections: pairs (dB, {Tn}⩾1) where dB is a differential on

B and {Tn : (A∨)⊗n→ A}n⩾1 is a cyclic
homotopy relative Rota–Baxter operator

→
{

fine pre-Calabi–Yau algebra
structures on B

}
,

 triples (dB,m,{Tn}n⩾1) where (B,dB,m) is a dg
algebra and

(
(A,{Tn}n⩾1),B

)
forms a cyclic

homotopy Rota–Baxter interactive pair

→
{

good manageable pre-Calabi–Yau
algebra structures on B

}
,

 pairs (dB,{Tn}n⩾1) where dB is a differential
on B and {Tn : (A∨)⊗n→ A}n⩾1 is an

ultracyclic homotopy Rota–Baxter operator

→
{

fine special pre-Calabi–Yau algebra
structures on B

}
,


triples (dB,m,{Tn}⩾1) where (B,dB,m)
is a dg algebra and {Tn}n⩾1 makes (A,B)
into an ultracyclic homotopy Rota–Baxter
interactive pair

→
{

good manageable special
pre-Calabi–Yau algebra structures on B

}
,

where A is always endowed with the induced differential by dB.

Proof. Each good map m2n+1 can be uniquely determined by an operator T̃n : (B⊗B∨)⊗n → B⊗B∨.
Since κ : B⊗B∨→ Endgr((B)∨ is an isomorphism, the maps are bijective.

By Theorem 9.9 and the cyclic completion for homotopy Rota–Baxter algebras Proposition 8.18, we
have the following result.

Proposition 9.13. Let (A,{Tn}n⩾1) be a locally finite-dimensional dg homotopy Rota–Baxter algebra.
Then there is a fine pre-Calabi–Yau structure {mn}n⩾1 on any locally finite-dimensional left dg ∂0A-
module M. Moreover, if {Tn}n⩾1 is skew-symmetric, the induced pre-Calabi–Yau algebra structure on M
is fine and special.
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Chapter 10
Homotopy Rota–Baxter algebras and
double Poisson structures

In Chapter 9, we constructed a good manageable (resp. good manageable special) pre-Calabi-Yau al-
gebra on the base algebra of a homotopy Rota–Baxter interactive pair endowed with a cyclic (resp. an
ultracyclic) homotopy Rota–Baxter operator {Tn}n⩾1. In [36], Fernández and Herscovich established
an equivalence between good manageable special pre-Calabi-Yau algebras and homotopy double Poisson
algebras. In the present section, we combine these results to give a direct construction of a homotopy dou-
ble Poisson algebra from a homotopy Rota–Baxter structure. Specifically, we show that the base algebra
of a ultracyclic (resp. cyclic) homotopy Rota–Baxter interactive pair naturally inherits a (resp. cyclic)
homotopy double Poisson structure. Moreover, we observe that any module over an ultracyclic homotopy
relative Rota–Baxter algebra carries a homotopy double Lie structure, from which it follows that the sym-
metric algebra on such a module acquires the structure of a homotopy Poisson algebra. As an application,
we establish an equivalence between skew-symmetric solutions of the associative Yang-Baxter-infinity
equations, ultracyclic homotopy Rota–Baxter algebra structures, fine special pre-Calabi-Yau algebras,
and homotopy double Lie algebras.

10.1 Homotopy double Poisson algebras arising from homotopy Rota–
Baxter algebras

Definition 10.1. A cyclic homotopy double Lie algebra ( also called a cyclic double L∞-algebra) is a
graded space V = ⊕n∈ZVn equipped with a family of homogeneous maps {{−, · · · ,−}}n : V⊗n → V⊗n

with |{{−, · · · ,−}}n|= n−2 satisfying the following conditions for all n ⩾ 1,

• Cyclic-symmetry: For all elements σ ∈ Cn(the cyclic group of n elements)

σ ◦{{−, · · · ,−}}n ◦σ
−1 = sgn(σ){{−, · · · ,−}}n;

• Double Jacobi∞ identity:

∑
i+ j=n+1

(−1)( j−1)i
∑

σ∈Cn

sgn(σ)σ ◦{{−, · · · ,−,{{−, · · · ,−}}i}}L, j ◦σ
−1 = 0, (1.1)

where

{{−, · · · ,−,{{−, · · · ,−}}i+1}}L, j+1 =
(
{{−, · · · ,−}} j+1⊗ Id⊗i

V
)
◦
(

Id⊗ j
V ⊗{{−, · · · ,−}}i+1

)
.
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If, in addition, each map {{−, · · · ,−}}n is skew-symmetric, meaning that for all σ ∈Sn,

σ ◦{{−, · · · ,−}}n ◦σ
−1 = sgn(σ){{−, · · · ,−}}n , for all σ ∈Sn,

then (V,{{−, · · · ,−}}n)is called double L∞-algebra (also known as homotopy double Lie algebra).

The following lemma offers an alternative characterization of a homotopy double Lie algebra, which
will be used later.

Lemma 10.2. Let {{{−, · · · ,−}}n : V⊗n → V⊗n}n⩾1 be a family of operations on a graded space V =

⊕n∈ZV n. For each k ⩾ 1, define the opposite bracket {{−, · · · ,−}}op
k := σk ◦{{−, · · · ,−}}k ◦σ

−1
k , where

σk ∈Sk is the order-reversing permutation

σk =

(
1 2 · · · k
k k−1 · · · 1

)
∈Sk.

Then the family {{{−, · · · ,−}}n}n⩾1 satisfies the double Jacobi∞ identity if and only if the opposite
operations {{{−, · · · ,−}}op

n+1}n⩾0 fulfill the following identities:

∑
i+ j=n+1

(−1)i( j−1)
∑

σ∈Cn

sgn(σ)σ ◦
(
{{{{−, · · · ,−}}op

i ,−, · · · ,−}}op
R, j

)
◦σ
−1 = 0, (1.2)

where the right-nested composite is defined by

{{{{−, · · · ,−}}op
i+1,−, · · · ,−}}

op
R, j+1 =

(
Id⊗i

V ⊗{{−, · · · ,−}}
op
j+1

)
◦
(
{{−, · · · ,−}}op

i+1⊗ Id⊗ j
V

)
.

Proof. The claim follows by applying the conjugation σn ◦ (Equation (1.1))◦σ−1
n , which transforms the

original double Jacobi∞ identity into Equation (1.2).

Definition 10.3.

• A cyclic homotopy double Poisson algebra is a graded vector space A equipped with both an as-
sociative algebra structure and a cyclic double L∞-algebra structure, satisfying the double Leibniz∞

rule: for all n≥ 0 and homogeneous elements a1, . . . ,an−1,a′n,a
′′
n ∈ A,

{{a1, . . . ,an,a′n+1a′′n+1}}n = {{a1, . . . ,a′n,}}n ·a′′n+1

+(−1)
|a′n+1|(n−2+

n
∑

k=1
|ak|)

a′n+1 · {{a1, . . . ,a′′n}}n,

where multiplication by a′′n+1 and a′n+1 is understood to act on the rightmost and leftmost compo-
nents of the tensor product, respectively.

• A double Poisson∞ algebra (also called a homotopy double Poisson algebra) is a graded algebra A
equipped with a double L∞-algebra structure that satisfies the double Leibniz∞ rule.

Next, we recall the following result of Fernández and Herscovich [36], which establishes a connection
between ultracyclic pre-Calabi-Yau algebras and homotopy double Poisson algebras.

Theorem 10.4. [36, Theorem 6.3] Let A = ⊕n∈ZAn be a finite dimensional graded space. For a good
manageable special pre-Calabi–Yau structure {mn}n⩾1 on A, define a family of maps

{{{−, · · · ,−}}n : A⊗n→ A⊗n}n⩾1
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by

( f1⊗·· ·⊗ fn)({{a1, · · · ,an}}n) = sa1,··· ,an
f1,··· , fn ζA

(
m2n−1

(
an,s−1 fn, · · · ,a2,s−1 f2,a1

)
,s−1 f1

)
(1.3)

for all homogeneous elements a1, · · · ,an ∈ A and f1, · · · , fn ∈ A∨, where

sa1,··· ,an
f1,··· , fn =(−1)

|an|| f1|+(n+1)(|an|+| f1|)+
n
∑

j=1
(n− j)|a j |+

n
∑

j=1
( j−1)| f j |+ ∑

1⩽i< j<n
|ai||a j |+ ∑

1<i< j⩽n
| fi|| f j |+ ∑

1<i⩽ j<n
| fi||a j |

.

The family of maps {{{−, · · · ,−}}n}n⩾1, together with the dg algebra structure on A, defines a homotopy
double Poisson algebra structure on the graded space A.

Moreover, the assignment{
good manageable special pre-Calabi-Yau
algebra structures {mn}n⩾1 on A

}
→
{

homotopy double Poisson algebra
structures {{{−, · · · ,−}}n}n⩾1 on A

}
defined by (1.3) is a bijection.

In Equation (1.3), the assumption that each operation m2n−1 in the pre-Calabi-Yau algebra struc-
ture is cyclic ensures that the operation {{−, · · · ,−}}n satisfies the cyclic symmetry condition in Def-
inition 10.1 for all n ⩾ 1. In fact, when Fernández and Herscovich prove Theorem 10.4 in [36], the
assumption that the pre-Calabi-Yau structure is ultracyclic is used solely to guarantee that all the opera-
tions {{{−, . . . ,−}}n}n⩾1 are skew-symmetric. In verifying that the family {{{−, · · · ,−}}n}n⩾1 satisfies
the double Leibniz∞ rule and the double Jacobi∞ identities, only the cyclicity of the pre-Calabi-Yau struc-
ture is required. Therefore, without assuming that the pre-Calabi-Yau algebra is special, the bijection in
the above theorem extends to a correspondence between the class of good manageable pre-Calabi-Yau
structures and the class of cyclic homotopy double Poisson algebra structures. Thus we have

Theorem 10.5. Let A = ⊕n∈ZAn be a finite dimensional graded space. Given a good manageable pre-
Calabi–Yau structure {mn}n⩾1 on A, define a family of maps {{{−, · · · ,−}}n : A⊗n→A⊗n}n⩾1 as in (1.3).
Then the family of maps {{{−, · · · ,−}}n}n⩾1, together with the dg algebra structure on A, defines a cyclic
homotopy double Poisson algebra structure on the graded space A.

Moreover, the assignment{
good manageable pre-Calabi–Yau
algebra structures {mn}n⩾1 on A

}
→
{

cyclic homotopy double Poisson algebra
structures {{{−, · · · ,−}}n}n⩾1 on A

}
defined by (1.3) is a bijection.

As a direct consequence of Theorem 10.4 and Theorem 10.5 , we have the following result:

Corollary 10.6. The following three maps are bijections via (1.3):{
fine pre-Calabi–Yau algebra
structures {mn}n⩾1 on A

}
→
{

cyclic homotopy double Lie algebra
structures {{{−, · · · ,−}}n}n⩾1 on A

}
,{

fine special pre-Calabi–Yau
algebra structures {mn}n⩾1 on A

}
→
{

homotopy double Lie algebra
{{{−, · · · ,−}}n}n⩾1 on A

}
.

In Theorem 9.9, we constructed pre-Calabi-Yau structures from homotopy Rota–Baxter algebras. By
combining this construction with Theorem 10.4 and Theorem 10.5, we obtain the following result, which
provides a method for constructing homotopy double Poisson algebras from homotopy Rota–Baxter struc-
tures.
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Theorem 10.7. Let
(
(A,{Tn}n⩾1),B

)
be a homotopy Rota–Baxter interactive pair, where the acting

algebra A is finite-dimensional and the base algebra B is locally finite-dimensional.
Define a sequence of maps {{{−, . . . ,−}}n : B⊗n→ B⊗n}n⩾1 by setting {{−}}1 = dB, and for all n⩾ 1,

{{−, . . . ,−}}n+1 := Ψ
n(IdA⊗n), (1.4)

where the map Ψn is the composition:

Ψ
n : Endgr(A⊗n)∼= A⊗n⊗ (A∨)⊗n Id⊗n⊗Tn−−−−−→ A⊗(n+1) Φ⊗(n+1)

−−−−→ Endgr(B)⊗(n+1)→ Endgr(B⊗(n+1)),

and Φ : A→ Endgr(B) denotes the left A-action on B, i.e., Φ(a)(b) := a▷b.
Then,

(i) If each Tn is cyclic, the collection {{{−, . . . ,−}}n}n⩾1 defines a cyclic homotopy double Poisson
algebra structure on B.

(ii) If each Tn is ultracyclic, the collection {{{−, . . . ,−}}n}n⩾1 defines a homotopy double Poisson
algebra structure on B.

Proof. Let {ei}i∈I be a homogeneous basis of A and {ei}i∈I be the corresponding dual basis. Then
IdA⊗n ∈ Endgr(A⊗n) corresponds to the element ∑

i1,··· ,in
ei1⊗·· ·⊗ein⊗ein⊗·· ·⊗ei1 ∈ A⊗n⊗(A∨)⊗n. Thus,

we can write

{{−, · · · ,−}}n+1 = Φ
⊗n+1

(
∑

i1,··· ,in
(−1)

(n−1)(
n
∑

k=1
|eik |)ei1 ⊗·· ·⊗ ein ⊗Tn(ein ⊗·· ·⊗ ei1)

)
.

It remains to verify that the image of the A∞-structure {mn}n⩾1 under the construction given in (1.3),
as described in Theorems 10.4 and 10.5, coincides with the family {{{−, . . . ,−}}n}n⩾1 defined by (1.4).
Let b1, · · · ,bn ∈ B and f1, · · · , fn ∈ B∨

( f1⊗·· ·⊗ fn+1)({{b1, · · · ,bn+1}}n+1)

=( f1⊗·· ·⊗ fn+1)Φ
⊗n+1

(
∑

i1,··· ,in
(−1)

(n−1)(
n
∑

k=1
|eik |)ei1 ⊗·· ·⊗ ein ⊗Tn(ein ⊗·· ·⊗ ei1)

)
(b1⊗·· ·⊗bn+1)

= ∑
i1,··· ,in

(−1)
(n−1)(

n
∑

k=1
(|eik |+|bk|))+ ∑

1⩽i< j⩽n+1
|bi|| f j |+ ∑

1⩽s<k⩽ j⩽n
(|b j |+| fs|)|eik |+| fn+1|(

n
∑

k=1
|eik |)

f1(ei1 ▷b1) · · · fn(ein ▷bn) fn+1
(
Tn(ein ⊗·· ·⊗ ei1)▷bn+1

)
=(−1)

(n−1)(
n
∑

k=1
| fk|)+ ∑

1⩽i< j⩽n+1
|bi|| f j |+ ∑

1⩽s<k⩽ j⩽n
(|b j |+| fs|)(|bk|+| fk|)+| fn+1|(

n
∑

k=1
(|bk|+| fk|))

fn+1

(
Tn
(
κ(bn⊗ fn), · · · ,κ(b1⊗ f1)

)
▷bn+1

)
=(−1)

(n−1)(
n+1
∑

k=1
| fk|)+∑1⩽i< j⩽n+1 |bi|| f j |+ ∑

1⩽s<k⩽ j⩽n
(|b j |+| fs|)(|bk|+| fk|)+| fn+1||bn+1|

⟨Tn
(
κ(bn⊗ fn), · · · ,κ(b1⊗ f1)

)
,κ(bn+1⊗ fn+1)⟩

=(−1)
(n−1)(

n+1
∑

k=1
| fk|)+ ∑

1⩽i< j⩽n+1
|bi|| f j |+ ∑

1⩽s<k⩽ j⩽n
(|b j |+| fs|)(|bk|+| fk|)+| fn+1||bn+1|+n+(|bn+1|+| fn+1|)(

n
∑

k=1
(|bk|+| fk|))

⟨Tn
(
κ(bn+1⊗ fn+1), · · · ,κ(b2⊗ f2)

)
,κ(b1⊗ f1)⟩

=(−1)nsb1,··· ,bn+1
f1,··· , fn+1

ζB(m2n+1(bn+1⊗ s−1 fn+1⊗·· ·⊗b2⊗ s−1 f2⊗b1),s−1 f1),
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where {mn}n⩾1 is defined as Lemma 9.7. Thus, the image of the operation m2n−1 under the construction
given in (1.3) coincides with {{−, . . . ,−}}n up to a sign (−1)n, as defined in (1.4), for all n ⩾ 1. By
Theorem 9.9, if each Tn is cyclic (resp. ultracyclic), the collection {mn}n⩾1 defines a cyclic (resp. ul-
tracyclic) pre-Calabi–Yau algebra structure on B. Consequently, by Theorems 10.4 and 10.5, the family
{{{−, . . . ,−}}n}n⩾1 endows B with a homotopy double Poisson algebra structure (resp. cyclic homotopy
double Poisson algebra structure).

As a corollary, we have the following result:

Corollary 10.8. Let A be a finite-dimensional dg algebra, and let B be a locally finite-dimensional dg
left A-module. Suppose {Tn : (A∨)⊗n→ A}n⩾1 is a homotopy relative Rota–Baxter operator on A.

If each Tn is ultracyclic (resp. cyclic), then the family of operations {{{−, . . . ,−}}n}n⩾1 defined in
Theorem 10.7 endows B with a double L∞-algebra (resp. cyclic double L∞-algebra) structure.

Remark 10.9.

(i) In fact, the assumption that B is locally finite-dimensional in Theorem 10.7 is not essential. When
B is not locally finite-dimensional, the result still holds, and the proof can be carried out through
direct computation.

(ii) The construction in (1.4) serves as a homotopy generalization of the construction in (1.5).

10.2 Homotopy Rota–Baxter algebras and associative Yang–Baxter-
infinity equation

In [88], Schedler introduced the notion of the associative Yang–Baxter-infinity equation and established
a one-to-one correspondence between homotopy double Lie algebra structures and skew-symmetric so-
lutions of this equation.

Definition 10.10. [88] Let A be a graded associative algebra. A solution of associative Yang–Baxter-
infinity equation is a family of elements {rn ∈ A⊗n}n⩾1 where each rn has degree n−2, satisfying, for all
n ⩾ 1,

∑
i+ j=n+1

(−1)( j+1)i
∑

σ∈Cn

sgn(σ)rσ(1),σ(2),··· ,σ(i)
i rσ(i),σ(i+1),σ(i+2),··· ,σ(n)

j = 0,

Here we write rn = ∑r[1]n ⊗·· ·⊗ r[n]n for each n ⩾ 1, and define

rσ(1),...,σ(i)
i · rσ(i),...,σ(n)

j := σ
−1
(

r1,2,...,i
i · ri,i+1,...,n

j

)
,

where
r1,2,...,i

i · ri,i+1,...,n
j := ∑r[1]i ⊗·· ·⊗ r[i]i · r

[1]
j ⊗ r[2]j ⊗·· ·⊗ r[ j]j .

If, for all n ⩾ 1, the element rn satisfies sgn(σ)rn = rσ(1),σ(2),··· ,σ(n)
n , then the solution is called skew-

symmetric.

Example 10.11. Let {rn}n⩾1 be a skew-symmetric solution of associative Yang–Baxter-infinity equation.
For small n, the associative Yang–Baxter-infinity equation yields the following:

(i) When n = 1, |r1| = −1, r1 · r1 = 0, which implies that the operator ∂ = [r1,−] : A→ A defines a
differential on A;
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(ii) when n = 2, |r1|=−1, |r2|= 0,

r1
1 · r12

2 + r21
2 · r1

1 = r2
1 · r21

2 + r12
2 · r2

1,

which shows that r2 ∈ A⊗A is a cycle with respect to the differential [r1,−];

(iii) when n = 3, |r1|=−1, |r2|= 0, |r3|= 1,

r12
2 · r23

2 + r23
2 · r31

2 + r31
2 · r12

2 = r1
1 · r123

3 + r2
1 · r231

3 + r3
1 · r312

3 + r231
3 · r1

1 + r312
3 · r2

1 + r123
3 · r3

1,

which shows that r2 satisfies the usual associative Yang–Baxter equation up to homotopy provided
by r3.

Schedler further proved that there is a one-to-one correspondence between homotopy double Lie
algebra structures and skew-symmetric solutions to associative Yang–Baxter-infinity equation.

Proposition 10.12. [88] Let V be a graded space over k. There is a bijection between the set of homotopy
double Lie algebra structures on V and skew-symmetric solutions of the associative Yang–Baxter-infinity
equation on graded algebra Endgr(V ).

Combining Corollary 9.12, Corollary 10.6 and Proposition 10.12, we have the following equivalence:

Proposition 10.13. Let V be a finite dimensional graded space over k. Then the following data are
equivalent:

(i) A fine special pre-Calabi-Yau algebra structure on V ;

(ii) A homotopy double Lie algebra structure {{{−, · · · ,−}}}n⩾1 on V ;

(iii) A differential d on V and an ultracyclic homotopy relative Rota–Baxter operator on dg algebra
(Endgr(V ), [d,−]);

(iv) A skew-symmetric solution to associative Yang–Baxter-infinity equation in Endgr(V ).

10.3 Homotopy Poisson structures arising from homotopy Rota–
Baxter algebras

By Proposition 7.10 we known that the symmetric algebra of an L∞-algebra carries a homotopy Poisson
algebra. Now we will show that this is also true for homotopy double Lie algebras.

Proposition 10.14. Let (V,{{{−, · · · ,−}}n}n⩾1) be a homotopy double Lie algebra. Define a family of
operations {ln}n⩾1 on the graded symmetric algebra Sym(V ) as follows: for all homogeneous elements
u1

1, · · · ,u1
k1
, · · · ,un

1, · · · ,un
kn
∈V

ln(u1
1 · · ·u1

k1
⊗·· ·⊗un

1 · · ·un
kn
)

:=(n−1)! ∑
1⩽q1⩽k1,···1⩽qn⩽kn

(−1)

n
∑

s=1

(
s−1
∑

t=1
(
qt−1

∑
j=1
|u j |+

kt
∑

j=qt+1
|u j |)+

qs−1
∑

j=1
|u j |

)
|uqs |+

(n−1)n
2

{{u1
q1
, · · · ,un

qn}}
[1]
n · · ·{{u1

q1
, · · · ,un

qn}}
[n]
n ·u1

1 · · · û1
q1
· · ·u1

k1
· · ·un

1 · · · ûn
qn · · ·u

n
kn
.

Then
(

Sym(V ),{ln}n⩾1

)
defines a homotopy Poisson algebra. Thus V∨ can be regarded as a formal

derived Poisson manifold.
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Proof. By the skew-symmetry and the Leibniz∞ rule satisfied by the homotopy double bracket, it follows
that the operators {ln}n⩾1 are well-defined on the symmetric algebra Sym(V ). Moreover, it is straightfor-
ward to verify that the brackets {ln}n⩾1 inherit skew-symmetry and satisfy the Leibniz∞ rule with respect
to the natural multiplication on Sym(V ). Therefore, it remains only to check that they also satisfy the
Jacobi∞ rule.

Since each operation ln satisfies the Leibniz∞ rule, it suffices to verify that the family {ln}n⩾1 satisfies
the Jacobi∞ identity on the generating space V ⊂ Sym(V ). Let x1, . . . ,xn ∈ V , and let µ denote the
natural multiplication on the symmetric algebra Sym(V ). Then, using the skew-symmetry of the brackets
{{{−, . . . ,−}}n}n⩾1 and applying Lemma 10.2, we obtain:

n

∑
i=1

∑
σ∈Sh(i,n−i)

χ(σ ;x1, . . . ,xn)(−1)i(n−i)ln−i+1(li(xσ(1)⊗·· ·⊗ xσ(i))⊗ xσ(i+1)⊗·· ·⊗ xσ(n)) (3.5)

=
n

∑
i=1

(i−1)!(n− i)! ∑
σ∈Sh(i,n−i)

i−1

∑
k=1

sgn(σ)(−1)i(n−i)+ i(i−1)+(n−i)(n−i+1)
2 µ ◦

(
Idk−1⊗{{−, · · · ,−}}[1]n−i+1⊗ Idi−k

⊗{{−, · · · ,−}}[2]n−i+1⊗·· ·⊗{{−, · · · ,−}}
[n−i+1]
n−i+1

)
◦
(
{{−, · · · ,−}}i⊗ Id⊗n−i

)
◦σ
−1(x1⊗·· ·⊗ xn)

=
n

∑
i=1

(−1)i(n−i)+ i(i−1)+(n−i)(n−i+1)
2 (i−1)!(n− i)! ∑

σ∈Sh(i,n−i)
∑

τ∈Ci×Idn−i

sgn(σ)sgn(τ)

µ ◦ (Id⊗i−1⊗{{−, · · · ,−}}n−i+1)◦ ({{−, · · · ,−}}i⊗ Idn−1)◦ τ
−1 ◦σ

−1(x1⊗·· ·⊗ xn).

Note that, for each 1 ⩽ i ⩽ n, the composite map

µ ◦ (Id⊗i−1⊗{{−, · · · ,−}}n−i+1)◦ ({{−, · · · ,−}}i⊗ Idn−1)

is graded symmetric with respect to the first i−1 inputs and the last n− i inputs. Thus,

(3.5)

=
n

∑
i=1

(−1)i(n−i)+ i(i−1)+(n−i)(n−i+1)
2 ∑

σ∈Sn

sgn(σ)µ ◦ (Id⊗i−1⊗{{−, · · · ,−}}n−i+1)◦ ({{−, · · · ,−}}i⊗ Idn−1)◦σ
−1

=
n

∑
i=1

(−1)i(n−i)
∑

σ∈Sn

sgn(σ)µ ◦ (Id⊗i−1⊗{{−, · · · ,−}}op
n−i+1)◦ ({{−, · · · ,−}}

op
i ⊗ Idn−1)◦σ

−1

=
n

∑
i=1

(−1)i(n−i)
∑

σ∈Sn

sgn(σ)µ ◦
(
{{{{−, · · · ,−}}op

i ,−, · · · ,−}}op
R,n−i+1

)
σ
−1(x1⊗·· ·⊗ xn)

= ∑
τ∈Sn−1×Id

µ ◦

(
n

∑
i=1

(−1)i(n−i)
∑

σ∈Cn

sgn(σ)σ ·
(
{{{{−, · · · ,−}}op

i ,−, · · · ,−}}op
R,n−i+1

)
σ
−1

)
· τ−1(x1⊗·· ·⊗ xn)

=0.

This completes the proof that the operations {ln}n⩾1 satisfy the Jacobi∞ identity.

Proposition 10.15. Let A be a finite-dimensional dg algebra, and let B be a locally finite-dimensional
dg left A-module. Suppose there exists an ultracyclic homotopy relative Rota–Baxter operator {Tn :
(A∨)⊗n → A}n⩾1. Then the symmetric algebra Sym(B) inherits a homotopy Poisson algebra structure.
In particular, the graded dual B∨ can be regarded as a formal derived Poisson manifold.
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Chapter 11
Preliminaries

In this chapter, we collect the basic concepts and results on L-algebras that will be required in the sequel.

11.1 L-algebras and their ideals
Definition 11.1. An L-algebra is a set X equipped with a binary operation

(x,y) 7→ x · y, x,y ∈ X

and a distinguished element 1 ∈ X , satisfying the following conditions:

1 · x = x, x ·1 = x · x = 1 (1.1)
(x · y) · (x · z) = (y · x) · (y · z) (1.2)
x · y = y · x = 1 =⇒ x = y. (1.3)

Several notable subclasses of L-algebras arise from additional identities. Let X be an L-algebra.

• X is a KL-algebra if x · (y · x) = 1, for x,y ∈ X .

• X is a CKL-algebra if x · (y · z) = y · (x · z), for every x,y,z ∈ X .

• X is a Hilbert algebra if x · (y · z) = (x · y) · (x · z), for every x,y,z ∈ X .

These classes are related by inclusion: every Hilbert algebra is CKL, and every CKL algebra is KL.
An L-algebra that possesses a smallest element 0 is called a bounded L-algebra. In this case, one can

define the negation by x∗ := x · 0. Bounded CKL-algebras are known as Glivenko algebras. Given an
L-algebra X , for each element x ∈ X we denote by σx : X → X the map σx(y) = x · y.

Every L-algebra carries a natural partial order defined by x ≤ y if and only if x · y = 1. For every
element x of an L-algebra X , we denote by ↓x the downset {y ∈ X | y ≤ x} and by ↑x the upset {y ∈ X |
y ≥ x}. An element x of an L-algebra X is invariant if y · x = x for all y > x, while it is called prime if
x ̸= 1 and y · x≤ x for every y > x. If an L-algebra X carries a linear partial order, then X is called linear.

Definition 11.2. Let X be an L-algebra and S⊆ X . We say that S is an L-subalgebra if it is closed under
the L-algebra operation of X .

Definition 11.3. We say that a subset I ⊆ X is an ideal of the L-algebra X if it satisfies the following
properties:
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(I1) If x ∈ I and x · y ∈ I then y ∈ I.

(I2) If x ∈ I then y · x ∈ I for all y ∈ X .

(I3) If x ∈ I then (x · y) · y ∈ I for all y ∈ X .

(I4) If x ∈ I then y · (x · y) ∈ I for all y ∈ X .

Condition (I3) already implies that every ideal is closed under the L-algebra operation, so every ideal
is an L-subalgebra. Simpler characterizations for ideals exist for special subclasses.

Remark 11.4. Let X be a KL-algebra. Then I ⊆ X is an ideal of X if and only if I satisfies (I1) and (I3).
If X is a CKL-algebra, then I ⊆ X is an ideal of X if and only if 1 ∈ I and I satisfies (I1).

If X is an L-algebra, we denote by I (X) the set of ideals of X . This set is itself an L-algebra with the
binary operation defined as

I · J = {x ∈ X | ⟨x⟩∩ I ⊂ J}.

Note that (I · J)∩ I ⊆ J and for every ideal K such that K∩ I ⊆ J then K ⊆ I · J. Moreover, if I ⊆ J, then
⟨x⟩∩ I ⊆ J, for every x ∈ I. So I · J = X .

Using this structure, we can now define the notion of prime ideals. A prime ideal of X is simply a
prime element in the L-algebra of ideals I (X):

Definition 11.5. A proper ideal P of an L-algebra X is prime if for every ideal I of X either I ⊆ P or
I ·P⊆ P.

The prime ideals of I (X) form a topological space Spec(X), called the spectrum of X , whose open
sets are the collections {UI}I∈I (X), where

UI := {P ∈ Spec(X) | I ̸⊆ P}.

Furthermore, in [87], the following results are proven.

Theorem 11.6. Let I and J be ideals of an L-algebra X. Then y ∈ X belongs to I∨ J if and only if there
is an element x ∈ I with x≡ y(mod J).

Theorem 11.7. The lattice of ideals of an L-algebra X is distributive.

11.2 Semidirect products of L-algebras
In [82] they introduce the concept of semidirect product of L-algebras that needs also the concept of
operation of an L-algebra on another one.

Definition 11.8. Let X and Y be L-algebras. Y operates on X if there is a map ρ : Y → End(X) such that

• ρ1 = Id

• ρu·v ◦ρu = ρv·u ◦ρv for all u,v ∈ Y .

For example, an L-algebra X operates on itself via ρu(x)= u ·x. With this, we can now form semidirect
products of L-algebras.

Definition 11.9. Let X and Y be L-algebras such that Y operates on X via ρ . The semi-direct productX ⋊ρ

Y is the L-algebra defined on the set X×Y , with operation

(x,u) · (y,v) =
(
ρu·v(x) ·ρv·u(y),u · v

)
.
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Note that the semidirect product of KL (CKL or Hilbert)-algebras is, in general, no longer a KL (CKL
or Hilbert)-algebra. Therefore, we need to restrict the semidirect product in these cases.

Theorem 11.10. Let X and Y be L-algebras such that Y operates on X via ρ . The semi-direct product
X ⋊ρ Y of L-algebras is a KL-algebra if and only if X and Y are KL-algebras such that x ·ρu(x) = 1 holds
for x ∈ X and u ∈ Y .

Definition 11.11. Let X and Y be KL-algebras. Y operates on X as KL-algebras if Y operates on X via ρ

as L-algebras and
x ·ρu(x) = 1,

holds for x ∈ X and u ∈ Y .

Definition 11.12. Let X and Y be CKL-algebras. Y operates on X as CKL-algebras if Y operates on X
via ρ as KL-algebras and

• ρuρv = ρvρu for all u,v ∈ Y .

• ρu(x · y) = x ·ρu(y) for all u ∈ Y and x ∈ X .

Definition 11.13. Let X and Y be CKL-algebras such that Y operates on X via ρ as CKL-algebras. The
symmetric semi-direct product is the CKL algebra

X ∝ρ Y = {(x,u) ∈ X ⋊ρ Y | ρu(x) = x}.

Definition 11.14. Let X and Y be Hilbert algebras. Y operates on X if there is a map ρ : Y → End(X)
such that Y operates on X as CKL-algebras and ρ2

u = ρu for all u ∈ Y .

The example given before still works with the hypothesis of being Hilbert. More precisely, any Hilbert
algebra X operates on itself as a Hilbert algebra through ρu(x) = u · x.

Definition 11.15. Let X and Y be Hilbert algebras such that Y operates on X via ρ . The symmetric
semi-direct product is the Hilbert algebra

X ∝ρ Y = {(x,u) ∈ X ⋊ρ Y | ρu(x) = x}.

11.3 Self-similarity of L-algebras
The concept of self-similarity is introduced in [81] where it also proves the existence of the self-similar
closure of any L-algebra.

Definition 11.16. An L-algebra X is self-similar if for every x ∈ X the left multiplication σx induces a
bijection between ↓x and X .

Definition 11.17. Let X be an L-algebra, the self-similar closure S(X) of X is a self-similar L-algebra
with X as an L-subalgebra which generates S(X) as a monoid.

The construction of the self-similar closure of an L-algebra given in [83] uses the following theorems.

Theorem 11.18. Let (X , ·) be an L-algebra, and let M(X) be the free monoid generated by X with unit 1
and multiplication denoted by juxtaposition. Then the L-algebra operation of X admits a unique extension
to M(X) such that

ab · c = a · (b · c)
a ·bc = ((c ·a) ·b)(a · c),
1 ·a = a,

for all a,b,c ∈M(X).
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Theorem 11.19. Let X be an L-algebra. The self-similar closure of X is defined as the quotient.

S(X) = M(X)/≈,

where a≈ b if and only if
(c ·a) ·d = (c ·b) ·d,

for all c,d ∈M(X).

Moreover, L-algebra maps with codomain a self-similar one can be extended to the self-similar clo-
sure of the domain. Hence, we have a functor S that is left adjoint to the inclusion of the category of
self-similar L-algebras in the category of L-algebras.

Proposition 11.20. Let f : X → H be a morphism of L-algebras, where H is self-similar. Then f has a
unique extension to a morphism S( f ) : S(X)→ H of L-algebras. Moreover, every such extension S( f ) is
multiplicative.

Proposition 11.21. Let X be a KL-algebra. Then S(X) is a KL-algebra.

However, if X is a CKL-algebra, S(X) is not necessarily a CKL-algebra, as shown by the following
counterexample.

Example 11.22. Let X = {1,x,y} with x · y = y · x = x. It is easy to prove that X is a CKL-algebra. But,
on the other hand, S(X) is not CKL as x · (y · x2) ̸= y · (x · x2):

x · (y · x2) = x ·
(
((x · y) · x)(y · x)

)
= x ·

(
(x · x)x

)
= x · x = 1;

y · (x · x2) = y ·
(
((x · x) · x)(x · x)

)
= y ·

(
(1 · x)1

)
= y · x = x.



Chapter 12
Semidirect product and self-similarity

In this chapter, we investigate the interplay between semidirect products and self-similarity.
The following lemma describes the downsets of elements of semidirect products.

Lemma 12.1. Let X and Y be L-algebras such that Y operates on X via ρ . Then for every (x,u)∈ X ⋊ρ Y
we have that

(i) ↓(x,u) = {(y,v) ∈ X ⋊ρ Y | v ∈ ↓u and y ∈ ↓ρu·v(x)}.

(ii) ↓(1,u) = X×↓u and σ(1,u)(y,v) = (y,u · v), for every (y,v) ∈ ↓(1,u).

(iii) ↓(x,1) =
⋃

v∈Y ↓ρv(x)×{v} and σ(x,1)(y,v) = (ρv(x) · y,v), for every (y,v) ∈ ↓(x,1).

(iv) (1,u) · (x,u) = (x,1) and X ⋊ρ Y = {(x,1)(1,u) | x ∈ X ,u ∈ Y}.

Proof.

(i) Let (x,u),(y,v) ∈ X ⋊ρ Y . Then (y,v)≤ (x,u) if and only if

(1,1) = (y,v) · (x,u) =
(
ρv·u(y) ·ρu·v(x),v ·u

)
.

The last condition is equivalent to v ·u = 1 and ρv·u(y) ·ρu·v(x) = 1, i.e. v ·u = 1 and y ·ρu·v(x) = 1.

(ii) Let (x,v) ∈ X ⋊ρ Y . Then (x,v)≤ (1,u) if and only if

(1,1) = (x,v) · (1,u) = (ρv·u(x) ·ρu·v(1),v ·u) = (1,v ·u).

Thus ↓(1,u) = X ×↓u. For every (y,v) ≤ (1,u), we have that v · u = 1 and ρu·v(1) = 1. Thus,
σ(1,u)(y,v) = (y,u · v).

(iii) Let every (y,v) ∈ X ⋊ρ Y . Then (y,v)≤ (x,1) if and only if y ·ρv(x) = 1.

(iv) The result is directly calculated.

Thanks to Lemma 12.1, we are now able to settle when a semidirect product of two L-algebras is
self-similar and to explicitly compute the monoid operation in this case. Moreover, with an inductive
argument, we can extend any action of L-algebras to their self-similar closures.
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Proposition 12.2. Let X and Y be L-algebra such that Y operates on X via ρ . Then X ⋊ρ Y is self-similar
if and only if X and Y are self-similar. Moreover, in this case, the monoid operation on X ⋊ρ Y is given
by

(z, t)(x,u) = (zρt(x), tu).

Proof. Let’s first assume that X ⋊ρ Y is self-similar. Then, in particular, for every u ∈ Y , the map

σ(1,u) : ↓(1,u)→ X ⋊ρ Y

is bijective. Hence, by Lemma 12.1 (ii), the map

σu : ↓u→ Y

is also bijective. Therefore, Y is self-similar. Let us now consider x ∈ X . Since X ⋊ρ Y is self-similar, the
map

σ(x,1) : ↓(x,1)→ X ⋊ρ Y

is bijective. Thus, by Lemma 12.1 (iii), there exists a unique (y,v) ∈ X ⋊ρ Y such that y ∈ ↓ρv(x) and
(ρv(x) · y,v) = (z,1). But the v is necessarily equal to 1. Thus we proved that for every z ∈ X there exists
a unique y ∈ X such that y ∈ ↓x and x · y = ρ1(x) · y = z. Hence, the map

σx : ↓x→ X

is also bijective.
Suppose now that X and Y are self-similar and let (x,u),(z, t) ∈ X ⋊ρ Y . Since Y is self-similar, there

exists a unique v ∈ ↓u such that u · v = σu(v) = t. Now, by self-similarity of X , there exists a unique
y ∈ ↓ρu·v(x) = ↓ρt(x) such that σρu·v(x)(y) = z. Therefore, by Lemma 12.1 (i), we proved that there exists
a unique (y,v) ∈ ↓(x,u) such that

σ(x,u)(y,v) =
(
ρu·v(x) ·ρv·u(y),u · v

)
=
(
σρt (x)(y), t

)
= (z, t).

Therefore, we proved that X ⋊ρ Y is self-similar.

Proposition 12.3. Let X and Y be L-algebras such that Y operates on X via ρ . Then S(Y ) operates on
S(X) via a map ρ̃ such that ρ̃u(x) = ρu(x) for all x ∈ X and u ∈ Y .

Proof. By Proposition 11.20, the functor S is the left adjoint of the inclusion of the category of self-
similar L-algebras in the category of L-algebras. So for every u ∈ Y we have a map S(ρu) ∈ End(S(X))
that extends ρu. So we have a map S(ρ) : Y → End(S(X)). Consider now M(Y ) the free monoid generated
by Y (with identity element 1). By Theorem 11.18, the operation · of Y extends uniquely to M(Y ) such
that

(i) ab · c = a · (b · c),

(ii) a ·bc = ((c ·a) ·b)(a · c)

(iii) 1 ·a = a,

for all a,b,c ∈M(Y ). Since M(Y ) is the free monoid generated by Y , we can extend the map S(ρ) to a
map ρ ′ : M(Y )→ End(S(X)). In this way, we have ρ ′1 = Id, and we will prove that the second property,

ρ
′
a·b ◦ρ

′
a = ρ

′
b·a ◦ρ

′
b,

holds for all a,b ∈M(Y ).
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First, we show that the identity
ρ
′
a·y ◦ρ

′
a = ρ

′
y·a ◦ρy (0.1)

holds for all a ∈M(Y ) and y ∈ Y . We proceed by induction on the length of a.
For the base case a = 1, identity (0.1) becomes

ρ
′
y ◦ρ

′
1 = ρ

′
1 ◦ρy,

which holds trivially since ρ ′1 = Id.
Assume that (0.1) holds for a word a ∈M(Y ) of length n ≥ 1. Let x ∈ Y . By the extension property

given in Theorem 11.18, we compute:

ρ
′
xa·y ◦ρ

′
xa = ρ

′
x·(a·y) ◦ρx ◦ρ

′
a

= ρ
′
(a·y)·x ◦ρ

′
a·y ◦ρ

′
a

= ρ
′
(a·y)·x ◦ρ

′
y·a ◦ρy

= ρ
′
((a·y)·x)·(y·a) ◦ρy

= ρ
′
y·(xa) ◦ρy.

Hence, (0.1) is verified for xa as well, completing the induction.
Now we proceed to prove the second property

ρ
′
a·b ◦ρ

′
a = ρ

′
b·a ◦ρ

′
b

by induction on the length of b. When b has length one, this is just (0.1). Suppose the property holds for
a given b of length n≥ 1. Let x ∈ Y . Then:

ρ
′
a·(xb) ◦ρ

′
a = ρ

′
((b·a)·x)·(a·b) ◦ρ

′
a

= ρ
′
(b·a)·x ◦ρ

′
a·b ◦ρ

′
a

= ρ
′
x·(b·a) ◦ρx ◦ρ

′
b

= ρ
′
xb·a ◦ρ

′
xb,

completing the induction step. Hence, the second property holds for all a,b ∈ M(Y ).
We now verify that it can also be defined on S(X) = M(Y )/≈. Let a,b ∈M(Y ) such that a≈ b. Then,

in particular a ·b = b ·a = 1, hence

ρ
′
a = ρ

′
1ρ
′
a = ρ

′
a·bρ

′
a = ρ

′
b·aρ

′
b = ρ

′
1ρ
′
b = ρ

′
b.

Therefore we have a well-defined map ρ̃ : S(X)→End(S(X)) that extends ρ and such that ρ̃a·bρ̃a = ρ̃b·aρ̃b
for all a,b ∈ S(X).

We are now ready to prove the main result of this section.

Theorem 12.4. Let X and Y be L-algebras such that Y operates on X via ρ . Then

S(X ⋊ρ Y ) = S(X)⋊ρ̃ S(Y ).

Proof. By Proposition 12.2, we know that S(X)⋊ρ̃ S(Y ) is a self-similar L-algebra. Since the natural
maps X → S(X) and Y → S(Y ) are injective, the induced map

X ⋊ρ Y −→ S(X)⋊ρ̃ S(Y )



98 CHAPTER 12. SEMIDIRECT PRODUCT AND SELF-SIMILARITY

is also injective. Moreover, since X generates S(X) as a monoid and Y generates S(Y ) as a monoid, for
all (a,b) ∈ S(X)⋊ρ̃ S(Y ) there exist elements x1, . . . ,xn ∈ X and u1, . . . ,um ∈ Y such that

a = x1x2 · · ·xn and b = u1u2 · · ·um.

Thus, by Proposition 12.2,

(a,b) = (a,1)(1,b) = (x1x2 · · ·xn,1)(1,u1u2 · · ·um)

= (x1,1)(x2,1) · · ·(xn,1)(1,u1)(1,u2) · · ·(1,um).

Since (xi,1),(1,u j)∈X ⋊ρ Y for every 1≤ i≤ n and 1≤ j≤m, we proved that S(X)⋊ρ̃ S(Y ) is generated
by X ⋊ρ Y as a monoid.

Corollary 12.5. Let X and Y be KL-algebras such that Y operates on X via ρ as KL-algebras. Then
S(X)⋊ρ̃ S(Y ) is also a KL-algebra.

Proof. By Proposition 11.21, S(X ⋊ρ Y ) = S(X)⋊ρ̃ S(Y ) is a KL-algebra.



Chapter 13
Ideals of Semidirect Products of
L-Algebras

This chapter is dedicated to the study of ideals of a semidirect product. Hence, we will consider two
L-algebras X and Y such that Y acts on X via ρ : Y → End(X).

13.1 Structures of ideals of semidirect products of L-algebras
Definition 13.1. Let K be an ideal of X ⋊ρ Y . We define

KY = {y ∈ Y | (1,y) ∈ K};
KX = {x ∈ X | (x,1) ∈ K}.

Similarly, if X and Y are CKL-algebras such that Y operates on X via ρ and L is an ideal of X ∝ρ Y ,
we define

LY = {y ∈ Y | (1,y) ∈ L};
LX = {x ∈ X | (x,1) ∈ L}.

Lemma 13.2. Let K ⊂ X ⋊ρ Y be an ideal. Then KY is an ideal of Y and KX is an ideal of X.
Moreover, if X and Y are CKL-algebras such that Y operates on X via ρ and L⊂ X ∝ρ Y is an ideal,

then LY is an ideal of Y and LX is an ideal of X.

Proof. Consider the following maps:

f : X → (X ⋊ρ Y )/K; x 7→ [(x,1)]K g : Y → (X ⋊ρ Y )/K; y 7→ [(1,y)]K .

It is easy to show that they are both L-algebra morphisms. Moreover, ker f = KX and kerg = KY . There-
fore, KX is an ideal of X and KY is an ideal of Y .

Moreover, since (x,1) and (1,u) are elements of X ∝ρ Y for every x ∈ X and u ∈ Y , we can apply the
same strategy to prove that LX is an ideal of X and LY is an ideal of Y .

Lemma 13.3. Let K ⊂ X ⋊ρ Y be an ideal. Then (x,u) ∈ K if and only if x ∈ KX and u ∈ KY .
Moreover, if X and Y are CKL-algebras such that Y operates on X via ρ and L⊂ X ∝ρ Y is an ideal,

then (x,u) ∈ L if and only if x ∈ LX and u ∈ LY .
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Proof. Suppose that (x,u)∈K. Then, by Lemma 12.1 (iv), (1,u) ·(x,u) = (x,1), so (x,1)∈K. Moreover,
(x,u) · (1,u) = (1,1) ∈ K, hence (1,u) is also in K. Suppose that (x,1) and (1,u) are in K. Then, by
Lemma 12.1 (iv), (1,u) · (x,u) = (x,1) ∈ K, so (x,u) ∈ K.

The same proof also works for the CKL-algebras case.

Corollary 13.4. Let K ⊆ X ⋊ρ Y be an ideal. We have that

K = KX ⋊ρ|KY
KY .

If X and Y are CKL-algebra such that Y operates on X via ρ and L⊂ X ∝ρ Y is an ideal, then

L = LX ∝ρ|LY
LY .

Proof. We need to show that ρu ∈ End(KX ) for every u∈KY . So let u∈KY and x ∈KX , then
(
ρu(x),1

)
=

(1,u) · (x,1) and, since (1,u),(x,1) ∈ K we obtain that
(
ρu(x),1

)
∈ K, i.e. ρu(x) ∈ KX . Therefore ρu ∈

End(KX ), so KY operates on KX via the restriction of ρ .
Moreover, by Lemma 13.3, K and KX ⋊ρ|KY

KY coincide as subsets of X ⋊ρ Y .
The same proof also works for the CKL-algebras case.

Note that the converse of Corollary 13.4 is not true, as shown by the following.

Example 13.5. Let X = {1,x,y} as in Example 11.22, i.e. x · y = y · x = x and let Y = {1,u} be the
L-algebra (unique of size 2 up to isomorphism) with logical unit 1. Then End(X) = {id,σ}, where σ is
the map that sends every element to 1. Moreover X operates on Y via ρ : X → End(Y ), where ρ1 = id
and ρ2 = σ .

X has two ideals:
I1 = {1} and I2 = X .

Y has only two ideals:
J1 = {1} and J2 = Y.

But he semidirect product X ⋊ρ Y has 3 ideals:

K1 = {(1,1)}= I1 ⋊ρ J1;
K2 = {(x,1),(y,1),(1,1)}= I2 ⋊ρ J1;
K3 = X ⋊ρ Y = I2 ⋊ρ J2.

So, I1 ⋊ρ J2 is not an ideal. For example

(1,u) · (x,1) = (ρu·1(1) ·ρ1·u(x),u ·1) = (1 ·ρu(x),1) = (1,1) ∈ I1 ⋊ρ J2

but (x,1) /∈ {1}⋊ρ J2 = I1 ⋊ρ J2.

Now we know that ideals of the semidirect products are semidirect products of ideals in the respective
components. However, as shown in Example 13.5, there exist ideals in the individual components that
cannot be used to form an ideal of the semidirect product.

The following proposition provides an equivalent characterization for when such pairs of ideals give
rise to an ideal of the semidirect product.

Proposition 13.6. Let X and Y be L-algebras such that Y operates on X via ρ . Let I be an ideal of X,
U be an ideal of Y . Then I ⋊ρ|U U is an ideal of X ⋊ρ Y if and only if, for each u ∈U, x ∈ I, v ∈ Y , and
y ∈ X
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(I’1) ρv(I)⊆ I;

(I’2) (x ·ρu(y)) · y, y · (x ·ρu(y)) ∈ I.

Proof. We fix that u ∈U , x ∈ I, v ∈ Y , and y ∈ X . And, we denote a condition (I’3) for ρ as: ρ−1
u (I)⊆ I

for u ∈U .
If I ⋊ρ|U U satisfies (I1), (1,v) · (x,1) ∈ I ⋊ρ|U U . Then we have ρv(x) ∈ I, that is (I’1). If ρ satisfies

(I’1), we have (y,v) · (x,u) = (ρv·u(y) ·ρu·v(x),v · u) ∈ I ⋊ρ|U U . Thus, (I1) for I ⋊ρ|U U is equivalent to
(I’1) for ρ .

Assume that condition (I’1) holds for ρ . Let

(x,u) · (y,v) = (ρu·v(x) ·ρv·u(y),u · v) ∈ I ⋊ρ|U U.

Since I is an ideal, we have ρv·u(y) ∈ I. Take v to be 1, ρu(y) ∈ I. Thus, (I2) for I ⋊ρ|U U is equivalent to
the condition (I’3).

For u ∈U , x ∈ I, v ∈ Y , and y ∈ X , we have

((x,u) · (y,v)) · (y,v) = (ρu·v(x) ·ρv·u(y),u · v) · (y,v)

=
((

ρ(u·v)·vρu·v(x) ·ρ(u·v)·vρv·u(y)
)
·ρv·(u·v)(y)︸ ︷︷ ︸

A

,(u · v) · v
)
.

We denote the first component of ((x,u) · (y,v)) ·(y,v) as A. Notice that, since (u ·v) ·v∈U , ((x,u) · (y,v)) ·
(y,v) ∈ I ⋊ρ|U U if and only if A ∈ I. Now, we suppose A ∈ I and choose x = ρu(x′), v = 1, y = ρu(y′)
with x′ ∈ I, y′ ∈ Y . Then A = ρu((x′ ·ρu(y′)) · y′) ∈ I. By (I’3), we have (x′ ·ρu(y′)) · y′ ∈ I. Meanwhile,
we have

(y,v) · ((x,u) · (y,v)) = (y,v) · (ρu·v(x) ·ρv·u(y),u · v)

=
(

ρv·(u·v(y) ·
(
ρ(u·v)·vρu·v(x) ·ρ(u·v)·vρv·u(y)

)︸ ︷︷ ︸
B

,v · (u · v)
)
.

Similarly, y′ · (x′ ·ρu(y′)) ∈ I. Thus, (I’2) holds for ρ , if I ⋊ρ|U U is an ideal of X ⋊ρ Y . Now, if I ⋊ρ|U U
is an ideal of X ⋊ρ Y , the three conditions hold.

Let now assume that (I’1), and (I’2) hold for ρ and for every x ∈ I and u ∈U . Firstly, we show that
ρv·u(y) ·ρv·(u·v)(y) and ρv·(u·v)(y) ·ρv·u(y) ∈ I. Denote the following expressions, respectively, by C, D, E,
and F:

C = ρv·(u·v)(y) ·
(
x ·ρ((u·v)·v)·(v·u)ρv·(u·v)(y)

)
,

D =
(
x ·ρ((u·v)·v)·(v·u)ρv·(u·v)(y)

)
·ρv·(u·v)(y),

E = ρv·u(y) ·
(
x ·ρ((u·v)·v)·(v·u)ρv·u(y)

)
,

F =
(
x ·ρ((u·v)·v)·(v·u)ρv·u(y)

)
·ρv·u(y).

By (I’1) and (I’2), we have that C,D,E,F ∈ I. Thus, by

C · (ρv·u(y) ·ρv·(u·v)(y)) = D ·F

and
E(x) · (ρv·u(y) ·ρv·(u·v)(y)) = F ·D,

we have ρv·u ·ρv·(u·v)(y) and ρv·(u·v)(y) ·ρv·u(y) ∈ I.
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Denote
(
ρ(u·v)·vρu·v(x) ·ρ(u·v)·vρv·u(y)

)
·ρv·u(y) by G. Notice that

G ·A =
(
ρv·u · (ρ(u·v)·vρu·v(x) ·ρ(u·v)·vρv·u(y))

)
·
(
ρv·u(y) ·ρv·(u·v)(y)

)
,

and ρv·u(y) ·ρv·(u·v)(y),G ∈ I. Thus, A ∈ I.
Denote ρv·u(y) ·

(
ρ(u·v)·vρu·v(x) ·ρ(u·v)·vρv·u(y)

)
by H. Similarly,

H ·B =
((

ρ(u·v)·vρu·v(x) ·ρ(u·v)·vρv·u(y)
)
·ρv·u(y)

)
·
((

ρ(u·v)·vρv·u(y) ·ρ(u·v)·vρu·v(x)
)
·
(
ρ(u·v)·v(ρv·(u·v)(y) ·ρv·u(y))

))
.

Since ρv·(u·v)(y) ·ρv·u(y) and G ∈ I, we can show that B ∈ I.
Take x to be 1. From (I’2), we have ρu(y) ·y ∈ I for all u ∈U . Thus, if ρu(y) ∈ I, then we obtain y ∈ I.

Therefore, (I’2) implies (I’3) for ρ . and also implies (I2) for I ⋊ρ|U U .

As a consequence, we obtain an explicit upper bound for the number of ideals of the semidirect
product of two L-algebras.

Corollary 13.7. Let X and Y be L-algebras such that Y operates on X via ρ . Let U be an ideal of Y .
Then {1}⋊U is an ideal of X ⋊ρ Y if and only if ρu = IdX for all u ∈U. In particular,

|I (X ⋊ρ Y )| ≤ |I (X)||I (Y )|,

and the equality holds if and only if X ⋊ρ Y = X×Y .

Proof. If ρu = IdX for all u ∈U , then it is easy to check that the conditions (I’1) and (I’2) of Proposi-
tion 13.6 are satisfied.

Vice versa, if {1}⋊U is an ideal of I⋊ρ|U U , then, by condition (I’2) of Proposition 13.6, we get that
(1 ·ρu(y)) · y,y · (1 ·ρu(y)) ∈ {1} for all u ∈U and y ∈ X . Therefore, for all u ∈U and y ∈ X

ρu(y) · y = 1 = y ·ρu(y).

which implies that ρu(y) = y for all u ∈U and y ∈ X .
The second property derives from the fact that if ρy ̸= Id, then {1}⋊ρ Y is not an ideal of X ⋊ρ Y .

By Lemma 13.2, Corollary 13.4, Proposition 13.6 and Definition 11.13, we can immediately obtain
the following result.

Theorem 13.8. Let X and Y be L-algebras such that Y operates on X via ρ . Then K is an ideal of X ⋊ρ Y
if and only if ρ induces an operation

ρ̃ : Y/KY −→ End(X/KX )

such that
(X ⋊ρ Y )

/
(KX ⋊ρ|KY

KY ) ∼= X/KX ⋊ρ̃ Y/KY .

Proof. By Lemma 13.2 and Corollary 13.4, we have

K = KX ⋊ρ|KY
KY ,

where KX is an ideal of X and KY is an ideal of Y .
Next, set I = KX and U = KY .
By (I’1) of Proposition 13.6, the map

ρ
I : Y → End(X/I)
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is well-defined. Since I ⋊{1} is an ideal of X ⋊ρ Y , the quotient

(X ⋊ρ Y )/(I ⋊{1})∼= X/I ⋊ρ I Y

is an L-algebra. By (I’2) of Proposition 13.6, for all u ∈U and y ∈ X/I, we have

ρ
I
u(y) · y = [1]I = y ·ρ I

u(y),

which implies ρ I
u = IdX/I for all u ∈U . Moreover, for all v,w ∈U ,

ρ
I
v = ρ

I
v·w ◦ρ

I
v = ρ

I
w·v ◦ρ

I
w = ρ

I
w,

so the induced map
ρ̃ : Y/U → End(X/I)

is well-defined.
Conversely, if ρ I is well-defined, then (I’1) holds for ρ . Since ρ I

u = IdX/I for all u ∈U , it follows that

(x ·ρu(y)) · y, y · (x ·ρu(y)) ∈ I

for all x,y ∈ X and u ∈U .

We can also directly imply the following corollary.

Corollary 13.9. Let X and Y be L-algebras such that Y operates on X via ρ . Let I be an ideal of X, U
be an ideal of Y . The following statements are equivalent:

(i) I ⋊ρ|U U is an ideal of X ⋊ρ Y ;

(ii) ρ can induce an operation ρ̃ : Y/U → End(X/I) such that

(X ⋊ρ Y )/(I ⋊ρ|U U)∼= X/I ⋊ρ̃ Y/U ;

(iii) ρ induces an operation ρ I : Y → End(X/I) such that

X/I ⋊ρ I |U U = X/I×U ;

(iv) ρ can induce an operation ρ I : Y → End(X/I) such that {[1]I}×U is an ideal of X/I ⋊ρ I Y .

We now focus on the L-algebra structure of the set of ideals. The next example shows how, in general,
it does not commute with the semidirect product.

Example 13.10. Using the same L-algebras as in Example 13.5, we obtain

⟨1⟩= {1}= I1, ⟨u⟩= Y = J2, ⟨(1,u)⟩= K3 = I2 ⋊ J2 = I2 ⋊ ⟨u⟩.

Moreover, since K2 ·K1 = K1, we obtain that

(I2 ⋊ J1) · (I1 ⋊ J1) = K2 ·K1 = K1 = I1 ⋊ J1 ̸= I1 ⋊ J2 = (I2 · I1)⋊ (J1 · J1).

However, we can still deduce some structural properties about the product of two ideals of the semidi-
rect product and completely determine it in some specific cases.

Lemma 13.11. Let X and Y be L-algebras such that Y operates on X via ρ . Then the following statements
hold.
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(i) Let (x,u) ∈ X ⋊ρ Y and let K = ⟨(x,u)⟩ be the ideal generated by (x,u). Then

K = KX ⋊ ⟨u⟩,

and ⟨x⟩ ⊆ KX .

(ii) Let I ⋊U and J⋊V be ideals of X ⋊ρ Y , and let

L = (I ⋊U) · (J⋊V ).

Then
LX ⊆ I · J and LY ⊆U ·V.

(iii) Let I ⋊U be an ideal of X ⋊ρ Y . Then

(X ⋊{1}) · (I ⋊U) = I ⋊V,

where V is the maximal ideal of Y such that I ⋊V is an ideal of X ⋊ρ Y , and where

V = ker
(
ρ

I : Y → End(X/I)
)
.

Proof.

(i) By Theorem 13.8, X ⋊ ⟨u⟩ is an ideal of X ⋊ρ Y . So, we have K ⊆ X ⋊ ⟨u⟩. Thus, KY ⊆ ⟨u⟩. In
addition, KY is an ideal of Y that contains u. We have KY = ⟨u⟩.

(ii) By definition, (x,u) ∈ L if and only if ⟨(x,u)⟩ ∩ (I ⋊U) ⊆ J ⋊V . By Part 1., this means that
⟨(x,u)⟩X ∩ I ⊆ J and ⟨u⟩∩U ⊆V , i.e.

L = {(x,u) ∈ (I · J)× (U ·V ) | ⟨(x,u)⟩X ∩ I ⊆ J}.

(iii) Let L be (X ⋊ {1}) · (I ⋊U). By Part (2), we have LX ⊆ X · I = I. Moreover, I ⋊U ⊆ L. Hence
LX = I and L is the greatest ideal such that L∩(X ⋊{1})⊆ (I⋊U), i.e. such that LX ⊆ I. Therefore,
we prove the thesis.

13.2 ρ-ideals and ρ-spectrum
Definition 13.12. Let X and Y be L-algebras such that Y operates on X via ρ .

• An ideal I of X is called ρ-ideal if I satisfies (I’1) i.e. ρv(I)⊆ I for every v ∈ Y .

• A proper ρ-ideal I of X is called ρ-prime if for every ρ-ideals I1 and I2 of X and such that I1∩I2⊆ I,
then either I1 ⊆ I or I2 ⊆ I.

We denote by ρI (X) the poset of ρ-ideals of X , and by ρ-spectrum ρ Spec(X) the space of ρ-prime
ideals.

Note that the name is not an accident. Indeed, a proper ideal I is prime if and only if for every ideals
I1 and I2 of X such that I1 ∩ I2 ⊆ I, either I1 ⊆ I or I2 ⊆ I. So if I is prime and satisfies (I’1), it is also
ρ-prime.
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Lemma 13.13. Let J and I be two ρ-ideals of X. Let ρ I : Y → End(X/I) and ρJ : Y → End(X/J) be the
maps induced by ρ . Then the following statements hold:

(i) I ⋊ker(ρ I) (and J⋊ker(ρ I)) is an ideal of the semi-direct product X ⋊ρ Y .

(ii) If J ⊆ I, then ker(ρJ)⊆ ker(ρ I).

(iii) If U ⊂ ker(ρ I) is an ideal of Y , then I ⋊U is an ideal of X ⋊ρ Y .

Proof.

(i) By Proposition 13.6, I⋊ker(ρ I) is an ideal of X ⋊ρ Y if and only if I satisfies (I’2). Let u∈ ker(ρ I),
x ∈ I and y ∈ X , then in X/I we have that[

(x ·ρu(y)) · y
]

I = ([x]I · [ρu(y)]I) · [y]I
= (1 ·ρ I

u([y]I)) · [y]I = (1 · [y]I) · [y]I = 1.

Hence (x ·ρu(y)) · y ∈ I. Similarly,[
y · (x ·ρu(y))

]
I = [y]I · ([x]I · [ρu(y)]I)

= [y]I · (1 ·ρ I
u([y]I)) = [y]I · (1 · [y]I) = 1,

i.e. y · (x · ρu(y)) ∈ I. Thus, we proved that (I’2) is satisfied too, i.e. I ⋊ ker(ρ I) is an ideal of
X ⋊ρ Y .

(ii) Take u ∈ ker(ρ I), then for every x ∈ X

ρ
J
u
(
[x]J
)
= [ρu(x)]J = [x]J .

Hence, ρu(x) ∈ [x]J for every x ∈ X . Since J ⊆ I, then [x]J ⊆ [x]I for every x ∈ X . Therefore
ρu(x) ∈ [x]I for every x ∈ X . So [ρu(x)]I = [x]I for every x ∈ X , which means that ρ I

u = idX/J , i.e.
u ∈ ker(ρ I).

(iii) This is clear that I and U satisfy conditions (I’1) and (I’2).

Corollary 13.14. Let X and Y be L-algebras such that Y operates on X via ρ . Then

|I (X ⋊ρ Y )|= ∑
I∈ρI (X)

|{U ≤ ker(ρ I) |U ∈I (Y )}|.

Proposition 13.15. Let X and Y be L-algebras such that Y operates on X via ρ . Then

ρI (X) = {I ∈I (X) | I ⋊ρ {1} ∈I (X ⋊ρ Y )}.

Moreover, ρI (X) is a complete sublattice of I (X), and is distributive.

Proof. Let I be a ρ-ideal and U = ker(ρ I). By Lemma 13.13, therefore, I ⋊ρ {1} is an ideal of X ⋊ρ Y .
Vice versa, if I ⋊ρ {1} is an ideal of X ⋊ρ Y , I satisfies (I’1). Therefore, ρI (X) = {I | I ⋊ρ {1} ∈
I (X ⋊ρ Y )}.

Next, we will show that ρI (X) is a complete sublattice.
Let {Iα | α ∈Z } be a set of ρ-ideals and v ∈ Y . Then ρv(∩α∈Z Iα)⊆ Iα , for each α ∈Z . Thus, the

ρ-ideals are closed with respect to intersections.
Let I1 and I2 be ρ-ideals, y ∈ I1∨ I2 and v ∈ Y . By Theorem 11.6, there exists an element x ∈ I1 with

x ≡ y (mod I2). Since ρv(I1) ⊆ I1 and ρv(I2) ⊆ I2, then ρv(x) ∈ I1 and ρv(x) ≡ ρv(y) (mod I2). Then
ρv(y) ∈ I1∩ I2. Thus, the ρ-ideals are closed with respect to the joints. Therefore, ρI (X) is a complete
sublattice of I (X) .
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Proposition 13.16.

(i) Let U be a prime ideal of Y , then X ⋊U is a prime ideal of X ⋊ρ Y .

(ii) Let I be a ρ-prime ideal of X and U = ker(ρ I). Then I ⋊U is a prime ideal of X ⋊ρ Y .

Proof.

(i) By Theorem 13.8, (X ⋊ρ Y )/(X ⋊U) ∼= Y/U . Since U is a prime ideal, Y/U is subdirectly irre-
ducible. Thus X ⋊U is a prime ideal of X ⋊ρ Y .

(ii) Let I1 ⋊U1 and I1 ⋊U1 be ideals of X ⋊ρ Y , such that

(I1 ⋊U1)∩ (I2 ⋊U2)⊆ I ⋊U.

Thus, we have I1 ∩ I2 ⊆ I. Since I1 and I2 satisfy (I’1), then either I1 ⊆ I or I2 ⊆ I. By Lemma
13.11 (iii), either I1 ⋊U1 ⊆ I ⋊U or I2 ⋊U2 ⊆ I ⋊U . Therefore, I ⋊U is a prime ideal.

Theorem 13.17. Let P be an ideal of X and Q be an ideal of Y . P⋊Q is a prime ideal of X ⋊ρ Y if and
only if one of the following holds:

(i) P = X and Q is a prime ideal of Y ;

(ii) P is a ρ-prime ideal of X and Q = ker(ρP).

Moreover, in this case,
Spec(X ⋊ρ Y )∼= ρ Spec(X)⊔Spec(Y ).

Proof. By Proposition 13.16, we know that in both cases we obtain a prime ideal of X ⋊ρ Y .
Now suppose that P⋊Q is a prime ideal. Since X ⋊{1} is an ideal of X ⋊ρ Y , we must have either

X ⋊{1} ⊆ P⋊Q or (X ⋊{1}) · (P⋊Q)⊆ P⋊U.

In the first case, X ⋊{1} ⊆ P⋊Q, which implies P = X . Moreover, Q is a prime ideal of Y because
Y/P is subdirectly irreducible: indeed, (X ⋊ρ Y )/(P⋊Q) is subdirectly irreducible and, by Theorem 13.8,

(X ⋊ρ Y )/(X ⋊P)∼= Y/P.

In the second case, P⋊Q⊇ (X ⋊{1}) · (P⋊Q) and by Lemma 13.11 (iii),

(X ⋊{1}) · (P⋊Q) = P⋊ker(ρP),

where V = ker(ρP) is an ideal of Y that is maximal such that P⋊V is an ideal of X ⋊ρ Y . But inclusion
P⋊Q⊇ P⋊V forces Q = ker(ρP).

Consider ideals I1 and I2 of X that satisfy (I’1) and such that P1∩P2 ⊆ P. Then P1∩P2 also satisfies
(I’1). By Lemma 13.13, we have

ker(ρP)⊆ ker(ρP1∩P2) = ker(ρP1)∩ker(ρP2).

Hence, (
P1 ⋊ker(ρP1)

)
∩
(
P2 ⋊ker(ρP2)

)
⊆
(
P⋊ker(ρP)

)
.

Since P⋊ker(ρP) is prime, we must have either

P1 ⋊ker(ρP1)⊆ P⋊ker(ρP) or P2 ⋊ker(ρP2)⊆ P⋊ker(ρP).

Thus either P1 ⊆ P or P2 ⊆ P. This proves that P is a ρ-prime ideal.
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Remark 13.18. The bijection

f : Spec(X ⋊ρ Y )−→ ρ Spec(X)⊔Spec(Y ),

defined by
f (X ⋊Q) = Q and f (P⋊Q) = P for P ̸= X ,

is an open map, where the subspace ρ Spec(X) is endowed with the subspace topology inherited from
Spec(X).

Proof. Let I ⋊U be an ideal of X ⋊ρ Y with I ̸= X , and let P⋊Q be a prime ideal of X ⋊ρ Y . By
Lemma 13.13,

I ⋊U ⊆ P⋊Q ⇐⇒ I ⊆ P.

Therefore,

f (UI⋊U ) = (UI ∩ρ Spec(X))⊔UU , f (UX⋊ρV ) = ρ Spec(X)⊔UV , (V ∈I (Y )),

which shows that f is an open map.

By Theorem 13.17, we can explicitly describe the prime spectrum of the semidirect product of KL-
algebras as follows.

Proposition 13.19. Let X and Y be KL-algebras such that Y operates on X via ρ as KL-algebras. Then

ρI (X) = I (X).

In this case,
ρ Spec(X) = Spec(X) and Spec(X ⋊ρ Y )∼= Spec(X)⊔Spec(Y ).

Proof. By Definition 11.11, we have
x ·ρu(x) = 1,

for all x ∈ X and u ∈ Y . It follows that for any u ∈ Y ,

x ·ρu(x) = 1 ∈ ⟨x⟩.

By condition (I1), we conclude that

ρu(x) ∈ ⟨x⟩ for all u ∈ Y.

Therefore, every ideal of X is automatically a ρ-ideal. By Theorem 13.17, we obtain the following
characterizations:

ρI (X) = I (X), and ρ Spec(X) = Spec(X).

Proposition 13.20. Let X and Y be CKL-algebras such that Y acts on X via ρ as CKL-algebras. Let L
be an ideal of the symmetric semidirect product X ∝ρ Y . Define

L̃ = LX ⋊ρ|LY
LY ⊆ X ⋊ρ Y.

Then the assignments
L 7−→ L̃ and K∩ (X ∝ρ Y )←−[ K

establish a bijective correspondence between the ideals of the symmetric semidirect product X ∝ρ Y and
those of the semidirect product X ⋊ρ Y .
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Proof. Let L be an ideal of X ∝ρ Y . By Theorem 13.19, every ideal of X is a ρ-ideal, hence LX satisfies
condition (I’1).

Let x ∈ LX , u ∈ LY , and y ∈ X . By Definition 11.12, we have

y · (x ·ρu(y)) = ρu
(
y · (x · y)

)
∈ LX .

Moreover, since (x,u) ∈ L, (y,1) ∈ X ∝ρ Y , and L is an ideal of X ∝ρ Y , it follows that(
(x,u) · (y,1)

)
· (y,1) =

(
(x ·ρu(y)) · y,1

)
∈ L.

Hence (x ·ρu(y)) · y ∈ LX , showing that condition (I’2) holds for L̃. Therefore, by Proposition 13.6, L̃ is
an ideal of X ⋊ρ Y .

Since X ∝ρ Y is an L-subalgebra of X ⋊ρ Y , for any ideal K of X ⋊ρ Y , the intersection

K∩ (X ∝ρ Y )

is an ideal of X ∝ρ Y . These two constructions are inverses of each other, establishing the claimed
bijective correspondence.



Chapter 14
Simple linear L-algebras and
CKL-algebras

14.1 Simple linear L-algebras
In [29, Lemma 4.3], Dietzel, Menchón, and Vendramin have shown the following lemma for linear L-
algebras.

Lemma 14.1. Let X be a linear algebra. For any x,y,z ∈ X with x≥ y > z, one has

x · y > x · z.

Moreover, every linear L-algebra is also a KL-algebra, i.e. x · y≥ y for all x,y ∈ X.

Proposition 14.2. Let X be a linear L-algebra with

X = {x0 > x1 > · · ·> xn−1},

and suppose that xi+1 is an invariant element of X. Let

I = ↑xi := {x j | j ≤ i}.

Then
x · y = y for all x ∈ I, y ∈ X \ I.

Proof. We show that xi+1, . . . ,xn−1 are invariant under the action of I. Proceed by induction. Since xi+1
is invariant, the base case holds. Assume that xk is invariant under I for some k > i+1. Then by Lemma
14.1,

xk = x · xk > x · xk+1 ≥ xk+1

for all x ∈ I. Thus x · xk+1 = xk+1 for all x ∈ I, proving the induction step.

Using this result, we can give a characterization of ideals and prime ideals of a linear L-algebra.

Theorem 14.3. Let X be a linear L-algebra with

X = {x0 > x1 > · · ·> xn−1},

109
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and let I ⊆ X. Then I is an ideal of X if and only if

I = ↑xi := {x j | j ≤ i}

for some i ∈ {0, . . . ,n−1}, and moreover either i = n−1 or xi+1 is an invariant element.

Proof. Assume first that I is an ideal of X , and let xi be the minimal element of I. By (I1), I is upward
closed, hence I = ↑xi.

Suppose now that i < n−1 and choose any y > xi+1. Then y ∈ I while xi+1 /∈ I, and by (I1) we must
have y · xi+1 /∈ I. Thus y · xi+1 ≤ xi+1. On the other hand, by Lemma 14.1,

xi+1 ≤ y · xi+1.

Hence y · xi+1 = xi+1 for all y > xi+1, showing that xi+1 is invariant.
Conversely, suppose that I = ↑xi and that xi+1 is invariant. By Remark 11.4, it suffices to verify (I1)

and (I3).

(I1) Let x ∈ I and suppose x · y ∈ I. By Proposition 14.2, if y /∈ I then x · y = y /∈ I, a contradiction.
Therefore y ∈ I.

(I3) If x ∈ I and y /∈ I, then by Proposition 14.2,

(x · y) · y = y · y = 1 ∈ I.

If x ∈ I and y ∈ I, then since X is a KL-algebra,

(x · y) · y≥ y≥ xi,

hence (x · y) · y ∈ I.

Therefore, I is an ideal of X .

Corollary 14.4. Let X = {x0 > x1 > · · ·> xn−1} be a linear L-algebra, then

I (X) = {↑xi | i = n−1 or xi+1 is invariant}

and Spec(X) = I (X)\{X}.

Proof. The first claim is exactly what is proven in Theorem 14.3.
Let P be a proper ideal of X . We want to prove that it is prime. By the previous property, P = ↑xk for

some k ∈ {0, . . . ,n−2} with xk+1 invariant. Consider now any other ideal I = ↑xi, then

I ·P = {x j | ⟨x j⟩∩ I ⊆ P}= {x j | ⟨↑x j⟩∩↑xi ⊆ ↑xk}= {x j | ↑xmin( j,i) ⊆ ↑xk}

= {x j |min( j, i)≤ k}=

{
X if i≤ k
↑xk if i > k

=

{
X if i≤ k
P if i > k

Therefore, i≤ k and so I ⊆ P or i > k and I ·P = P. Hence, P is a prime ideal.

We now introduce a family of L-algebras {An}n≥1 and use the previous theorem to establish that each
of these L-algebras is simple.

Proposition 14.5. Let n > 1 and An be the set {x0,x1, . . . ,xn−1} with multiplication defined as xi · x j =
xmax( j−i,0) for all i, j ∈ {0, . . . ,n−1}. Then An is a simple linear CKL-algebra with x0 > x1 > · · ·> xn−1.
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Proof. It is easy to check that

max(max(k− i,0)−max( j− i,0)) = max(max(k− j,0)−max(i− j,0))

for every i, j,k≥ 0, hence (xi ·x j) ·(xi ·xk) = (x j ·xi) ·(x j ·xk) for every xi,x j,xk ∈An. Moreover x0 ·xi = xi
and xi ·x0 = xi ·xi = x0 for all xi ∈An and if xi ·x j = x j ·xi = x0, then i≤ j ≤ i, i.e. xi = x j. Therefore, An
is an L-algebra with 1 = x0 and x0 < x1 < · · ·< xn−1.

Moreover,

xi · (x j · xk) =

{
xk− j−i if k > i+ j
x0 otherwise

= x j · (xi · xk), for every xi,x j,xk ∈ An,

so An is a CKL-algebra.
Finally, to prove that it is simple, using Theorem 14.3, it is enough to show that there are no invariant

elements apart from x0 and x1. Note that xi−1 > xi for every i > 1 and xi−1 · xi = x1 ̸= xi, i.e. xi is not
invariant for every i > 1.

Remark 14.6. This construction of An can be extended in a natural way to countable sets. Consequently,
there also exists a simple linear L-algebra structure A∞ on a countable set.

Lemma 14.7. Let n > 1 and X = {x0 > x1 > · · ·xn−1 > xn} be a linear L-algebra. Then Y = X \{xn} is
an L-subalgebra of X. Moreover, I is an ideal of Y for every proper ideal I ⊂ X.

Proof. Let I be a proper ideal of X , then xn /∈ I and, more precisely, by Theorem 14.3, I = ↑xi for some
i < n and xi+1 is invariant in X .

If i = n−1, then I = Y , which is an ideal of Y .
Otherwise, i < n−1 and xi+1 ∈ Y and xi+1 is invariant also in Y . Therefore, by Theorem 14.3, I is an

ideal of Y .

The previous lemma allows us to use the inductive construction of linear algebras proved in [29].
More precisely, [29, Proposition 4.4] is the following.

Proposition 14.8. Let X = {x0 > x1 > · · · > xn−1} be a linear L-algebra and let p ∈ X be the smallest
invariant element of X. Consider now the poset

Ln+1 = {x0 > x1 > · · ·xn−1 > xn}

and take c ∈ Ln+1 such that p · xn−1 > c. Then there exists a unique L-algebra structure X ′ on Ln+1 such
that X is an L-subalgebra of X ′ and such that p · xn = c.

Theorem 14.9. Let n > 1 and X = {x0 > x1 > · · ·> xn−1} be a linear L-algebra. If X is simple, then X
is isomorphic to An.

Proof. We prove the thesis by induction. For n = 2, the claim is trivial.
Let n > 1 and X = {x0 > x1 > · · ·xn−1 > xn} be a linear simple L-algebra. Then, by Lemma 14.7,

Y = {x0 > x1 > · · · > xn−1} is a linear simple L-algebra too. Hence, by inductive hypothesis, xi · x j =
xmax( j−i,0) for all i, j ∈ {0, . . . ,n−1}. It remains to check that xi · xn = xn−i for all i ∈ {0, . . . ,n−1}.

Notice that in Y the smallest invariant element is x1 and, since xn < x1, by Lemma 14.1, x1 · xn <
x1 · xn−1 = xn−2. Moreover x1 · xn cannot be xn otherwise, by Lemma 14.1, x · xn = xn for every x ̸= xn
i.e. xn is invariant, which is against the fact that X is a linear simple L-algebra. Therefore x1 · xn = xn−1
and, by Proposition 14.8, there is a unique L-algebra structure on X such that Y is a L-subalgebra and
x1 · xn = xn−1, which is precisely Sn+1.
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14.2 Tail+ CKL-algebras
In the remaining, we will extend Theorem 14.9 to a subclass of CKL-algebra, namely tail+ CKL-algebras.

Definition 14.10. Let X be an L-algebra, and let z be a minimal element of X . The upset ↑z of z is called
a tail if it is a linear subset of X .

A finite L-algebra X is called a tail+ L-algebra if it has a tail or if it contains L-subalgebras

Y ⊆ Y0 ⊆ X

such that:

(i) Y has a tail;

(ii) the set Y0 \Y = {z0} consists of a single element, which is the smallest element of Y0;

(iii) the complement X \Y is a linear poset.

In particular, any L-algebra X whose Hasse diagram forms a directed tree is an L-algebra with n tails,
where n denotes the number of leaves of the tree.

Proposition 14.11. Let X be a CKL-algebra with a minimal element z ∈ X. If the corresponding upset

I := ↑z = {x ∈ X | z≤ x}

is a tail. Then I is an ideal of X.

Proof. Assume that I is a proper subset of X .
We first show that z · y /∈ I for all y /∈ I. Let y /∈ I. There exists a minimal element x such that y < x

and z < x. Then, we have

y · z = (y · x) · (y · z)
= (x · y) · (x · z).

Since y ≰ z, it follows that x · y ≰ x · z. Similarly, since

z · y = (x · z) · (x · y),

we also have x · z ≰ x ·y. Hence, since x · z ∈ I and I is linear, it follows that x ·y /∈ I. Moreover, since X is
a CKL-algebra, we obtain

z · (x · y) = x · (z · y).

Since z ≰ x · y, it follows that x ≰ z · y. Note that z · y ∈ ↑y. Thus,

z · y ∈ ↑y\↑x,

which implies z · y /∈ I.
Next, we show that each I satisfies property (I1). Suppose x, x · y ∈ I. Since X is a CKL-algebra, we

have
x · (z · y) = z · (x · y) = 1.

Hence z≤ x≤ z ·y, which means z ·y ∈ I. From the first part of this proof, it follows that y ∈ I. Therefore,
I is an ideal of X .

By Proposition 14.11, we can directly obtain the following result.
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Example 14.12. Let X be a set {1,x,y,z} with the following multiplication table:

x y z 1
x 1 y x 1
y x 1 z 1
z 1 y 1 1
1 x y z 1

It can be verified that X is a CKL-algebra with the partial order 1> y and 1> x> z. By Proposition 14.11,
we obtain two ideals of X:

I1 = {1,x,z} and I2 = {1,y}.

Example 14.13. Let X = {1,x1,x2,x3,x4,x5,x6} be a set equipped with the following multiplication table:

x1 x2 x3 x4 x5 x6 1
x1 1 x2 x3 x4 x5 x6 1
x2 1 1 x3 x4 x5 x6 1
x3 1 x2 1 x4 x3 x4 1
x4 1 1 x3 1 x5 x3 1
x5 1 x2 1 x4 1 x4 1
x6 1 1 1 1 x3 1 1
1 x1 x2 x3 x4 x5 x6 1

It can be verified that X is a CKL-algebra. The corresponding strict partial order on X is represented by
the following Hasse diagram:

1

x1

x2 x3

x4 x5

x6

By Proposition 14.11, the tail ↑x5 = {1,x1,x3,x5} is an ideal of X. In contrast, the upset ↑x6 is not an
ideal of X.

Lemma 14.14. Let X be a Glivenko algebra with the smallest element 0 ∈ X. Then Y = X \ {0} is a
CKL-subalgebra. Moreover, I is an ideal of Y if and only if I is an ideal of X or I = Y .

Proof. To prove that Y is a CKL-subalgebra, it is enough to notice that if x,y∈Y , then 0 < y≤ x ·y, hence
x · y ∈ Y .

Let now I be an ideal of Y that is not an ideal of X . Then there exists x ∈ I such that the negation
x∗ ∈ I. We claim that I = Y . Let y ∈ Y , then x∗ ∈ I and x · y ∈ Y , but

x∗ · (x · y) = (0 · x) · (0 · y) = 1.

So x · y ∈ I, since I is an ideal of Y . But now we have x ∈ I, y ∈ Y such that x · y ∈ I, thus y ∈ I.
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Theorem 14.15. Let n > 1 and let X be a tail+ CKL-algebra of size n. If X is simple, then X is linear,
hence it is isomorphic to An.

Proof. First, we start with the case when X is a simple CKL-algebra with a tail. By Proposition 14.11, X
has a unique minimal element. Hence, the partial order of X is linear, and X is isomorphic to An.

Let X be a tail+ CKL-algebra. By Lemma 14.14 and induction, X is also linear and isomorphic to
An.

Moreover, a CKL simple L-algebra cannot have more than one connected component in the Hasse
diagram of X \{1} as the following proposition states.

Proposition 14.16. Let X be a CKL-algebra and let C be a connected component of the Hasse diagram
of X \{1}. Then C⊔{1} is an ideal of X.

Proof. Thanks to Remark 11.4, we only need to prove property (I1) of the definition of ideal.
Let x ∈C⊔{1} and y ∈ X such that x · y ∈C⊔{1}. Then either x = 1 or x ∈C.
If x = 1, we have directly y = x · y ∈C⊔{1}.
Otherwise, x∈C. Since x ·y∈C⊔{1}, we have two cases again: either x ·y = 1 or x ·y∈C. If x ·y= 1,

then x≤ y. Hence, y is connected to x in the Hasse diagram. So y = 1 or y∈C. Assume now that x ·y∈C.
Using that X is CKL, hence KL, we get that y≤ x · y. Thus, y is connected to x in the Hasse diagram. So
y = 1 or y ∈C. In any case, we proved that y ∈C⊔{1}.



Chapter 15
Symmetric semidirect products and
Hilbert algebras

In this chapter, we mainly study the ideals, semidirect products of Hilbert algebras, and the structure of
linear Hilbert algebras.

Lemma 15.1. Let X be a Hilbert algebra, and let z ∈ X. Then the upset ↑z is the ideal ⟨z⟩ generated by
z.

Proof. Note that X is also a CKL-algebra, so I ⊆ X is an ideal of X if and only if 1 ∈ I and I satisfies (I1).

(i) Clearly 1 ∈ ↑z.

(ii) If x,x · y ∈ ↑z, then
z · y = 1 · (z · y) = (z · x) · (z · y) = z · (x · y) = 1,

i.e. y ∈ ↑z.

Then ↑z is an ideal of X . Thus, ⟨z⟩ ⊆ ↑z.
For each x ∈ ↑z, we have z · x = 1 ∈ ⟨z⟩. By condition (I1), we conclude that x ∈ ⟨z⟩. Therefore,

⟨z⟩= ↑z.

Proposition 15.2. Let X be a finite Hilbert algebra and let I be an ideal of X. Denote by min(I) the set
of all minimal elements of I. Then

I =
⋃

z∈min(I)

↑z.

Moreover, let min(X) = {m1, . . . ,mn} be the set of all minimal elements of X, and for each 1≤ i≤ n
define

Pi =
⋃

m∈min(X)\{mi}
↑m.

If P is a proper ideal of X such that the Pi ⊆ P for some 1 ≤ i ≤ n and X \P is linear, then P is a prime
ideal of X.

Proof. By Lemma 15.1, we have ⟨zi⟩= ↑zi ⊆ I for each zi ∈min(I). Hence⋃
z∈min(I)

↑z ⊆ I.

115
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Conversely, let x∈ I. Since I is finite, it has minimal elements, and every element of I lies above some
minimal element of I. Thus, there exists z j ∈min(I) such that z j ≤ x, i.e. x ∈ ↑z j. Therefore

I ⊆
⋃

z∈min(I)

↑z.

Combining the two inclusions yields

I =
⋃

z∈min(I)

↑z,

as claimed.
Let P be a proper ideal such that Pi ⊆ P for some 1≤ i≤ n and X \P is linear. Then

P = Pi∪↑zi, where mi < zi.

Assume that I ̸⊆ P. Then there exists a minimal element z ∈ I such that

mi ≤ z < zi.

Since I \P is linear, we have

I ·P = {x ∈ X | ↑x∩ I ⊆ P}
⊆ {x ∈ X | ↑x∩↑z⊆ P}
= {x ∈ X | ↑x⊆ P}
⊆ P.

Thus I ·P⊆ P for every ideal I with I ̸⊆ P. Therefore, P is a prime ideal.

Using Lemma 15.1, it is now easy to show that there is only one simple Hilbert algebra.

Proposition 15.3. Let X be a Hilbert algebra. X is simple if and only if |X | ≤ 2.

Proof. Let z ∈ X , then, by Lemma 15.1, ↑z = {x ∈ X | z≤ x} is an ideal of X .
Assume now, by contradiction, that X is simple and |X |> 2, then there exist z1,z2 ∈ X \{1} distinct

elements. But ↑z1 and ↑z2 are non-trivial ideals, so ↑z1 = X = ↑z2, which is a contradiction because we
would have z1 < z2 < z1.

Proposition 15.4. Let LHn = {x0,x1, . . . ,xn−1} with multiplication defined by

xi · x j =

{
x0 = 1, if i≥ j,

x j, if i < j.

Then LHn is a linear Hilbert algebra.

Proof. For all xi,x j,xk ∈ LHn, we have

xi · (x j · xk) =

{
xk, if j < k and i < k,

1, otherwise.

On the other hand,

(xi · x j) · (xi · xk) = (x j · xi) · (x j · xk) =

{
xk, if j < k and i < k,

1, otherwise.
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Hence, the defining identity of a Hilbert algebra,

xi · (x j · xk) = (xi · x j) · (xi · xk) = (x j · xi) · (x j · xk),

holds for all xi,x j,xk ∈ LHn. Therefore, LHn is a Hilbert algebra.

Proposition 15.5. Let n > 1 and X = {x0 > x1 > · · · > xn−1} be a linear Hilbert algebra. Then X is
isomorphic to LHn.

Proof. By the definition of L-algebra, x0 = 1 is an invariant element.
Let now j ∈ N≥1. Since X is Hilbert, by Lemma 15.1 ↑x j−1 is an ideal of X . Moreover, since X is

also linear, by Theorem 14.3, x j is an invariant element. Therefore, we proved the thesis.

Corollary 15.6. Let X be a linear Hilbert algebra of size n, and let I be an ideal of X. Then:

(i) There exists an ρ such that I operates on X/I via ρ as Hilbert algebras, and

X ∼= I ∝ρ (X/I).

(ii) Conversely, if there exists a ρ such that I operates on Y via ρ as Hilbert algebras and

X ∼= I ∝ρ Y,

then Y ∼= X/I.

Proof. Let I be a proper ideal of X . By Theorem 14.3, we have

I = ↑xi := {x j | j ≤ i},

for some i ∈ {0, . . . ,n−1}.
By Proposition 15.5 and Theorem 14.3, it follows that X/I ∼= LHn−i+1. Define ρ : X/I→ End(I) by

ρ[u]I (x) = 1, for all x ∈ I, [u]I ∈ X/I.

Then
I ∝ρ (X/I) = ({1}×X/I)∪ (I×{1})

is a linear Hilbert algebra of size n. By Proposition 15.5, we obtain the isomorphism

X ∼= I ∝ρ (X/I).

Conversely, by Proposition 13.20 and Proposition 13.19, we have

|Spec(I ∝ρ Y )|= |Spec(I ⋊ρ Y )|= |Spec(I)|+ |Spec(Y )|.

By Corollary 14.4 and Proposition 15.5, we know that

|LHn|= |Spec(LHn)|+1.

Hence, |Y |= n− i+1. Since Y is isomorphic to a Hilbert subalgebra of X , it follows that

Y ∼= LHn−i+1 ∼= X/I.

We now focus on Hilbert algebras that arise as extensions, via symmetric semidirect products, of the
simple Hilbert algebra A2 = {1 > 0}.
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Proposition 15.7. Let X be a Hilbert algebra and A2 be the simple Hilbert algebra such that A2 acts on
X via ρ as Hilbert algebras. Let I0 = kerρ0. Then

|I (X ∝ρ A2)|= |I (X)|+ |I (X/I0)|.

Proof. Let I0 = kerρ0. By Proposition 13.19, I0 is an ρ-ideal of X . Thus, we can induce X/I0 to operate
on A2 via ρ I0 . Let Ī be an ideal of X/I0. For all y ∈ X/I0, then

ρ
I0
0 (ρ

I0
0 (y) · y) = ρ

I0
0 (y) ·ρ I0

0 (y) = 1

and
ρ

I0
0 (y ·ρ I0

0 (y)) = ρ
I0
0 (y) ·ρ I0

0 (y) = 1

Since kerρ
I0
0 = 1, then ρ

I0
0 (y) · y = y ·ρ I0

0 (y) = 1, which means ρ
I0
0 = IdX/I0 . Then, we have

(X/I0)⋊ρ
I0 A2 = (X/I0)×A2.

By Proposition 13.20,
|I (X ∝ρ A2)|= |I (X)|+ |I (X/I0)|.

Corollary 15.8. Let X be a Hilbert algebra such that A2 operates on X via ρ as Hilbert algebras. Then

|I (X ∝ρ A2)|= |I (X)|+1

if and only if X ∝ρ A2 = X ⊔{(1,0)} is bounded with smallest element (1,0).

Proof. |I (X/I0)|= 1 if and only ρ0(x) for all x ∈ X .

Example 15.9. Let X = {x0 > x1 > · · ·> xn−1} be a linear Hilbert algebra. For each 0≤ k < n, define
a map

ρ
(k) : A2 −→ End(X)

by setting ρ
(k)
1 = IdX and defining ρ

(k)
0 : X → X as

ρ
(k)
0 (xi) =

{
xi, if i > k,

1, if i≤ k.

It is straightforward to verify that for each 1 ≤ k < n, A2 acts on X via ρ(k) as Hilbert algebras.
By Proposition 15.5, the quotient X/kerρ

(k)
0 is isomorphic to the Hilbert chain LHn−k. Therefore, by

Proposition 15.7, we obtain
|I (X ∝

ρ(k) A2)|= 2n− k.



Appendix A
Proof of Proposition 4.11

The purpose of this appendix is to prove Proposition 4.11.
Firstly, let’s introduce some notations we will use in the following proof. For an element

(X1, . . . ,Xn,xn+1) ∈ ∧2g⊗·· ·⊗∧2g︸ ︷︷ ︸
n−1

∧g

with Xi = xi∧ yi, we write it as an ordered sequence (z1,z2, . . . ,z2n,z2n+1), where

z1 = x1, z2 = y1, . . . ,z2k−1 = xk, z2k = yk, . . . ,z2n−1 = xn, z2n = yn, z2n+1 = xn+1.

For arbitrary permutation τ ∈ S2n+1, its action on the element (z1, . . . ,z2n+1) is given as

τ(z1,z2, . . . ,z2n,z2n+1) = (zτ−1(1),zτ−1(2), . . . ,zτ−1(2n),zτ−1(2n+1)).

Define an operation [i−1, i, i+1]g from ∧2g⊗·· ·⊗∧2g︸ ︷︷ ︸
n−1

∧g to ∧2g⊗·· ·⊗∧2g︸ ︷︷ ︸
n−2

∧g as

[i−1, i, i+1]g
(
z1,z2, . . . ,z2n,z2n+1

)
=
(
z1,z2, . . . ,zi−2, [zi−1,zi,zi+1]g,zi+2, . . . ,z2n+1

)
.

Proposition 4.11 The map Φ• : C•3-Lie(g,M)→ C•
RBOλ

(g,M) is a chain map.

Proof. Let n ⩾ 1. For arbitrary f ∈ Cn
3-Lie(g,M) and X1⊗X2⊗ ·· · ⊗Xn ∧ xn+1 ∈ (g∧2)⊗n⊗ g∧3 with

Xi = xi∧ yi, ∀1 ⩽ i ⩽ n,(
Φ

n+1
δ

n( f )
)(

X1, ...,Xn,xn+1

)
=

(
δ

n( f )◦ (T, · · · ,T,T )
)(

X1, ...,Xn,xn+1

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1(

TM ◦δ
n( f )◦ (Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik))

)(
X1, ...,Xn,xn+1

)
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= ∑
1≤ j<k≤n

(−1) j f
(

T (x1)∧T (y1), · · · , X̂ j, · · · ,T (xk−1)∧T (yk−1),
(
[T (x j),T (y j),T (xk)]g∧T (yk)

+T (xk)∧ [T (x j),T (y j),T (yk)]g

)
,T (xk+1)∧T (yk+1), · · · ,T (xn)∧T (yn),T (xn+1)

)
+

n

∑
j=1

(−1) j f
(

T (x1)∧T (y1), · · · , X̂ j, · · · ,T (xn)∧T (yn), [T (x j),T (y j),T (xn+1)]g

)
+

n

∑
j=1

(−1) j+1
ρ

(
T (x j),T (y j)

)
f
(

T (x1)∧T (y1), · · · , X̂ j, · · · ,T (xn)∧T (yn),T (xn+1)
)

+(−1)n+1
ρ

(
T (yn),T (xn+1)

)
f
(

T (x1)∧T (y1), · · · ,T (xn−1)∧T (yn−1),T (xn)
)

+(−1)n+1
ρ

(
T (xn+1),T (xn)

)
f
(

T (x1)∧T (y1), · · · ,T (xn−1)∧T (yn−1),T (yn)
)

−
2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

∑
1≤ j<k≤n

(−1) j
(

TM ◦ f ◦ [2k−3,2k−2,2k−1]g ◦

(2 j−1, · · · ,2k−2)−2 ◦ (Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik))
)(

X1, · · · ,Xn,xn+1

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

∑
1≤ j<k≤n

(−1) j
(

TM ◦ f ◦ [2k−2,2k−1,2k]g ◦

(2 j−1, · · · ,2k−1)−2 ◦ (Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik))
)(

X1, · · · ,Xn,xn+1

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

n

∑
j=1

(−1) j
(

TM ◦ f ◦ [2n−1,2n,2n+1]g ◦

(2 j−1, · · · ,2n)−2 ◦ (Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik))
)(

X1, · · · ,Xn,xn+1

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

n

∑
j=1

(−1) j+1
(

TM (ρ · f )◦ (1, · · · ,2 j)2 ◦

(Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik))
)(

X1, · · · ,Xn,xn+1

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

(−1)n+1
{

TM ◦
(
ρ · f

)
◦
(
(1, · · · ,2n+1)+(1, · · · ,2n+1)◦ (1, · · · ,2n−1)

)
◦

(
Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik)

)}(
X1, · · · ,Xn,xn+1

)
On the other hand, we have

∂
n
Φ

n( f
)
(X1, ...Xn,xn+1)

= ∑
1≤ j<k≤n

(−1) j
Φ

n( f
)(

X1, · · · , X̂ j, · · · ,Xk−1, [x j,y j,xk]T ∧ yk + xk ∧ [x j,y j,yk]T ,Xk+1, · · · ,Xn,xn+1

)
+

n

∑
j=1

(−1) j
Φ

n( f
)(

X1, · · · , X̂ j, · · · ,Xn, [x j,y j,xn+1]T

)
+

n

∑
j=1

(−1) j+1
ρ

(
T (x j),T (y j)

)
Φ

n( f
)(

X1, · · · , X̂ j, · · · ,Xn,xn+1

)
−

n

∑
j=1

(−1) j+1TM

(
ρ
(
T (x j),y j

)
Φ

n( f
)(
X1, · · · , X̂ j, · · · ,Xn,xn+1

))
−

n

∑
j=1

(−1) j+1TM

(
ρ
(
x j,T (y j)

)
Φ

n( f
)(
X1, · · · , X̂ j, · · · ,Xn,xn+1

))
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−
n

∑
j=1

(−1) j+1
λ TM

(
ρ
(
x j,y j

)
Φ

n( f
)(
X1, · · · , X̂ j, · · · ,Xn,xn+1

))
+(−1)n+1

(
ρ
(
T (yn),T (xn+1)

)
Φ

n( f
)(
X1, · · · ,Xn−1,xn

)
+ρ
(
T (xn+1),T (xn)

)
Φ

n( f
)(
X1, · · · ,Xn−1,yn

))
− (−1)n+1TM

(
ρ
(
T (yn),xn+1

)
Φ

n( f
)(
X1, · · · ,Xn−1,xn

)
+ρ
(
T (xn+1),xn

)
Φ

n( f
)(
X1, · · · ,Xn−1,yn

))
− (−1)n+1TM

(
ρ
(
yn,T (xn+1)

)
Φ

n( f
)(
X1, · · · ,Xn−1,xn

)
+ρ
(
xn+1,T (xn)

)
Φ

n( f
)(
X1, · · · ,Xn−1,yn

))
− (−1)n+1

λ TM

(
ρ
(
yn,xn+1

)
Φ

n( f
)(
X1, · · · ,Xn−1,xn

)
+ρ
(
xn+1,xn)Φ

n( f
)(
X1, · · · ,Xn−1,yn

))
= ∑

1≤ j<k≤n
(−1) j f

(
T (x1)∧T (y1), · · · , X̂ j, · · · ,T (xk−1)∧T (yk−1), [T (x j),T (y j),T (xk)]g∧T (yk)

+T (xk)∧ [T (x j),T (y j),T (yk)]g,T (xk+1)∧T (yk+1), · · · ,T (xn)∧T (yn)∧T (xn+1)
)

−
2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

∑
1≤ j<k≤n

(−1) jTM ◦ f ◦ [2k−1,2k,2k+1]g◦

(
2 j−1, · · · ,2k

)−2 ◦
(
Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik)

)(
X1, · · · ,Xn,xn+1

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

∑
1≤ j<k≤n

(−1) jTM ◦ f ◦ [2k,2k+1,2k+2]g ◦ (2 j−1, · · · ,2k+1)−2◦

(
Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik)

)(
X1, · · · ,Xn,xn+1

)
+

n

∑
j=1

(−1) j f
(

T (x1)∧T (y1), · · · , X̂ j, · · · ,T (xn)∧T (yn)∧ [T (x j),T (y j),T (xn+1)]g

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

∑
1≤ j<k≤n

(−1) jTM ◦ f ◦ [2k,2k+1,2k+2]g ◦
(
2 j−1, · · · ,2k+1

)−2◦

◦
(
Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik)

)(
X1, · · · ,Xn,xn+1

)
+

n

∑
j=1

(−1) j+1
ρ
(
T (x j),T (y j)

)
· f
(

T (x1)∧T (y1), · · · , X̂ j, · · · ,T (xn)∧T (yn)∧T (xn+1)
)

−
2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

n

∑
j=1

(−1) j+1TM ◦ (ρ · f )◦ (1, · · · ,2 j)2◦

(
Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik)

)(
X1, · · · ,Xn,xn+1

)
−

2n

∑
k=0

λ
2n−k

∑
1⩽i1<i2<···<ik⩽2n+1

(−1)n+1TM ◦ (ρ · f )◦
(
(1, · · · ,2n+1)+(1, · · · ,2n+1)◦ (1, · · · ,2n−1)

)
◦(

Id(i1−1),T, Id(i2−i1−1),T, · · · ,T, Id(2n+1−ik)
)(

X1, · · · ,Xn,xn+1

)
+(−1)n+1

ρ
(
T (yn),T (xn+1)

)
· f
(

T (x1)∧T (y1), · · · ,T (xn−1)∧T (yn−1),T (xn)
)

+(−1)n+1
ρ
(
T (xn+1),T (xn)

)
· f
(

T (x1)∧T (y1), · · · ,T (xn−1)∧T (yn−1),T (yn)
)
.

So we have ∂ nΦn = Φn+1δ n.
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Appendix B
Proof of Proposition 8.16

Proof. We just to check that {T M∨
i, j }i, j⩾0 satisfies Equation (2.8), that is, we need to check the following

identity:

(I)+ (II)+ (III)+ (IV) = 0,

where

(I) =− ∑
i1+···+ip+l=m,
j1+···+ jq+k=n

p,q,l,k⩾0

(−1)α mM∨
p,q ◦

(
Ti1 ⊗·· ·⊗Tip ⊗T M∨

l,k ⊗Tj1 ⊗·· ·⊗Tjq

)
;

(II) = ∑
i1+···+ip+l=m,
j1+···+ jq+k=n,

i1,··· ,ip, j1,··· , jq⩾1
p, q, l, k⩾0;

(−1)β1 T M∨
l,k ◦

(
Id⊗l

A ⊗mM∨
p,q ◦ (Ti1 ⊗·· ·⊗Tip ⊗ IdM⊗Tj1 ⊗·· ·⊗Tjq)⊗ Id⊗k

A

)
;

(III) = ∑
i1+···+ip+l+1=m

j1+···+ jq+k=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β2 T M∨
l,k ◦

(
Id⊗l

A ⊗mM∨
p+1,q ◦ (Ti1 ⊗·· ·⊗Tiv ⊗ IdA⊗Tiv+1 · · ·

· · ·⊗Tip ⊗T M∨
r,t ⊗Tj1 ⊗·· ·⊗Tjq)⊗ Id⊗k

A

)
;

(IV) = ∑
i1+···+ip+l+1=m

j1+···+ jq+k=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β3 T M∨
l,k ◦

(
Id⊗i

A ⊗mM∨
p,q+1 ◦ (Ti1 ⊗·· ·⊗Tip ⊗T M∨

r,t ⊗Tj1 ⊗·· ·

· · ·⊗Tjv ⊗ IdA⊗Tjv+1 ⊗·· ·Tjq)⊗ Id⊗k
A

)
.

We have that:
Term (I):

123



124 APPENDIX B. PROOF OF PROPOSITION 8.16

− ∑
i1+···+ip+l=m,
j1+···+ jq+k=n

p,q,l,k⩾0

(−1)α mM∨
p,q ◦

(
Ti1 ⊗·· ·⊗Tip ⊗T M∨

l,k ⊗Tj1 ⊗·· ·⊗Tjq

)
(a1⊗·· ·⊗am⊗ f ⊗b1⊗·· ·⊗bn)

= ∑
i1+···+ip+l=m,
j1+···+ jq+k=n,

i1,··· ,ip, j1,··· , jq⩾1
p, q, l, k⩾0;

(−1)β1+θ f ◦T M
l,k ◦

(
Id⊗l

A ⊗mp,q ◦ (Ti1 ⊗·· ·⊗Tip ⊗ IdM⊗Tj1 ⊗·· ·⊗Tjq)⊗ Id⊗k
A

)

(b1⊗·· ·⊗bn⊗ IdM⊗a1⊗·· ·⊗am),

Term (II):

∑
i1+···+ip+l=m,
j1+···+ jq+k=n,

i1,··· ,ip, j1,··· , jq⩾1
p, q, l, k⩾0;

(−1)β1 T M∨
l,k ◦

(
Id⊗l

A ⊗mM∨
p,q ◦ (Ti1 ⊗·· ·⊗Tip ⊗ IdM⊗Tj1 ⊗·· ·⊗Tjq)⊗ Id⊗k

A

)

(a1⊗·· ·⊗am⊗ f ⊗b1⊗·· ·⊗bn)

=− ∑
i1+···+ip+l=m,
j1+···+ jq+k=n

p,q,l,k⩾0

(−1)α+θ f ◦mp,q ◦
(

Ti1 ⊗·· ·⊗Tip ⊗T M
l,k ⊗Tj1 ⊗·· ·⊗Tjq

)
(b1⊗·· ·

· · ·⊗bn⊗ IdM⊗a1⊗·· ·⊗am)(b1⊗·· ·⊗bn⊗ IdM⊗a1⊗·· ·⊗am),

Term (III):

∑
i1+···+ip+l+1=m

j1+···+ jq+k=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β2 T M∨
l,k ◦

(
Id⊗l

A ⊗mM∨
p+1,q ◦

(
Ti1 ⊗·· ·⊗Tiv ⊗ IdA⊗Tiv+1 ⊗·· ·⊗Tip⊗

T M∨
r,t ⊗Tj1 ⊗·· ·⊗Tjq

)
⊗ Id⊗k

A

)
(a1⊗·· ·⊗am⊗ f ⊗b1⊗·· ·⊗bn)

= ∑
i1+···+ip+l+1=m

j1+···+ jq+k=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β3+θ f ◦T M
l,k ◦

(
Id⊗i

A ⊗mp,q+1 ◦
(

Ti1 ⊗·· ·⊗Tip ⊗T M
r,t ⊗Tj1 ⊗·· ·⊗Tjv⊗

IdA⊗Tjv+1 ⊗·· ·Tjq

)
⊗ Id⊗k

A

)
(b1⊗·· ·⊗bn⊗ IdM⊗a1⊗·· ·⊗am),

Term (IV):

∑
i1+···+ip+l+1=m

j1+···+ jq+k=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β3 T M∨
l,k ◦

(
Id⊗i

A ⊗mM∨
p,q+1 ◦ (Ti1 ⊗·· ·⊗Tip ⊗T M∨

r,t ⊗Tj1 ⊗·· ·⊗Tjv ⊗ IdA⊗Tjv+1 ⊗·· ·

· · ·Tjq)⊗ Id⊗k
A

)
(a1⊗·· ·⊗am⊗ f ⊗b1⊗·· ·⊗bn)

= ∑
i1+···+ip+l+1=m

j1+···+ jq+k=n
i1,··· ,ip, j1,··· , jq⩾0

v,l,k,p,q⩾0

(−1)β2+θ f ◦T M
l,k ◦

(
Id⊗l

A ⊗mp+1,q ◦
(

Ti1 ⊗·· ·⊗Tiv ⊗ IdA⊗Tiv+1 ⊗·· ·⊗Tip ⊗T M
r,t ⊗Tj1 ⊗·· ·

· · ·⊗Tjq

)
⊗ Id⊗k

A

)
(b1⊗·· ·⊗bn⊗ IdM⊗a1⊗·· ·⊗am),
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where

θ = (
m

∑
s=1
|as|)(

n

∑
s=1
|bs|)+ | f |(

m

∑
s=1
|as|+m+n+1)+(m+n+1)(n+1).

Taking the sum, one can easily see that

(I)+(II)+(III)+(IV) = 0,

since {T M
i, j }i, j⩾0 subjects to Equation (2.8). Thus {T M∨

i, j }i, j⩾0 satisfies Equation (2.8).
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Appendix C
Proof of Lemma 9.7

Before proving Lemma 9.7, we first introduce the following lemma, which will be used extensively in the
proof.

Lemma C.1. Let (A,dA, ·) be a dg algebra and (B,▷) a left dg A-module. Then

κ : B⊗B∨→ A∨

is a dg A-bimodule morphism.
Moreover, if (A,B) is an interactive pair, then κ is also a right dg B-module morphism.

Proof. For any b ∈ B, f ∈ B∨ and a1,a2 ∈ A,

κ ((a2▷b)⊗ f )(a1) = (−1)(|a2|+|b|(| f |+|a1|) f ((a1 ·a2)▷b)

= (−1)|a2|(|b|+| f |+|a1|)κ(b⊗ f )(a1 ·a2)

= (a2 ▷κ(b⊗ f ))(a1).

Similarly, we also have

κ(b⊗ ( f◁a2)) = κ(b⊗ f )◁a2,dA∨ (κ(b⊗ f )) = κ (dB(b)⊗ f )+(−1)|b|κ (b⊗dB∨( f )) .

Thus, κ is a dg A-bimodule morphism.
Now, we assume that (A,B) is an interactive pair. For any b1,b2 ∈ B, f ∈ B∨ and a ∈ A,

κ (b1⊗ f ◀ b2)(a) = (−1)|b1|(| f |+|b2|+|a|( f ◀ b2)(a▷b1)

= (−1)|b1|(| f |+|b2|+|a| f (b2 ∗ (a▷b1))

= (−1)|b1|(| f |+|b2|+|a| f ((b2 ▶ a▷)b1)

= (κ(b1⊗ f )◀ b2)(a),

where “ ∗ ” stands for the multiplication on B and “ ◀ ” stands for the induced right action of B on A∨.
Thus, κ is also a right dg B-module morphism.

Proof of Lemma 9.7. We proceed to verify that the Stasheff identities for the operations {mn}n⩾1, intro-
duced in Lemma 9.7, hold trivially in every case. We divide it into the following five cases.
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Case I: For b1, . . . ,bn+1 ∈ B and f1, . . . , fn ∈ B∨, by Lemma C.1 , we have

∑
i+ j+k=2n+1,

i,k⩾0, j⩾1

(−1)i+ jkmi+k+1(Id
⊗i⊗m j⊗ Id⊗k)(b1⊗ s−1 f1⊗·· ·⊗ s−1 fn⊗bn+1)

= ∑
i+ j=n,
s+k=2i,
i, j,k⩾0

m2i+1 ◦
(

Id⊗s⊗m2 j+1⊗ Id⊗k
)
(b1⊗ s−1 f1⊗·· ·⊗ s−1 fn⊗bn+1)

= ∑
i+ j=n,
i, j⩾1,

i−1⩾p⩾0

(−1)p+∑
p
k=1(|bk |+| fk |)m2i+1

(
b1⊗ s−1 f1⊗·· ·⊗bp⊗ s−1 fp⊗m2 j+1

(
bp+1⊗ s−1 fs+ j⊗bs+ j+1

)

⊗ s−1 fp+ j+1⊗·· ·⊗bn+1

)
+ ∑

i+ j=n,
i, j⩾1,

i−1⩾p⩾0

(−1)
p+

p
∑

k=1
(|bk |+| fk |)+|bp+1|

m2i+1

(
b1⊗ s−1 f1⊗·· ·⊗ s−1 fp⊗bp+1⊗m2 j+1

(
s−1 fp+1⊗·· ·

· · ·⊗ s−1 fp+ j+1
)
⊗bp+ j+2⊗·· ·⊗bn+1

)
+ ∑

i+ j=n,
i, j⩾1

(−1)
i+

i
∑

k=1
(|bk |+| fk |)

m2i+1

(
b1⊗ s−1 f1⊗·· ·⊗bi⊗ s−1 fi⊗m2 j+1(bi+1⊗ s−1 fi+1⊗·· ·⊗ s−1 fn−1⊗bn+1)

)

+ ∑
0⩽p⩽n−1

(−1)
p+

p
∑

k=1
(|bk |+| fk |)+1

m2n+1

(
b1⊗ s−1 f1⊗·· ·⊗bp⊗ s−1 fp⊗dB(bp+1)⊗ s−1 fp+1⊗·· ·⊗bn+1

)

+ ∑
0⩽p⩽n−1

(−1)
p+

p
∑

k=1
(|bk |+| fk |)+|bp+1|

m2n+1

(
b1⊗ s−1 f1⊗·· ·⊗ s−1 fp⊗bp+1⊗ s−1dB∨( fp+1)⊗·· ·⊗bn+1

)
−dBm2n+1

(
b1⊗ s−1 f1⊗·· ·⊗ s−1 fn⊗bn+1

)
+(−1)

n−1+
n
∑

k=1
(|bk |+| fk |)

m2n+1

(
b1⊗ s−1 f1⊗·· ·⊗ s−1 fn⊗dB(bn+1)

)
= ∑

i+ j=n;
i, j⩾1;

i−1⩾p⩾0

(−1)γ1 m2i+1

(
b1⊗ s−1 f1⊗·· ·⊗bp⊗ s−1 fp⊗Tj

(
κ(bp+1⊗ fp+1)⊗·· ·⊗κ(bp+ j⊗ fp+ j)

)
▷bp+ j+1

⊗ s−1 fp+ j+1⊗·· ·⊗bn+1

)
+ ∑

i+ j=n;
i, j⩾1;

i−1⩾p⩾0

(−1)γ2 m2i+1

(
b1⊗ s−1 f1⊗·· ·⊗ s−1 fp⊗bp+1⊗ s−1 fp+1◁Tj

(
κ(bp+2⊗ fp+2)⊗·· ·

· · ·⊗κ(bp+ j+1⊗ fp+ j+1)
)
⊗ s−1 fp+ j+2⊗·· ·⊗bn+1

)
+ ∑

i+ j=n,
i, j⩾1

(−1)γ3 m2i+1

(
b1⊗ s−1 f1⊗·· ·⊗bi⊗ s−1 fi⊗Tj(κ(bi+1⊗ fi+1)⊗·· ·⊗κ(bn⊗ fn))▷bn+1

)

+ ∑
0⩽p⩽n−1

(−1)
n−1+

p
∑

k=1
(|bk |+| fk |)+γ

Tn
(
κ(b1⊗ f1)⊗·· ·⊗κ(dB(bp+1)⊗ fp+1)⊗·· ·⊗κ(bn, fn)

)
▷bn+1

+ ∑
0⩽p⩽n−1

(−1)
n−1+

p
∑

k=1
(|bk |+| fk |)+γ+|bp+1|

Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bp+1⊗dB∨( fp+1))⊗·· ·⊗κ(bn⊗ fn)

)
▷bn+1

− (−1)γ dB

(
Tn (κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn))▷bn+1

)
+(−1)

n−1+
n
∑

k=1
(|bk |+| fk |)+γ

Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

)
▷dB(bn+1)
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= ∑
i+ j=n;
i, j⩾1;

i−1⩾p⩾0

(−1)γ4 Ti

(
κ(b1⊗ f1)⊗·· ·⊗κ(bs⊗ fs)⊗ml

(
Tj

(
κ(bs+1⊗ fs+1)⊗·· ·⊗κ(bs+ j⊗ fs+ j)

)

⊗κ(bs+ j+1⊗ fs+ j+1)
)
⊗·· ·⊗κ(bn⊗ fn)

)
▷bn+1

+ ∑
i+ j=n,
i, j⩾1

i−1⩾s⩾0

(−1)γ5 Ti

(
κ(b1⊗ f1)⊗·· ·⊗κ(bs⊗ fs)⊗mr

(
κ(bs+1⊗ fs+1)⊗Tj

(
κ(bs+2⊗ fs+2)⊗·· ·

· · ·⊗κ(bs+ j+1, fs+ j+1)
))
⊗·· ·⊗κ(bn⊗ fn)

)
▷bn+1

− ∑
i+ j=n,
i, j⩾1

(−1)γ6 m
(

Ti

(
κ(b1⊗ f1)⊗·· ·⊗κ(bi⊗ fi)

)
⊗Tj

(
κ(bi+1⊗ fi+1)⊗·· ·⊗κ(bn⊗ fn)

))
▷bn+1

− (−1)γ dA

(
Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

))
▷bn+1

+(−1)
n−1+

s
∑

k=1
(|bk |+| fk |)+γ

Tn

(
κ(b1⊗ f1)⊗·· ·⊗dA∨(κ(bs⊗ fs))⊗·· ·⊗κ(bn⊗ fn)

)
▷bn+1

=(−1)γ

((
∑

s+k+ j+1=n
(−1)s+( j−1)(i−s)Ti ◦

(
Id⊗s⊗ml ◦ (Tj⊗ Id)⊗ Id⊗k

)
+ ∑

s+k+ j+1=n
(−1)s+( j−1)(i−s)(−1)1− jTi ◦

(
Id⊗s⊗mr ◦ (Id⊗Tj)⊗ Id⊗k)− ∑

i+ j=n
(−1)1+im◦

(
Ti⊗Tj

)
+ ∑

s+k+1=n
(−1)n−1Tn ◦

(
Id⊗s⊗dA∨ ⊗ Id⊗k)−dA ◦Tn

)(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

))
▷bn+1

=0,

where

γ =
n

∑
k=1

(n− k+1)|bk|+
n

∑
k=1

(n− k)| fk|;

γ1 =p+
p

∑
k=1

(|bk|+ | fk|)+
p+ j

∑
k=p+1

(p+ j− k+1)|bk|+
p+ j

∑
k=p+1

(p+ j− k)| fk|;

γ2 =p+
p+1

∑
k=1

(|bk|+ | fk|)+
p+ j+1

∑
k=p+2

(p+ j− k+1)|bk|+
p+ j

∑
k=p+1

(p+ j− k)| fk|;

γ3 =i+
i

∑
k=1

(|bk|+ | fk|)+
n

∑
k=i+1

(n− k+1)|bk|+
n

∑
k=i+1

(n− k)| fk|;

γ4 =p+( j−1)(i− p)+( j−1)(
p

∑
k=1

(|bk|+ | fk|))+
p+ j

∑
k=1

(n− k+1)|bk|+
p+ j

∑
k=1

(n− k)| fk|;

γ5 =s+( j−1)(i− s−1)+( j−1)(
s

∑
k=1

(|bk|+ | fk|))+
s+ j

∑
k=1

(n− k+1)|bk|+
s+ j

∑
k=1

(n− k)| fk|;

γ6 =i+1+( j−1)(
i

∑
k=1

(|bk|+ | fk|))+
n

∑
k=i+1

(n− k+1)|bk|+
n

∑
k=i+1

(n− k)| fk|.

Case II: For brevity, we omit the detailed calculations, which are analogous to those in Case I. For
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b1, . . . ,bn+1 ∈ B and f0, . . . , fn ∈ B∨,

∑
i+ j=n,

s+k=2i,i, j,k⩾0

m2i+1 ◦
(

Id⊗s⊗m2 j+1⊗ Id⊗k
)
(s−1 f0⊗b1⊗ s−1 f1⊗·· ·⊗bn⊗ s−1 fn)

= (−1)γ s−1 f0◁

((
− ∑

s+k+ j+1=n
(−1)s+( j−1)(i−s)Ti ◦

(
Id⊗s⊗ml ◦ (Tj⊗ Id)⊗ Id⊗k

)
− ∑

s+k+ j+1=n
(−1)s+( j−1)(i−s−1)Ti ◦

(
Id⊗s⊗mr ◦ (Id⊗Tj)⊗ Id⊗k

)
+ ∑

i+ j=n
(−1)1+im◦

(
Ti⊗Tj

)
− ∑

s+k+1=n
(−1)n−1Tn ◦

(
Id⊗s⊗dA∨ ⊗ Id⊗k

)
+dA ◦Tn

)(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

))
= 0.

Since (A,B) is an interactive pair, by Lemma C.1, then

κ(b1⊗ f )◀b2 = κ
(
b1⊗ sm2(s−1 f ⊗b2)

)
, ∀b1,b2 ∈ B, f ∈ B∨. (0.1)

Next, we will use Equation (0.1) to verify three cases where the Stasheff identity holds with a nontrivial
m2 involved.

Case III: For n ⩾ 1, b1, . . . ,bn+2 ∈ B and f1, . . . , fn ∈ B∨,

∑
i+ j+k=2n+2,

i,k⩾0, j⩾1

(−1)i+ jkmi+1+k ◦
(

Id⊗i⊗m j⊗ Id⊗k
)(

b1⊗ s−1 f1⊗·· ·⊗ s−1 fn⊗bn+1⊗bn+2

)

=
(

m2n+1 ◦ (Id⊗2n⊗m2)−m2n+1 ◦ (Id⊗2n−1⊗m2⊗ Id)−m2(m2n+1⊗ Id)
)

(
b1⊗ s−1 f1⊗·· ·⊗ s−1 fn⊗bn+1⊗bn+2

)
=(−1)γ Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

)
▷m2(bn+1⊗bn+2)

− (−1)γ Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ sm2(s−1 fn⊗bn+1))

)
▷bn+2

− (−1)γ m2

(
Tn
(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

)
▷bn+1⊗bn+2

)
=(−1)γ Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

)
▷(bn+1 ∗bn+2)

− (−1)γ Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn ◀ bn+1)

)
▷bn+2

− (−1)γ
(

Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

)
▷bn+1

)
∗bn+2

=(−1)γ Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

)
▷(bn+1 ∗bn+2)

− (−1)γ Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)◀bn+1

)
▷bn+2

− (−1)γ
(

Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bn⊗ fn)

)
▷bn+1

)
∗bn+2.

Thus, the Stasheff identity holding for the element a1⊗ s−1 f1⊗·· ·⊗ s−1 fn⊗bn+1⊗bn+2 is equivalent
to that Tn is an n-derivation relative to B.



131

Case IV: For b0, . . . ,bn+1 ∈ B and f1, . . . , fn ∈ B∨,

∑
i+ j+k=2n+2,

i,k⩾0, j⩾1

(−1)i+ jkmi+1+k ◦
(

Id⊗i⊗m j⊗ Id⊗k
)
(b0⊗b1⊗ s−1 f1⊗b2⊗ s−1 f2 . . .bn⊗ s−1 fn⊗bn+1)

=
(
−m2n+1

(
Id⊗m2⊗ Id⊗2n−1)+m2n+1

(
m2⊗ Id⊗2n)−m2

(
Id⊗m2n+1

))
(b0⊗b1⊗ s−1 f1⊗b2⊗ s−1 f2⊗·· ·bn⊗ s−1 fn⊗bn+1)

= −(−1)γ+n|b0|Tn

(
κ(b0⊗b1 ◁ s−1 f1)⊗κ(b2⊗ s−1 f2)⊗·· ·⊗κ(bn⊗ s−1 fn)

)
▷bn+1

+(−1)γ+n|b0|Tn

(
κ(b0 ∗b1⊗ s−1 f1)⊗κ(b2⊗ s−1 f2)⊗·· ·⊗κ(bn⊗ s−1 fn)

)
▷bn+1

−(−1)γ+|b0|
(

b0 ▶ Tn

(
κ(b1⊗ s−1 f1)⊗κ(b2⊗ s−1 f2)⊗·· ·⊗κ(bn⊗ s−1 fn)

))
▷bn+1

Thus, the Stasheff identity holding for the element

b0⊗b1⊗ s−1 f1⊗b2⊗ s−1 f2⊗·· ·bn⊗ s−1 fn⊗bn+1

is equivalent to that Tn satisfies Equation (1.2) .
Case V: For 1 < l ⩽ n, b1, . . . ,bn+2 ∈ B and f1, . . . , fn ∈ B∨,

∑
i+ j+k=2n+2,

i,k⩾0, j⩾1

(−1)i+ jkmi+1+k ◦
(

Id⊗i⊗m j⊗ Id⊗k
)(

b1⊗ s−1 f1⊗·· ·⊗ s−1 fl−1⊗bl ⊗bl+1⊗ s−1 fl ⊗·· ·

· · ·⊗ s−1 fn⊗bn+2

)
=
(
−m2n+1

(
Id⊗2l−3⊗m2⊗ Id⊗2(n−l)+2)+m2n+1

(
Id⊗2l−2⊗m2⊗ Id⊗2(n−l)+1)

−m2n+1
(
Id⊗2l−1⊗m2⊗ Id⊗2(n−l)))(b1⊗ s−1 f1⊗·· ·⊗bl ⊗bl+1⊗ s−1 fl ⊗·· ·⊗ s−1 fn⊗bn+2

)
=−m2n+1

(
b1⊗·· ·⊗m2(s−1 fl−1⊗bl)⊗bl+1⊗·· ·⊗ s−1 fn⊗bn+2

)
+m2n+1

(
b1⊗·· ·⊗ s−1 fl−1⊗m2(bl ⊗bl+1)⊗ s−1 fl ⊗·· ·⊗ s−1 fn⊗bn+2

)
−m2n+1

(
b1⊗·· ·⊗bl ⊗m2(bl+1⊗ s−1 fl)⊗bl+2 · · ·⊗ s−1 fn⊗bn+2

)
=− (−1)

γ+
n+1
∑

k=l+1
|bk |

Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bl−1⊗ fl−1)◀ bl ⊗κ(bl+1⊗ fl)⊗·· ·⊗κ(bn+1⊗ fn)

)
▷bn+2

+(−1)
γ+

n+1
∑

k=l+1
|bk |

Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bl−1⊗ fl−1)⊗κ(bl ∗bl+1⊗ fl)⊗·· ·⊗κ(bn+1⊗ fn)

)
▷bn+2

− (−1)
γ+

n+1
∑

k=l+1
|bk |

Tn

(
κ(b1⊗ f1)⊗·· ·⊗κ(bl−1⊗ fl−1)⊗κ(bl ⊗bl+1 ▶ fl)⊗·· ·⊗κ(bn+1⊗ fn)

)
▷bn+2.

So, we can see that for each 1 < l ⩽ n the Stasheff identity holding for the element

b1⊗ s−1 f1⊗·· ·⊗ s−1 fl−1⊗bl⊗bl+1⊗ s−1 fl⊗·· ·⊗ s−1 fn⊗bn+2

is equivalent to that Tn satisfies Equation (1.3) for l.
In conclusion, (∂−1B,{mn}n⩾1) is an A∞ algebra.
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138



INDEX 139

non-degenerate, 2

relative Rota–Baxter 3-Lie algebra of weight λ , 19
relative modified Rota–Baxter 3-Lie algebra of weight

λ , 19
relative Rota–Baxter algebra, 63
Rota–Baxter algebra, 63
Rota–Baxter module over A, 67

self-similar, 93
closure, 93

semi-direct product, 92
strong, 76
symmetric semi-direct product, 93


	Abstract
	Samenvatting
	Acknowledgement
	List of Symbols
	Introduction
	Introduction
	Yang–Baxter equation
	Rota–Baxter operators
	Double Possion and pre-Calabi-Yau algebras
	L-algebras

	Outline
	Part I
	Part II
	Part III


	I Deformations and cohomology theory of Rota–Baxter 3-Lie algebras and modified Rota–Baxter 3-Lie algebras
	Preliminaries
	3-Lie algebras
	L-infinity[1]-algebras and V-data

	(Modified) RB 3-Lie algebras
	(Modified) Rota–Baxter operators of weight lambda
	The constructions of modified Rota–Baxter operators of weight lambda

	Cohomology and deformations of RB 3-Lie algebras
	Representations of Rota–Baxter 3-Lie algebras
	Cohomology of Rota–Baxter operators
	Cohomology of Rota–Baxter 3-Lie algebras
	Formal deformations of Rota–Baxter 3-Lie algebras
	Formal deformations of Rota–Baxter operator with 3-Lie bracket fixed
	Formal deformations of Rota–Baxter 3-Lie algebras


	Cohomology and deformations of modified RB 3-Lie algebras
	Representations of modified Rota–Baxter 3-Lie algebras
	Cohomology of modified Rota–Baxter operator on 3-Lie algebras
	Cohomology of modified Rota–Baxter 3-Lie algebras
	Formal deformations of modified Rota–Baxter algebras
	Formal deformations of modified Rota–Baxter operator with 3-Lie bracket fixed
	Formal deformations of modified Rota–Baxter 3-Lie algebras


	L-infinity-structure for modified RB 3-Lie algebras
	L-infinity[1]-structure for relative modified Rota–Baxter 3-Lie algebras
	L-infinity[1]-structure for (absolute) modified Rota–Baxter 3-Lie algebras
	Comparison of the controlling L-infinity-algebra structures


	II From homotopy Rota–Baxter algebras to pre-Calabi-Yau and homotopy double Poisson algebras
	Preliminaries
	Notations
	 L-infinty-algebras and homotopy Possion algebras
	Differential graded Lie algebras
	L-infinty-algebras and Maurer-Cartan elements

	A-infinty-algebras and Pre-Calabi-Yau algebras
	A-infinty-algebras and A-infinty-bimodules
	Cyclic A-infinity-algebras and their cyclic complements
	Pre-Calabi–Yau algebras


	Rota–Baxter algebras and homotopy Rota–Baxter algebras
	Rota–Baxter algebras, double Lie algebras, and Yang-Baxter equations
	Homotopy RB-algebras and homotopy RB-modules
	Cylic homotopy RB-algebras and their cyclic complements

	Pre-CY arising from cyclic homotopy RB-algebras
	Interactive pairs and relative derivatives
	Constructing pre-CY from cyclic homotopy RB-algebras

	Homotopy RB-algebras and double Poisson structures
	Double Poisson structures from homotopy RB-algebras
	Homotopy RB-algebras and associative YBE-infinity
	Homotopy Poisson structures from homotopy RB-algebras


	III L-algebras and their ideals: from simplicity to semidirect products
	Preliminaries
	L-algebras and their ideals
	Semidirect products of L-algebras
	Self-similarity of L-algebras

	Semidirect product and self-similarity
	Ideals of Semidirect Products of L-Algebras
	Structures of ideals of semidirect products of L-algebras
	rho-ideals and rho-spectrum

	Simple linear L-algebras and CKL-algebras
	Simple linear L-algebras
	Tail+ CKL-algebras

	Symmetric semidirect products and Hilbert algebras
	Proof of Proposition 4.11 
	Proof of Proposition 8.16
	Proof of Lemma 9.7


